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We report an unusual buildup of the quantum coherence in a qubit subjected to non-Hermitian
evolution generated by a Parity-Time (PT ) symmetric Hamiltonian, which is reinterpreted as a
Hermitian system in a higher dimensional space using Naimark dilation. The coherence is found to
be maximum about the exceptional points (EPs), i.e., the points of coalescence of the eigenvalues
as well as the eigenvectors. The nontrivial physics about EPs has been observed in various sys-
tems, particularly in photonic systems. As a consequence of enhancement in coherence, the various
formulations of Leggett-Garg inequality tests show maximal violation about the EPs.

I. INTRODUCTION

Symmetries have played an important role in under-
standing and describing the physical world [1]. Their
consequences include the conservation laws of physics,
the existence of degeneracies, controlling the structure of
matter and dictating the interactions among fundamental
particles. An underlying symmetry in a physical system
demands that the laws of physics are invariant under a
particular operation. For example, the laws of physics
are the same for a particle and anti-particle under the
charge conjugation (C) operation; also for a system and
its mirror image under the parity (P) operation and even
when time is running backward, i.e., under time reversal
(T ) operation. Although symmetries are considered to
be of fundamental importance in probing the physical
world [2], it is symmetry breaking which often leads to
nontrivial physics by lifting the degeneracies.

Textbook quantum mechanics deals with Hermitian
Hamiltonians having real spectra. A class of non-
Hermitian Hamiltonians having real spectra endowed
with an unbroken PT symmetry which is invariant under
the simultaneous action of the parity-inversion and time-
reversal symmetry operations or equivalently [PT , H] =
0, was introduced in [3]. Here, the P operator is de-
fined by its action on the position (x) and momentum
(p) such that under this operation x→ −x and p→ −p.
Also, T is an anti-linear operator, i.e., T (a1Ψ1+a2Ψ2) =
a∗1T Ψ1+a

∗
2T Ψ2, where ∗ is the complex conjugation op-

eration. The PT symmetric systems show a typical fea-
ture of the naturally occurring symmetries, that is, they
can undergo a spontaneous symmetry breaking accom-
panied with real to complex transition of the eigenvalues
[4]. The points of degeneracy in PT symmetric systems
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are however very different from the conventional symme-
tries, in the sense that these points correspond to the
coalescence of both eigenvalues as well as eigenvectors.
These points are called exceptional points (EPs). In con-
trast, for Hermitian Hamiltonians, the points of degen-
eracy are called as diabolic points [5] and do not involve
the coalescence of eigenvectors. For a detailed account
of non-Hermitian Hamiltonians in general and PT sym-
metric Hamiltonians in particular, the reader may refer
to the recent reviews [6–10].
PT symmetric systems have been a subject matter of

various studies [11–21]. In particular, the unconventional
behavior of PT symmetric systems around EPs has at-
tracted considerable attention. The unidirectional reflec-
tionless propagation of light in photonic devices at EPs
has been reported in various studies [22, 23]. Pronounced
line broadening around EPs in phonon laser was reported
in [24]. Enhanced laser performance was reported in
PT symmetric resonators around EPs [25]. A striking
example of nontrivial physics occurring around EPs is
the reduction in light emission despite increase in pump
power [26]. The enhancement of optomechanical inter-
actions and associated nonlinearities around an EP has
opened the scope for various studies [27]. In the context
of open system dynamics, the notion of Hamiltonian EPs
has been recently generalized to the Lindbladian EPs by
taking into account the quantum jump operators [28].
Here we bring out an interesting interplay between the

PT symmetry (or its breaking) and the degree of coher-
ence in a two level system. The degree of coherence for a
two level system lies between zero (for maximally mixed
state) and one (for pure states). Note here that for a uni-
tary dynamics governed by the Hermitian Hamiltonian
the degree of coherence of a density matrix remains un-
changed due to the evolution. Coherence is at the heart
of quantum interference phenomenon which plays a cen-
tral role in applications of quantum theory to carry out
tasks otherwise impossible within the realm of classical
physics. Coherence is directly or indirectly responsible
for all the intriguing features of quantum mechanics, viz.
entanglement and multiparticle interference which play
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a central role in carrying out the quantum information
tasks, like teleportation [29] and quantum key distribu-
tion [30, 31]. The notion of coherence was operationally
formulated as a resource theory in [32] and has been a
theme of study of various works [33–39].
We first demonstrate how the degree of coherence of a

