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ABSTRACT. This note studies the fourth-order Choquard equation
it 4+ A%u = (I * |ulP)|[u|P~2u = 0.

In the mass super-critical and energy sub-critical regimes, a sharp threshold
of global well-psedness and scattering versus finite time blow-up dichotomy is
obtained.

1. Introduction. In this manuscript, we investigate the Cauchy problem for a
bi-harmonic Choquard equation
it + A%u + (I * [ulP)|ulP~2u = 0;
U(O, ) = Uo,

(1.1)

where v : RxRY — C, for some N > 1, e = 1, 0 < a < N and the Riesz-potential
is defined on RN by

r(%52)
D(g)r¥ee e

The classical Choquard equation is a model of quantum mechanics [17], non-
relativistic quantum and Hartree-Fock theories [19, 9]. The particular case p = 2
with Laplacian operator (instead of bilaplacian) is called Hartree equation and
models the dynamics of boson stars [6, 16].

Fourth-order Schrodinger equations, take into account the role of small fourth-
order dispersion terms in the propagation of intense laser beams in a bulk medium
with Kerr non-linearity [12, 13].

If w is a solution to the Choquard problem (1.1), then the following scaled function
solves the same problem

I, =

uy = AT Tu(MLN), A > 0.
Using the next equality,
_ N, _4ta_
lun (@)l = N2 70 u(A)]| g

one obtains the unique invariant Sobolev norm under the previous scaling, called

critical exponent
N 44+«

2 2p-1)
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The exponent s, = 0 is called mass-critical case and corresponds to p, :=1+ “TH.
The energy-critical case s. = 2 is equivalent to

a+4

1+ —, N > 4;
p* = +Nf4

00, 2< N <4

The well-posedness issues for the mass-super-critical and energy sub-critical clas-
sical Choquard equation were investigated recently by many authors [7, 20, 23]. See
also [8, 4, 22], for the fractional Choquard equation.

Recall the conservation laws for the Schrédinger problem (1.1),

Mass := M(u(t)) := /]RN lu(t, z)[Pdx = M (ug);

Energy = B(u(t)) == /RN (18u()” + Sl (O ut) )z = B(ug).

The positive (respectively negative) sign of e refers to the attractive or defocusing
(respectively focusing) case, where a local solution in the energy space is claimed
to be global and scatters (respectively blows-up in finite time).

It is the purpose of this manuscript to obtain a sharp dichotomy in the mass
super-critical and energy sub-critical cases of global well-posedness and scatter-
ing versus finite time blow-up of solutions to the fourth-order Choquard problem
(1.1), by use of a sharp Gagliardo-Nirenberg type inequality and the existence of
ground states. In the scattering part, one uses the concentration-compactness-
rigidity method, due to Kenig and Merle [14], which has a deep influence on asymp-
totic study of Schrédinger problems [5, 10].

To the author knowledge, this paper is the first one dealing with scattering of
bi-harmonic Choquard equations.

The plan of this paper is as follows. Section two contains some classical esti-
mates needed in the sequel. In the third section a sharp Gagliardo-Nirenberg type
inequality is given. The existence of ground states is proved in section four. In
section 5, local well-posedness in the energy space is given. A variance identity is
established in section six. The existence of global/non global solutions to (1.1) are
discussed in section 7. The goal of the last section is to investigate scattering of
global solutions.

Here and hereafter C' will denote a constant which may vary from line to line
and if A and B are non-negative real numbers, A < B means that A < CB.

Denote the Lebesgue space L" := L"(R") with the standard norm ||- ||, := ||- || .-
and || - || := || - ||2- Take H? := H?(RY) the inhomogeneous Sobolev space endowed
with the complete norm

I = o= (- 17+ 1A 1%) 2

If X is an abstract space Cp(X) := C([0,T],X) stands for the set of continuous
functions valued in X and X,4 is the set of radial elements in X, moreover for an
eventual solution to (1.1), T* > 0 denotes it’s lifespan.

2. Preliminary. This section contains some estimates needed in the sequel. Let
us start with a Hardy-Littlewood-Sobolev inequality [18].
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Lemma 2.1. Let 0<A<N > 1 and 1<s,r<oo be such that %+%+%:2. Then,

f(x)g(y r 5
[, R0 sy < ovs ISl lglls VF € LTRY), Vg € L(RY),
RN xRN [T — Y|
The next consequence will be useful [22].
Corollary 2.2. Let0<a < N >1 and 1 < s,r,q < 0o be such that % + % + % =
1+ <. Assume that f € L*(RY) and g € LY(R™). Then,
(Lo = gl < C(s, )| f1Isllgllq-

Sobolev injections [2] give a meaning to several computations done in this note.

