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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
© 2017 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the scientific committee of the 28th CIRP Design Conference 2018. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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1. Introduction

End milling operation is commonly employed to fabricate

thin-walled components as it can produce intricate shapes with

superior quality and higher productivity. In spite of these advan-

tages, the application of end milling is restricted due to process

faults such as the static deflections of cutting tool and work-

piece, fixturing errors, cutter runout, tool wear, vibrations etc.

The static deflections of an end mill and workpiece (for thin-

walled components) are major causes of violating tolerance

specifications envisaged by the designer. Geometric Dimen-

sioning and Tolerancing (GD&T) principles defined by ASME

Y14.5-2009 [1], or ISO 1101 [2] standards are employed in re-

cent times to communicate tolerance specifications to the manu-

facturer. GD&T offers several benefits to the designer and man-

ufacturing personnel by minimizing the guesswork and assuring

∗ Corresponding author. Tel.: +91-291 280 1509;
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the transfer of appropriate information across various stages of

product development. GD&T principles estimate the variation

of machined components from the intended design in terms of

straightness/flatness error for 2D/3D planar components. The

flatness error of a component is designated using two attributes,

(i) perpendicular distance between two parallel planes encom-

passing point-cloud representing machined surface and, (ii) in-

clination of the normal to the parallel planes. As end mill and

thin-walled component are considerably flexible, both are prone

to deflections under the action of periodically varying cutting

forces during milling operation.

The end milling of thin-walled components has been exten-

sively studied and reported in the literature. The studies can be

categorized into the following; modeling of cutting forces, es-

timation of machining attributes such as tool-workpiece deflec-

tions, surface error, etc. and control of machining errors. The

Mechanistic force model correlates cutting forces with the un-

cut chip area using empirical constants [3] and it is employed

commonly for milling operation. The model evolved over the

years by introducing the influence of process attributes such as

cutter runout [4], size effect [5], tool and workpiece deflections
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[6], etc. The models for estimation and control of deflection

induced surface errors for thin-walled components are also re-

ported in the literature. The variation of surface error during

milling of thin-walled plates was studied considering tool and

workpiece deflections [7]. The Finite Element Analysis (FEA)

based approach was suggested to predict [8] and compensate

[9] static deflection induced surface errors during machining of

thin-walled components. Dépincé and Hascoët [10] estimated

tool deflections and proposed tool path compensation technique

to minimize errors. The classification scheme for the axial pro-

file of surface error was conceived in the presence of static de-

flections of cutting tool [11] and thin-walled workpieces [12].

The FEA based methodology is explored to highlight the effect

of workpiece thickness [13], process parameters and cutting

temperature [14] on workpiece deflections during end milling

of thin-walled components. The prediction of form error during

5-axis milling of thin-walled components is attempted recently

[15]. Obeidat and Raman [16] optimized the requirement of in-

spection points to determine the flatness error by determining

the location of maximum workpiece deflection. Mikó and Rácz

[17] examined the influence of surface roughness on flatness

and angularity error during the ball-end milling operation and

concluded that the assessment of surface error is entirely differ-

ent from flatness values.

Based on the review of literature, it has been realized that

the estimation and control of dimensional error due to tool-

workpiece deflections is investigated thoroughly. There has

been no study that analyzes flatness error due to the static

deflections of tool and workpiece during end milling of thin-

walled components. The studies do not quantify the indepen-

dent contribution of tool and workpiece deflections on flatness

error over a wide range of cutting widths. It has been reported in

the literature that the nature and magnitude of cutting tool [11]

and workpiece [12] deflections differ from each other and it can

be closely linked with cutting widths (RDOC and ADOC). This

paper presents a methodology to predict flatness error and real-

izes the quantitative assessment of tool and workpiece deflec-

tion towards flatness error by performing computational studies

and machining experiments over range of ADOC. The present

methodology can be implemented in the form of computational

tool that assist process planners in deciding the values of cut-

ting parameters (RDOC, ADOC, Feed rate) clamping state of

the workpiece and sequences of the material to be removed for

limiting tolerances within the intent of the designer.

2. Modeling of Flatness Error

The prediction of flatness error during end milling of

thin-walled components necessitates an integration of several

computational models. It includes cutting force model, tool-

workpiece deflection models and a mechanism to transform de-

flections into flatness error. The subsequent subsections sum-

marize these models in estimating flatness error during end

milling of thin-walled planar components.