qubit density matrix can be increased through the non-
unitary evolution, reinterpreted as evolution generated
by a Hermitian system in a higher dimensional space us-
ing Naimark dilation, generated by the PT symmetric
Hamiltonian. Here we consider the l1 norm measure of
the coherence which is calculated in terms of the off-
diagonal elements of the density matrix. In fact, we show
that the maximally mixed state I/2 can evolve to a pure
state at the EPs. As a potential application of this ef-
fect, we examine the quantum violation of the standard
Leggett-Garg inequalities (LGIs) for testing macroreal-
ism and find that the quantum value reaches its alge-
braic maximum at the EPs. Probabilistic formulations
of LGIs, for example, Wigner form [40–42], in which no
explicit use of the eigenvalues of the measured observable
is required, are also studied. Since Wigner form of LGIs
are stronger than standard LGIs, their quantum viola-
tions also achieve their respective algebraic maximum.
The plan of this work is as follows: In Sec. II, we sketch

the details of the model used. Section III is devoted to an
analysis of the coherence and mixedness about the EPs.
The consequences of this effect in terms of algebraic max-
imum violations obtained in Leggett-Garg Inequalities is
then investigated in Sec. IV. We make our conclusions
in Sec. V.

II. MODEL: PT -SYMMETRIC DYNAMICS AND

ITS EXTENSION TO CONVENTIONAL

QUANTUM MECHANICS

A. PT symmetric time evolution

In order to make the paper self-contained, we sketch a
possible mechanism to generate the PT symmetric dy-
namics. A two level atom in which the two levels are
coupled by a near resonant field, describes a coupled two
mode system. Such a configuration can be realized exper-
imentally in many ways. For example, two hyperfine lev-
els can be produced by adiabatically eliminating a third
intermediate level, using Raman lasers, in a Λ type atom
[43, 44]. This configuration provides a natural example
of a system with loss and gain, associated here with levels
3 and 1, respectively. As discussed ahead, a balance in
loss and gain leads to a scenario in which the system dy-
namics is governed by an effective Hamiltonian invariant
under the combined operation of Parity and Time rever-
sal. Specifically, consider a three level Λ type atom with
the hyperfine levels represented by |ψ1〉, |ψ2〉 and |ψ3〉,
such that |ψ1〉 and |ψ3〉 are coupled by an radio-frequency
field and at the same time are connected to |ψ2〉 by two

optical fields, see Fig. (1). The dynamics of this sys-
tem can be reduced to an effective two level system by
adiabatically eliminating excited state |ψ2〉, under large
detuning condition [18, 45]. By assuming equal gain and
loss rates, the resulting Hamiltonian is given by

H =

(

iγ J
J −iγ

)

. (1)

Here, i =
√
−1, and γ is gain/loss parameter and J =

|1 − exp(−iφ)| is the coupling strength between the two
levels. Note thatH is P -pseudo-Hermitian, with P = σx,
the Pauli-x operator, such that H† = PHP †. The eigen-

values (E± = ±
√

J2 − γ2) of the Hamiltonian are real
for J > γ and system is said to be in PT symmetric
phase, while the case J < γ corresponds to the PT sym-
metry broken phase. The scenario for which J = γ rep-
resents a special case when the eigenvalues become equal
(here zero) and the eigenvectors coalesce and is called as
the exceptional point.

B. PT symmetry and conventional quantum

mechanics

A system exhibiting PT symmetry can be thought
of as part of a larger conventional quantum mechani-
cal system living in a higher dimensional space by us-
ing the Naimark dilation theorem [46]. Correspond-
ing to the PT symmetric state |ψPT 〉, one can con-
struct a PT symmetric counterpart ξ1/2 |ψPT 〉, and cou-
ple the system to a two level ancilla leading to the to-
tal state |ψtotal〉 = |↑〉 ⊗ |ψPT 〉 + |↓〉 ⊗ ξ1/2 |ψPT 〉, such
that 〈ψtotal|ψtotal〉 = c〈ψPT |η|ψPT 〉 is constant under
the dynamics generated by H. Here, ξ = cη − 12×2,
c =

∑

i=1,2 1/λi, and λi’s are the eigenvalues of η [47].
The necessary and sufficient condition for the spectrum
of H to be real, a scenario often called as the exact PT
symmetry, is the existence of an invertible linear opera-
tor O, such that η = OO† and H = ηH†η−1 [48]. For
the system under consideration, we have