Lemma 2.3. Let N > 1, then
1. H? < L9 for any q € [2,%] if N>5and any2 < g <oo if N <4;
2. the following injection H?, —— L% is compact for any q € (2, %) ifN>5
and any 2 < g < oo if 2 < N < 4;
3. forall%<,u<%,

sup [ M u(@)| < CN, mll(=A) Full, Vu e HERYN). (2.1)

Recall a Gagliardo-Nirenberg inequality [21].

Lemma 2.4. Let N >1,1<p,q,7r <00 and 0 < % < 0 <1 satisfying
kG -0
Then,
I(=2)% - [lp S I(=A)F - |12l - Ig~*. (2.2)
Recall a fractional chain rule [3].
Lemma 2.5. Let s € (0,1] and 1 < p,p;, q; < 0o satisfying % = pi + qi Thus,

L. if G € CY(C), then [[[VI*G(u)ll, S IG"(w)llp, [[1VI*ullq,
2. [V (uo)llp S HIVIFullp [[0llg + 1IVIP0llp, l[ullg, -
Definition 2.6. A couple of real numbers (q,r) is said to be s admissible if
2N < 2N 1 1 4

2 ad N(E—S)=Z_s
N_2s S <y_q o NG- =,

Strichartz estimate [11, 24] is a classical tool to control solutions to (1.1).

Proposition 2.7. Let N > 2,0 < s <2, (¢,7) be an admissible pair and (§,7) be
—s admissible pair. Then, there exists C := Cn 4,45 such that if ug € H?,

.. 2
lellzgcery < € (luoll o + Nt + A%ull g ) )-

Let us introduce [11] the linear profile decomposition for bounded radial se-
quences in H?.

Proposition 2.8. Let N > 2 and (uy,) be a bounded sequence in H?2,. Then for
each integer M there exist a sub-sequence still denoted (uy,) and

1. for every 1 < j < M, there exists a profile 1; € H* and a sequence of time
shifts tJ,;
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2. there exists a sequence of remainders WM € H?, such that

M
Uy = Zeiit%Azwj +wM.
j=1
The time sequences have the pairwise divergence property: For 1 <i# j < M,
li71gbn|tﬁl —th] =00
The remainder sequence has the following asymptotic smallness property

i.A% M —
Lt e W) =0

For fired M and any 0 < o < 2, the asymptotic Pythagorean expansions hold

M
lunl3re =D 197 12+ IWRT e + 0 (1)

j=1
M

E(u,) =Y E(e A 99) + B(WM) + 0,(1).
j=1

Proof. Taking account of [11], the last equality is the only point to prove. It is
sufficient to prove that Q(u) := [pn (In * |[ul?)|ul? dz satisfies

m:Eme%“ww+mwywwmu

Assume as a first case that there exists some j for which ¢/ converges to a finite
number, which is supposed to be zero without loss of generality. From the proof of
Lemma 5.3 in [11] and the compact embeddlng H?, —— Lifor2<q<

get WJi=1 — 47 in L7 for 2 < q < 5~z Write using Lemma 2.1, for r :=
QWY = Q(v)] SCIIIW{l\p — [P (IWEHIE, + [WI2,)

p—1

<Oy MW = 197 g W e 12,5
k=0

N 47W6

2N
— a+N>

Since, p < p*, we get 2 < rp < 22 4, which implies that |Q(WJi=1) — Q(x7)| — 0.
Let k # j. Then, |tf| — oco. Since p > p., from Lemma 2.1 and the LP space-time

decay estimates of the linear flow associated to (1.1),

+

ik A2 _ 2 1
QS E S e M < ()T Mgy 0

With the expansion of u,,,

j—1

kA2 .
Uy = Ze_Zt“A wk + erl—l’

k=1

one gets u,, — ¢’ in L9 for 2<q < 5—7- As previously, it follows that Q(u,) —

Q(v7). Finally, using the identity

M

M i—1 j —ith A%k

WM =Wit g = 3 ey
k=147
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one gets WM — 0 and Q(WM) — 0 for M > j. Similarly, we get the second case:
for all j, tJ — oc. O

3. Gagliardo-Nirenberg inequality. Denote the real numbers
_ Np—N—a
B 2

The goal of this section is to prove a sharp Gagliardo-Nirenberg inequality related
to the Choquard problem (1.1).