2.1. Modeling of Cutting Forces

The Mechanistic force model has been adopted in this study

to predict cutting forces during end milling of thin-walled com-

ponents. The model predicts cutting forces by dividing an end

mill into disk elements (n) of equal thickness (dz) along the ax-

ial direction. The model estimates Feed (FF) and Normal (FN)

components of the cutting force for each engaged flute (k) at

an incremental rotation of the cutter (i) for individual axial disk

elements ( j) using Eqs. 1-3. The total force FT
s (φi) (s = F,N) at

a cutter rotation angle (φi) can be obtained by integrating forces

acting on individual disk elements for each engaged flute using

Eq. 4.

In Eq. 1, tc(i, j, k) and β(i, j, k) represent instantaneous un-

cut chip thickness and angular position corresponding to jth

disk element and kth flute at cutter rotation angle φi. The uncut

chip thickness tc(i, j, k) can be expressed geometrically using

Eq. 2 as a function of feed per tooth ( fpt). The angular posi-

tion β(i, j, k) can be determined using Eq. 3, where φp, θh, Rc

represents pitch angle, helix angle and radius of the cutter re-

spectively.

[

FF(i, j, k)

FN(i, j, k)

]

= dz tc(i, j, k)

[

cos β(i, j, k) −sin β(i, j, k)

sin β(i, j, k) cos β(i, j, k)

]

[

KT (i, j, k)

KR(i, j, k)

] (1)

tc(i, j, k) = fpt sin β(i, j, k) (2)

β(i, j, k) = φi + (k − 1) φp +

(

( j − 1) dz +
dz

2

)

tan (θh)

Rc

(3)

FT
s (φi) =

∑

i, j,k

Fs(i, j, k) s = F,N (4)

Kq(i, j, k) = aq e−bq tc(i, j,k)
+ cq (q = T,R) (5)

The terms Kq(i, j, k) (q = T,R), in Eq. 1 are known as Mech-

anistic cutting constants, and it correlates instantaneous uncut

chip thickness with cutting forces. These constants can be de-

termined by performing end milling experiments under spe-

cific conditions for a given combination of tool and workpiece

material. The non-linear relationship between cutting constant

Kq(i, j, k) (q = T,R) and instantaneous uncut chip thickness

tc(i, j, k) can be derived subsequently using curve fitting (Eq.

5).

2.2. Modeling of Distorted Surface

The thin-walled components are inherently flexible and

prone to static deflections under the application of cutting

forces during the end milling operation. Similarly, the end mill

is another flexible element of the milling system that also de-

flects considerably under the action of periodically varying

forces. The static deflections of tool and workpiece contribute

significantly towards machined surface error and violation of

2
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Fig. 1. Modeling of Flatness Error: (a) Tool Deflection; (b) Workpiece Deflection; (c) Flatness Error Estimation

geometric tolerances. This section presents computational mod-

els to estimate tool-workpiece deflections and mechanism to

transform the same into flatness error parameters.

2.2.1. Tool Deflection

The present study considers end mill as a Cantilever beam

with non-uniform forces acting in the cutter-workpiece interac-

tion zone. The model uses the concept of equivalent diameter

De to incorporate the effect of cutting flutes on deflections of

an end mill [18]. The tool deflection model enables the direct

transfer of cutting forces from the Mechanistic force model by

considering the identical thickness of axial disk elements (dz)

in both models as depicted in Fig. 1(a). The cantilever beam

formulation estimates static deflection of an individual disk el-

ement ( j) in the normal direction due to cutting forces acting on

each pth engaged elements.

2.2.2. Workpiece Deflection

The cutting force data estimated using the Mechanistic

model are input to 3-Dimensional (3-D) FEA model to estimate

static deflections of thin-walled components. The component

has been modeled by employing ANSYS Parametric Design

Language (APDL) environment and meshed using a 3-D 8-node

solid shell element (SOLSH 190). The thin-walled component

is fixed in the FEA model such that it is free to deflect along

three sides (top, left, right) and constrained from the bottom,

as depicted in Fig. 1(b). The tool-workpiece interaction zone

at a given instant is marked as ABCD and cutting forces are

transferred to this zone as presented in Fig. 1(b). The height (h)

of the quad element in the FEA model is kept identical to the

thickness of the disk element (dz) in the Mechanistic model to

facilitate direct transfer of force components. The cutting forces

are applied along a slant line (AC) to depict the helical edge of

the cutting flute. The flute generates the machined surface grad-

ually while leaving the cut along the line CB. The deflections of

nodes lying on the edge CB of the interaction zone are recorded

for the estimation of deflected coordinates representing the ma-

chined surface. These steps are to be repeated at each incremen-

tal rotation of the cutter until the flute traverses the interaction

zone completely. It is required to estimate static deflections of

the component at different locations (L = 10%, 20%, ......, 90%)

along the feed direction to appreciate the effect of rigidity vari-

ation [6].