O =
1

J





iγ −
√

J2 − γ2 iγ +
√

J2 − γ2

J J



 ,

η =
2

J

(

J iγ
−iγ J

)

. (2)

Also, the ξ operator defined above turns out to be square
of η. However, this special case holds only for two level
systems as considered in this work.
The unitary Utotal = exp(−iHtotalt), with Htotal =

1 ⊗HS +HI , can be constructed which governs the dy-
namics in the extended space. Here, HS acts locally in
the system Hilbert space and HI controls the interaction
between system and ancilla. A similar scheme has been
implemented experimentally to probe the no-signaling
principle under PT symmetric dynamics [49].
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We now consider the time evolution of our effective
two level PT symmetric system. The time evolution of
the states ρk(t) = |ψk(t)〉〈ψk(t)| (k = 1, 3), from time s
to t (with t > s), is given by the Schrodinger equation
ρk(t) = U(t − s)ρk(s)U

†(t − s). It is important to note
here that U(t − s) = exp[−iH(t − s)] is not a unitary

operator, since H is not Hermitian. Consequently, ρk(t)
as such, is not normalized. We define the normalized
state by dividing with the time dependent norm, i.e.,

ρ̃k(t) =
U(t− s)ρk(s)U

†(t− s)

Tr
[

U(t− s)ρk(s)U†(t− s)
] . (3)

With PT symmetric Hamiltonian given in Eq. (1), the

FIG. 1: (Color online) Schematic of a three level Λ type
atom. The parameters g, G and J correspond to the cou-
pling strengths between the levels as shown. Levels |ψ1〉 and
|ψ3〉 are assumed to have equal gain and loss rate γ. Level
|ψ1〉 and |ψ3〉 are connected by radio-frequency field and si-
multaneously to |ψ2〉 by two optical field modes.

time evolution operator turns out to be

U(t) =




Ch(Jt
√
α2−1)+

αSh(Jt

√
α2−1)√

α2−1
− iαSh(Jt

√
α2−1)√

α2−1

− iαSh(Jt

√
α2−1)√

α2−1
Ch(Jt

√
α2−1)−αSh(Jt

√
α2−1)√

α2−1



.

(4)

Here, Ch and Sh stand for the hyperbolic functions cosh
and sinh, respectively. Also, α = γ/J is a dimensionless
parameter, such that α = 1 corresponds to a degeneracy
in the eigenvalues of (1) and flags the EP. In the presence
of gain/loss, i.e., γ 6= 0, U(t) generates a non-unitary dy-
namics. However, when γ = 0, the Hamiltonian becomes
Hermitian leading to unitary dynamics. In the later
case, we denote the unitary operator as U = U(t)|γ=0,

such that its action on |+〉 ∈ {|±〉 = (|0〉 ± |1〉)/
√
2},

is U|+〉 = exp(−iJt)|+〉; the operation U is incoherent
in the sense of Eq. (7) below. However, in the non-
Hermitian scenario, i.e., γ 6= 0, the (normalized) state is

given by

U(t)|+〉 = 1
√

|c1|2 + |c2|2
(

c1|+〉+ c2|−〉
)

(5)

with c1 = cosh(Jt
√
α2 − 1) − i 1√

α2−1
sinh(Jt

√
α2 − 1)

and c2 = α√
α2−1

sinh(Jt
√
α2 − 1). In the limit α → 0,

we recover the unitary dynamics and the resulting op-
eration is incoherent. It is worth mentioning here that,
in general, the effective Hamiltonian formalism could be
thought of as a semi-classical approximation. The gen-
eral problem could be envisaged to be handled in terms
of the quantum master equation taking into account the
quantum jumps. In such a case one would deal with the
so called Liouvillian exceptional points [28].