B: and A:=2p-— B.

Theorem 3.1. Let 0 <a <N >2and 1+ 5 <p < p*. Then,
1. there emists a positive constant C(N, p, ), such that for any u € H?,

/ (Lo * [ul?)|ul” do < O(N, p, a)|uf| ]| Aul ®. (3.1)
RN

Moreover, if 1 + & < p < p*, then
2. the minimization problem

1 . [Jul| 4[| Aul|
— —  _inf =
C(N,pa) {J(“) Tan (I * [ul?)|ul? dz”

is attained in some Q € H? satisfying C(N,p,a) = [on (1o % |Q[P)|Q|P da and

O#UEHQ}

2
BAQ+AQ - Gy (L <1QM)IQP*Q =0, (3:2)
3. furthermore
_2p (A % —2(p—1)
C(N.pa)=—|5) ol ; (3.3)

where ¢ is a ground state solution to (4.1).

Proof. The proof contains three steps.
First, let us start by proving the interpolation inequality (3.1). Taking account
of Lemma 2.4 and Corollary 2.2, it follows that

/ (Lo * [ulP) ul” dz <Cnpallul,
RN a+N

<O pall Al 3 G55 o= =550

A
<CONp.allAul Z[lul*.

Second, one proves the equation (3.2). Denote § := m. Using (3.1), there
exists a sequence (v,,) in H? such that 3 = lim,, J(v,). Denoting for a,b € R, the

scaling u®? := au(b.), we compute

Au? = VA ) = 2l
/ (L # [u®[P) [P da: = a2~ N / (L * [uf?)ulP dz.
RN RN

It follows that

Now, we choose

(VB

N
'u J— ( ||U7LH )7 and )\ - ||HTLH 4
" A, " T
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c— pAnsbn i
Thus, ¢, := v~ # satisfies

Then, v, — % in H? and using Sobolev injections, one gets for a sub-sequence
denoted also (¢,),

/ (Lo * [ P) [P dz — / (L * [P0 de.
RN RN

In fact, thanks to Lemma 2.1 and Sobolev embedding,
)im [ 1ot WoaP Yl = (L 017) 5P| d

< [ 1t % 10l = 1PDIwP da - / (Lo < 6al?) [0 = 167 da
RN
<Clnl? = 1611 g, 1y + 191

SONlnl? = [P 2 TllonlF + 1911%]

2p—1 2p—1
<Cllvon = ¥l 25 [[9nllg ™ + 19052 ] =
This implies that, when n goes to infinity
1

Yn) =
B ST T
The semi continuity of || - || g2 gives max{|¢|, ||Av¢|} < 1. Then,

41l = [|A] =1,
because otherwise, one gets the absurdity J(¢) < 8. Thus,

Yy — in H?> and B=J@)=

1
Jan (Lo = [¢[P) [P da”
1 satisfies (3.2) because the minimizer satisfies the Euler equation
D-J (1 +en)e—o =0, VneCyNH
Finally, let us establish the equation (3.3). Write C(N,p,a) = % = Jan L *
[9|P)|[4|P dx, where v is given in (3.2). Define, the scaling ¥ = ¢®* := a¢(b.), for
a,b € R. Then, the equation

BA*) + Ap = 28p(Lo + [9|P) [P = 0,

implies that

Aa(gb“Aqu Y2

= () a= (B )T

A’¢+ = (Lo |0]")8]" %6 = 0.
Now, since ||| =1 = ab= % ||¢|, we get

_AA B e
5= 2(5) Hlo.
The proof is closed. O

Ep e (1, 9P gP26) =0,

Choosing

it follows that
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4. Existence of ground states. For « € H? and a,b € R, here and hereafter
define the quantities

= min{2a + (N —4)b,2a + Nb}, ji := max{2a + (N — 4)b,2a + Nb};
A= {(a,b)ERixR s.t >0 and ﬂ>0};
uy = X u(A),  Lap(w) = (0augp)p=1;

K&, (u) == (2a + (N — 4)b)|| Aul® + (2a + Nb)||u]|;