2.2.3. Estimation of Distorted Coordinates

Once static deflections of end mill and thin-walled compo-

nents are estimated, the data is transformed in the form of dis-

torted point cloud representing machined surface to estimate

flatness error. The distorted points are obtained by subtracting

deflection value de fc(L, j) computed for jth disk element on the

exit edge CB at Lth location along the feed direction from Carte-

sian coordinates acorc(L, j) of the corresponding nodal point.

Eq. 6 shows the mathematical formulation to determine de-

flected coordinates dcorc(L, j) at a given axial location.

dcorc(L, j) = acorc(L, j) − de fc(L, j) (c = x, y, z) (6)

2.3. Estimation of Flatness Error

The flatness error is defined as the orthogonal distance be-

tween two parallel planes encompassing distorted coordinates

dcorc(L, j) representing the machined surface, as depicted in

Fig. 1(c). The present study employs Particle Swarm Optimiza-

tion (PSO) algorithm [19] for estimation of the flatness error

[20, 21]. The distorted coordinates dcorc(L, j) obtained in Sec-

tion 2.2 are input to the PSO algorithm and flatness error is

determined by minimizing the objective function given using

Eq.7. The objective function depends on parameters (P) related

to a planar surface from which the minimum normal distance

between the nearest and farthest points are optimized. The pla-

nar surface is represented using Eq. 8 where, cos(Q) (Q =

A, B,C) represents direction cosines of a normal to the refer-

ence plane while D is constant representing intercept along Z-

axis.

Min [F(P) = Max (Tt) − Min (Tt)] (P = A, B,C,D) (7)

Tt = dcorx cos(A) + dcory cos(B) + dcorz cos(C) − D (8)

Figure 2 shows an overall computational framework pro-

posed in this study to determine flatness error during end

milling of thin-walled components. The methodology can be

3
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Table 1. Computational and Experimental Flatness Values.

Test RDOC ADOC Computational (mm) Experimental Relative Contribution (%) Remarks

No. (mm) (mm) Workpiece Tool-workpiece (mm) Tool Workpiece

1.

4

4 8.563 26.428 32.919 67.60 32.4 Tool Dominant

2. 11 58.224 68.686 67.259 15.24 84.76

3. 18 77.433 83.553 85.056 7.33 92.67

4. 25 149.394 157.830 161.519 5.34 94.65 W/p Dominant

Cutting Parameters Tool Attributes (Kennametal - Solid Carbide) Workpiece Attributes (Aluminium 6061-T6)

Feed (mm/min) : 300 Cutter Diameter (mm) : 16 Young’s Modulus : 68.9 GPA

Spindle Speed (RPM) : 2000 Helix Angle : 30◦ Poisson’s Ratio : 0.33

No. of Flutes : 4 Dimension (L x H x D) : 100 x 50 x 6

Fig. 2. Methodology for estimation of flatness error

divided into three stages broadly; the first stage consists of in-

tegrating the Mechanistic force model with the tool and work-

piece deflection models. The second stage deals with the esti-

mation of tool-workpiece deflections. The third stage deals with

the transformation of deflection data into the flatness error. An

automated program is developed in this study to compute flat-

ness error along with associated parameters during milling of

thin-walled components.

3. Results and Discussion

A set of computational models outlined in the previous sec-

tion are employed to determine flatness errors and estimate rel-

ative contribution of tool and workpiece deflections during end

milling of thin-walled components. The flatness error is esti-

mated using two approaches; the first approach neglects tool

deflections while the second approach uses both tool and work-

piece deflections in predicting flatness error. The difference of

flatness value between both approaches reflects the contribu-

tion of tool deflections towards the error. Section 3.1 presents

cutting conditions where tool deflections dominate the flatness

error as the rigidity of the thin-walled component is compar-

atively higher. Section 3.2 presents machining of the substan-

tially thin-walled component where both tool and workpiece

deflections contribute towards the flatness error. Section 3.3

summarizes machining of thin-walled components at elevated

cutting conditions where workpiece deflections dominate the

flatness error. Table 1 summarizes the cutting conditions used

for the above cases, workpiece material along with relevant

properties, and cutting tool specifications. The machining ex-

periments were conducted on a 3-axis CNC vertical milling

machine and measurement experiments were performed using

a spindle mounted inspection probe (Renishaw OMP-400) as

depicted in Fig. 3.

Fig. 3. Experimental Setup: a) Machining Setup; b) Measurement Setup

3.1. Tool Deflection Dominant Conditions

Figure 4 shows flatness error estimated computationally and

measured experimentally for cutting conditions corresponding

to Test 1 (Table 1). The objective of this case is to examine

the relative contribution of tool and workpiece deflections on

flatness error during machining of thin-walled components at

lower Axial Depths of Cut (ADOC). It can be seen that the

flatness error estimated from workpiece deflection model (Fig.