III. PT SYMMETRIC TIME EVOLUTION AS A

COHERENT OPERATION

Quantum coherence is the ability to form superposi-
tion of quantum state. It is usually defined with respect
to a fixed basis. Specifically, given a basis {|ei〉}d−1

i=0 for
a d-level system, a state ρ is incoherent if it is diagonal
in this basis, i.e., if ρ =

∑

j pj |ej〉〈ej |, where pj ’s form
some probability distribution. This motivates for a nat-
ural definition of coherence in terms of the off-diagonal
elements of the density matrix

C(ρ) =
∑

i,j(i 6=j)

|ρij |, (6)

such that 0 ≤ C(ρ) ≤ 1. The extreme points 0 and 1
corresponds to the mixed state and the maximally co-
herent state, respectively. This measure is monotonic
under incoherent completely positive and trace preserv-
ing (CPTP) operations.
Let I denote a set of incoherent states. A density ma-

trix δ ∈ I, if δ =
∑

j cj |j〉〈j| is diagonal in the basis

{|j〉}. A general quantum operation is characterized by
a set of completely positive and trace preserving oper-
ators, known as Kraus operators [50], denoted here by
{Ki}ni=1. Unitary dynamics can be thought of as a spe-
cial case with just one Kraus operator. The operation
ΛIO is said to be incoherent if [51]

ΛIO[δ] =
∑

i

KiδK†
i ∈ I. (7)

The application of each Kraus operator individually, can-
not generate the coherence, i.e., Ki |j′〉 ≈ |j′′〉, for some
|j′〉 , |j′′〉 ∈ {|j〉} [52]. Surprisingly, the time evolution
generated by non-unitary operator given in Eq. (4) turns
out to be a coherent operation, generating coherence in
a maximally mixed state. This is one of the main ob-
servations of this work and is explained in more detail
ahead. Further investigation is invited to explore the
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interplay various quantum resources viz., entanglement
and coherence and the non-unitary dynamics generated
by non-Hermitian Hamiltonians [17, 18]. A hierarchy of
single qubit incoherent operations suitable under differ-
ent circumstances exists in the literature [51].
The maximally mixed initial state at time t = 0, i.e.,

ρ(0) = I/2 ( I being the identity matrix), evolved for
time t according to Eq. (3), leads to the normalized

state, ρ̃(t) = U(t)ρ(0)U†(t)
Tr[U(t)ρ(0)U†(t)]

. The l1norm of coherence

measure for the state ρ̃(t) turns out to be

C(ρ̃(t)) = 2

∣

∣

∣

∣

∣

α sinh2
(

Jt
√
α2 − 1

)

α2 cosh
(

2Jt
√
α2 − 1

)

− 1

∣

∣

∣

∣

∣

. (8)

In the limit α → 1, for large t, C(ρ̃(t)) → 1, the coher-
ence reaches maximum value at the exceptional point.
Figure (2) depicts the behavior of the coherence parame-
ter C(ρ̃). It is well known the notion of coherence is inti-
mately related to the mixedness and satisfy the following
complementary relation for an arbitrary state ξ ∈ Cd [36]

C2(ξ)

(d− 1)2
+ µ(ξ) ≤ 1, (9)

where µ(ξ) = d
d−1 (1−Tr[ξ2]) is the mixedness parameter.

This relation defines the limits on the degree of coher-
ence imposed by mixedness as a consequence of system
environment interactions. This becomes pertinent to the
current discussion since the PT symmetry emerges in
our system as consequence of gain-loss effects. The cor-
responding mixedness parameter to the coherence given
in Eq. (8) turns out to be

µ(ρ̃) =

(

α2 − 1
)2

(

α2 cosh
(

2Jt
√
α2 − 1

)

− 1
)2 . (10)

In the limiting case with α → 1, the mixedness param-
eter µ(ρ̃) = 0 in accordance with the complementarity
relation in Eq. (9). Thus, the maximally mixed state
subjected to the PT symmetric dynamics becomes a
pure state at the EP, a feature also seen in Fig. (2).
The unusual enhancement of coherence about the excep-
tional points has important consequences; it enables im-
proved quantum violation of some Leggett-Garg inequal-
ities (LGIs) than that is obtained for the case of unitary
evolution. In fact, at EPs, LGIs are violated up to their
algebraic maximum. In the next section, we investigate
this in detail.

IV. CONSEQUENCES OF THE MAXIMAL

COHERENT BEHAVIOR: VIOLATION OF LGIS

UPTO THE ALGEBRAIC MAXIMUM

A. Various formulations of LGIs

Standard LGIs [53] are derived to test the compati-
bility between the every-day world view of macroreal-

FIG. 2: (Color online) Coherence given in Eq. (8) as a func-
tion of dimensionless parameters γ/J and Jt. The coherence
attains maximum value around the EP (γ = J).

ism and quantum mechanics. It has two main assump-
tions: (i) Macrorealism per se (MRps): If a macroscopic
system has two or more macroscopically distinguishable
ontic states available to it, then the system remains
in one of those states at all instant of time (ii) Non-
invasive measurability (NIM ): The definite ontic state
of the macrosystem is determined without affecting the
state itself or its possible subsequent dynamics. Based on
the assumptions of MRps and NIM, standard LGIs has
been derived [53]. Standard LGIs are often considered to
be the temporal analog of the Clauser-Horne-Shimony-
Halt (CHSH) form [54] of Bell’s inequalities [55]; however,
they are different from the perspective of measurements.
Another interesting difference is the algebraic maximum
violation of the respective inequalities. In a local model,
the CHSH inequality is upper bounded by 2 and algebraic
maximum is 4. However, within the standard framework
of quantum mechanics, quantum value of CHSH expres-
sion is upper bounded by 2

√
2 and cannot reach the al-

gebraic maximum. This inference is valid for dichotomic
measurements and is independent of the dimension of
the Hilbert space. However, there are post-quantum the-
ories in which the algebraic maximum can be reached.
Strong arguments [56] are available which show that such
a post-quantum correlation (albeit no-signalling) theory
does not exist in nature. On the other hand, in [57] it
was shown that the violation of standard LGIs achieve
their algebraic maximum for infinitely large system di-
mension. The conceptual relevance of the results in [57]
with the standard notion of macrorealism is critically re-
examined in [58]. Recently, it has also been shown that
the algebraic maximum violation of variants of LGIs can
be obtained even for a qubit system [59]. In [60, 61], it
was brought out that violation of standard LGIs reach
up to their algebraic maximum in a qubit undergoing
non-Hermitian dynamics.
In light of the above observations, we investigate the

behavior of some of the well studied LGIs under non-
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Hermitian dynamics governed by Hamiltonian, Eq. (1).
The standard procedure involves choosing a dichotomic
observable M̂ and computing its two time averages or
correlation functions. The assumptions of MRps and
NIM put restrictions on some specific combinations of
these two time correlation functions (or the combina-
tions of probabilities). The standard LGI involves the
computation of the two time correlation function defined
as Cij = 〈M̂(ti)M̂(tj)〉, where the average is taken with
respect to the state at initial time ti. Considering the
measurements of the observable M̂ made on macroscopic
system at times t1, t2, and t3 (t3 > t2 > t1), which in
turn implies the measurements of the observables M1,
M2, and M3 respectively, the simplest LGI reads

K = C12 + C23 − C13, (11)

such that −3 ≤ K ≤ 1. We will often refer to K as
the Leggett-Garg (LG) parameter whose quantum ex-
pression will be denoted by KQ, such that a violation of
above inequality means KQ > 1 or KQ < −3 or both.
It is well known that in unitary quantum mechanics, the
optimal value of LG expression KQ is 1.5, independent
of quantum state.
As discussed above, probabilistic formulations of LGI,

for example, the Wigner form, which is stronger than
the standard LGIs, has been developed. They can be
derived from the assumptions of joint probability and
non-invasive measurability. From the pair-wise statistics
of the measurements and by invoking the non-negativity
of the probability, Wigner form of LGIs can be obtained
as

P (m2,m3)− P (−m1,m2)− P (m1,m3) ≤ 0, (12)

P (m1,m3)− P (m1,−m2)− P (m2,m3) ≤ 0, (13)

P (m1,m2)− P (m2,−m3)− P (m1,m3) ≤ 0. (14)

One can obtain 24 Wigner form of LGIs from inequalities
(12-14).

It has recently been shown that Wigner form of LGIs
are not only inequivalent but also stronger than the stan-
dard LGIs [41, 42, 62]. This inequivalence can be shown
using the moment expansion of pair-wise probability in
quantum theory. We refer interested reader to Ref.[62?
] for detailed discussion. Now, we probe standard and
Wigner form of LGIs in PT symmetric dynamics.

B. Quantum violation of LGIs

For our purpose, we choose the qubit observable M̂ =
σy, the Pauli-y matrix. The same observable will be
measured at three different times t1, t2 and t3. Initial-
izing our system, at t = 0, the maximally mixed state
ρ(0) = I/2, the state evolves according to Eq. (3) giving

ρ̃(t) = U(t)ρ(0)U†(t)
Tr[U(t)ρ(0)U†(t)]

.