4(a)) is very small in comparison to the value estimated by

combining both tool and workpiece deflections (Fig. 4(b)). Al-

though the end mill experiences comparatively smaller force at

lower ADOC, it accords for almost 70% of the flatness error.

The lower workpiece deflections are attributed to higher rigid-

ity of the thin-walled components and less material being re-

moved at lower ADOC. The contribution of tool deflections is

significant at lower ADOC and it must be incorporated in the

4
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Fig. 4. Flatness Error (Test 1): a) Workpiece Deflection (Computational); b) Tool-Workpiece Deflection (Computational); c) Experimental Results

Fig. 5. Flatness Error (Test 2): a) Workpiece Deflection (Computational); b) Tool-Workpiece Deflection (Computational); c) Experimental Results

computational models estimating flatness error for better pre-

diction accuracy.

3.2. Tool-Workpiece Deflection Dominant Conditions

The study considers tests 2 and 3 (Table 1) to investigate

the effect of tool and workpiece deflections on flatness error

with increasing Axial Depths of Cut (ADOC). Figure 5 shows

flatness error determined computationally and measured exper-

imentally for cutting conditions corresponding to Test 2. The

results showed that the contribution of tool deflection towards

flatness error is reduced significantly at higher ADOC (about

10-20% of the flatness error). As ADOC increases, the amount

of material being removed during the cut also increases in com-

parison to the previous case (Section 3.1). The increase of ma-

terial removal during the cut reduces the rigidity of the com-

ponent with the progress of operation and increased workpiece

deflections. It can be inferred that the contribution of both tool

and workpiece deflections on flatness error is significant at ele-

vated cutting conditions (similar to roughing operation) during

end milling of thin-walled components.

3.3. Workpiece Deflection Dominant Condition

Figure 6 shows flatness error obtained computationally and

measured experimentally for cutting conditions corresponding

to Test 4 (Table 1). The objective of these tests is to examine the

relative contribution of tool and workpiece deflections towards

flatness error during machining thin-walled components at very

high Axial Depth of Cut (ADOC) which is representative of

large material being removed during the cut. It can be seen that

flatness error from the workpiece deflection model (Fig. 6(a))

is identical to the values computed using the combined tool and

workpiece deflections (Fig. 6(b)). It is expected commonly that

the tool deflection will be significant at higher ADOC and con-

tributes majorly towards flatness error. The results show that

the tool deflection contributes only 5% to the total flatness er-

ror. As the rigidity of the thin-walled component is reduced

remarkably due to a large amount of material being removed

at higher ADOC, workpiece deflections increase considerably

in comparison to tool deflections. Although the magnitude of

tool deflections is higher, its contribution to the total flatness

error is relatively small as seen from computational and exper-

imental results presented in Fig. 6. The increased contribution

of workpiece deflections can be attributed to considerable thin-

ning of the component with the progress of milling operation.

The increased thinning of the component with progress of ma-

chining results into widening of the distorted point cloud from

start to end of the cut as seen in Fig. 6. The wider error pro-

file is reflected in the form of higher flatness error for these

conditions. Based on the outcomes of the present study, it has

been observed that the static deflections of tool and workpiece

both contribute to the flatness error under different cutting con-

ditions. It is necessary to incorporate both these models in the

5
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Fig. 6. Flatness Error (Test 4): a) Workpiece Deflection (Computational); b) Tool-Workpiece Deflection (Computational); c) Experimental Results

computational framework for improved prediction accuracy of

the flatness estimation model.

4. Conclusions

This paper presents an overall framework to estimate and

analyze the relative contribution of tool-workpiece deflections

on the flatness error during end milling of thin-walled compo-

nents. The study uses two different computational approaches

to substantiate this aspect and the outcomes are validated by

conducting machining experiments. Based on results presented

in the study, it is realized that the static deflections of the end

mill contribute significantly to the flatness error at lower ADOC

values. The same can be attributed to the higher rigidity of thin-

walled components at these cutting conditions thereby reduced

contribution from workpiece deflections. The study also inves-

tigated the effect of an increase of ADOC and its effects on tool

deflections and resultant flatness error. It was observed that the

contribution of tool deflections to flatness error reduces consid-

erably at higher ADOC. The observations at higher ADOC are

in contrast to the general comprehension which expects higher

contribution to the flatness error. The outcomes of the present

study provide meaningful information to the process planners

and assists in the selection of appropriate cutting conditions,

tool-path planning, developing fixturing strategies/support sys-

tems, etc. during end milling of thin-walled components.
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