For the model considered here, the quantum expression
of the standard LG expression for Eq. (11) turns out to
be

KQ = 〈σy(t1)σy(t2)〉+ 〈σy(t2)σy(t3)〉 − 〈σy(t1)σy(t3)〉.
(15)

The two time correlations 〈σy(ti)σy(tj)〉 can be expressed
in terms of joint probabilities p(ati,

b tj) of obtaining
outcome a at b at times ti and tj , respectively, with
a, b ∈ {±1}

〈σy(ti)σy(tj)〉 =
∑

a,b=±1

ab p(ati,
b tj). (16)

The joint probabilities can be computed as

p(ati,
b tj) = Tr{ΠbU(tj−ti)Πaρ(ti)Π

aU†(ti−tj)}. (17)

Here, ρ(ti) = U(ti)ρ(0)U
†(ti)/Tr[U(ti)ρ(0)U

†(ti)] is
the normalized state at time ti. By using Eqs. (4) and
(17), the quantum LG expression KQ from Eq. (15) can
be calculated as

KQ =

9
∑

n=0

1

N
cn cosh(2nΘ). (18)

with

Θ = τ

√

α2 − 1, τ = J(t2 − t1) = J(t3 − t2), (19)

and

c0 = 16α2 + 26α4 − 44α6 + 12α8,

c1 = 64− 104α2 + 20α4 + 28α6 − 14α8,

c2 = 4(−8− 8α2 + 23α4 − 15α6 + 6α8),

c3 = 2(−16 + 24α2 + α4 − 5α6),

c4 = 8(6− 3α2 − 6α4 + 2α6),

c5 = −24 + 16α2 + 14α4,

c6 = 4α2 − 4α4 + 8α6,

c7 = 12α2 − 13α4 − 2α6,

c8 = −2α2 − 4α4 + 4α6, c9 = α4. (20)

Also,

N = (−1 + α cosh 2Θ)(−1 + α cosh 4Θ)

× (−1 + α2 cosh 2Θ)(−1 + α2 cosh 4Θ)

× (1 + α cosh 2Θ)(1 + α cosh 4Θ), (21)

which arises from time normalization of state in Eq. (17)
in the calculation of KQ. As already mentioned that
the optimal value of KQ in unitary quantum theory is
upper bounded by 1.5. We show that in PT symmetric
evolution the value of KQ can be beyond this limit. As
an example, for the values of J = 0.6, and γ = 0.5 ,
i.e., α = 0.9 (hence, in the PT symmetric region), the
maximum value of KQ is found to be 2.54. However,
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FIG. 3: (Color online) Standard LGIs as defined in Eq.(11) and Wigner (inequality(12)) form of LGIs are plotted with respect
to the dimensionless parameter τ = J(t2 − t1) = J(t3 − t2) and α = γ/J . The plots in the bottom panel bring out, in a more
clear manner, the behavior at the EP, i.e., α = 1. At this point LGIs achieve their algebraic maximum.

when J → γ (α → 1), the quantum value of standard
LGI approaches to its algebraic maximum 3, as depicted
in Figure 3.
The algebraic maximum can be obtained if and only if

first two correlations in Eq. (15) are equal to +1 and the
third correlation is −1. Now, a mixed state ρ(0) = I/2
subjected to the dynamics generated by the time evo-
lution operator in Eq. (4), becomes a pure state at a
later time t1, which is an eigenstate of σy with eigen-
values −1. A measurement is now made at time t1 and
the post-measurement state is evolved to time t2. At the
EP, this state coincides with the state at time t1 lead-
ing to 〈σy(t1)σy(t2)〉 = 1. Same explanation holds for
〈σy(t2)σy(t3)〉 = 1. However, the time evolution of the
post-measurement state at t1 to some later time t3, such
that t3 − t1 = 2(t2 − t1), leads to the state of the system
which is an eigenstate of σy with eigenvalue +1. Con-
sequently, the correlation 〈σy(t1)σy(t3)〉 = −1, and the
sum of all the three correlations reaches the algebraic
maximum of 3. This is corroborated by Fig. (4) which
depicts the variation of the two time correlation functions
with respect to the time separation τ.
Next, in order to study the Wigner form of LGI,

we make use of inequality (12), which represents a set
of eight inequalities for different combinations of values
m1,m2,m3 ∈ {±1}. We choose a particular inequality
for which m1 = +1, m2 = −1 and m3 = −1, that is

W = P (m2 = −1,m3 = −1)− P (−m1 = −1,m2 = −1)

− P (m1 = +1,m3 = −1) ≤ 0. (22)

Using Eq. (17) to calculation the joint probabilities, the
quantum expression of Wigner form of LGI, which we

C12

C23

C13

0 5 10 15 20

-1.0

-0.5

0.0

0.5

1.0

τ

C
ij

FIG. 4: (Color online) Depicting the two time correlation
functions Cij = 〈σy(ti)σy(tj)〉 with respect to (dimensionless)
time separation τ = J(tj − ti) around the excetional point.

denote by WQ, is given by

WQ = 1
2

[ (α+1)2(α cosh(4τ
√
α2−1)−1) cosh2(τ

√
α2−1)

(α cosh(2τ
√
α2−1)+1)(α2 cosh(4τ

√
α2−1)−1)

− (α+1)2 cosh2(2τ
√
α2−1)(α cosh(2τ

√
α2−1)−1)

(α2 cosh(2τ
√
α2−1)−1)(α cosh(4τ

√
α2−1)+1)

− (α2−1) sinh2(τ
√
α2−1)(α cosh(2τ

√
α2−1)+1)

(α cosh(2τ
√
α2−1)−1)(α2 cosh(2τ

√
α2−1)−1)

]

. (23)

For the same values of the parameters in PT symmetry
region considered in the standard LG case, i.e., J = 0.6
and γ = 0.5, the maximum quantum violation of Wigner
form of LGIs is obtained as 0.84. At the EP (α = 1),
the optimal value of WQ, given by Eq. (23), achieves the
algebraic maximum 1. Thus, the violation of both the
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standard and the Wigner form of LGIs reaches up to the
algebraic maximum, as depicted in Fig. (3). Taken in
conjunction with the behavior of coherence at the EP,
it emerges that in PT symmetric dynamics, the maxi-
mal enhancement of coherence near the exceptional point
leads to the violation of various formulations of LGIs up
to the algebraic maximum.

V. SUMMARY AND CONCLUSION

The PT symmetric systems exhibit intriguing behav-
ior around the exceptional points (EPs)−the points of
coalescence of both eigenvalues as well as eigenvectors.
The EPs differ from the diabolic points in Hermitian
systems where only eigenvalues show coalescence. We
started with a non-Hermitian PT symmetric system and
showed that it can be viewed as a Hermitian system in
a higher dimensional Hilbert space using Nimark dila-
tion theorem. Interestingly, it is found that a maximally
mixed state acquires coherence when subjected to such
non-Hermitian dynamics. The l1 square norm based mea-
sure of coherence exhibits very distinct behavior in PT
symmetric and PT symmetry broken phases with recur-
rent behavior in the former case, Fig.(2). Near the EPs,
the coherence shows unconventional enhancement and
reaches its maximum value, obeying the complementary
relation of coherence and mixedness parameters at this
point.
The enhancement in the coherence about EPs can have

interesting consequences. We show its impact on the
degree of violation of Leggett-Garg inequalities (LGIs).
The quantum violation of various formulations of LGIs

not only exceed their quantum bound for qubit but also
reach their algebraic maximum at EPs. In the absence
of gain/loss γ = 0, the LG parameter given in Eq. (15)
reduces to KQ = 2 cos 2τ− cos 4τ, which attains a maxi-
mum of 3/2 (the maximum quantum bound) for a qubit
for τ = π/6.

Recently, efforts have been made to use LGIs to iden-
tify the order-disorder quantum phase transitions [63],
characterization of quantum transport [64] and to distin-
guish the topological phase transitions [65]. The current
work adds to the list of nontrivial phenomena about the
EPs, and can have potential applications in carrying out
tasks where quantum coherence plays a fundamental role.
The present work may be extended to the higher dimen-
sional discrete spaces. It would also be interesting to look
for the interplay of PT symmetry and LGI violations in
the context of continuous infinite dimensional systems
[17]. Futher, alternative methods for dealing with non-
Hermitian systems like Krein space formalism [66] can be
used instead of the effective Hamiltonian approach.
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Rodŕıguez, C. Tejedor, and L. Quiroga, Phys. Rev. B
93, 035441 (2016).

[64] N. Lambert, C. Emary, Y.-N. Chen, and F. Nori, Phys-
ical Review Letters 105, 176801 (2010).
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