2 b(N
KN (u) = 7M/ (Lo  [ufP)|ulP da;
' p RN
Q N Lo
S:=M+E, Ka,b = ﬁabe = Ka,b + Ka,b’ Ha,b = (]. — 7 )S
Definition 4.1. We call ground state of (1.1), any solution to
¢+ A% — (Lo % |9")[0[P2¢ =0, 0#¢c H?, (4.1)
which minimizes the problem
Mab = O;éilé%gd {S(v) s.t Kyp(v) = 0}. (4.2)

Remark 4.2. The standing wave e ¢ is a global solution to the Schridinger
problem (1.1) which gives the threshold between global well-posedness and finite time
blow-up of solutions as proved in section 7.

The following main result of this section follows with variational methods and
ensures the existence of ground states.

Theorem 4.3. Take N > 2, a couple of real numbers (a,b) € A and p. < p < p*.
Then,

1. m = mgy is nonzero and independent of (a,b);

2. there is a ground state solution to (4.1)-(4.2).

Let us give some intermediate results.

Lemma 4.4. Let (a,b) € A. Then,
1. min (Ca,bHa,b(u),Hayb(u)) > 0 for all 0 # ue H?;
2. A Hgp(u) is increasing.

Proof. Compute

Hyp(u) :=(1— £’Z’b)5(u) = %(ﬂS(u) — Ka,b(u))
== [( = o @ =)l + (5= 2a-+ N0))

2 (2o 0+ ) =) [ (Lo )l da].

Since p > 0 and p > p., one obtains, if b <0,
2ap+bla+ N)— i =2a(p—1) +bla+4)

2a

>2a(p —1) N(4+a) > 2a(p — p«) > 0. (4.3)
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If >0, then, 2ap+b(a+N)—ji=2a(p—1)+ba>0. Hence, H, ,(u)>0. Moreover,
La,b

LopHap(w) =Lap(1 — ﬂ )E(u)
:%(ﬁa,b - ﬂ) (‘Ca,b - H)E(U) + M(l - £a’b)E(u)

BT
= (Los — ) (Lo — 1) E(w) + pHop(w).

= =

Since (Lap — B)(Lap — p)||ul|32 = 0, one gets

1 1
_ — i _ _ p p
LapHap(u) Zﬁ(ﬁa,b i) (Lap H)(p /RN (Lo * [ul”)|ul dx)

1
> — — _ p Pdr.
e <2ap+b(N+a) u) (2ap+b(]\7+oz) H) /RN (Lo * |u)?)|u|Pdx

Arguing as previously, it follows that L, Hgp(u) > 0.
The last point follows using the equality OyHy p(u?) = Lo pHap(ut). O

The next intermediate result is the following.
Lemma 4.5. Let (a,b) € A and 0 # u,, be a bounded sequence of H? such that
nTan(Kgb(un)) =0.
Then, there exists ng € N such that K, ,(uy,) > 0 for all n > ng.

Proof. We have

2 b(N
2R INED [ Ly faal o
p RN

If b <0, then, 2a+ (N —4)b = i > 0 and if b > 0, so, i = 2a + Nb > 0, which
implies that b > —2%. Then, 2a + (N — 4)b > 2a — 2%(N — 4) = 3¢ > 0. Thus,

[ Au, | S K2, (un) — 0.

Now, because B > 2, using (3.1), for large n,

[l o < o807 = o e ) = oK, ).

Ka,b(un) = Kgb(un)

Thus, when n — oo,
Kap(un) = K&y (un) > 0. O

One can express the minimizing problem (4.2), with negative constraint.

Lemma 4.6. Let (a,b) € A. Then,

ob = inf H, .t K, <O0j.
Mab oihneH?{ b(u) s b(u) }

Proof. Denoting by r the right hand side of the previous equality, it is sufficient to
prove that mg,, < r. Take u€ H? such that K, ,(u) < 0. Because limy_ Kﬁb(uA) =
0, by the previous Lemma, there exists A € (0,1) such that K, ,(u*) > 0. With
a continuity argument there exists Ao € (0,1) such that K, ,(u?*) = 0, then since
A= H,p(u?) is increasing, we get

Ma,b < Ha,b(u)\o) < Ha,b(u)'
This closes the proof. O



BNLS 5041
Proof of Theorem 4.3. Let (¢,) be a minimizing sequence, namely
0# ¢n€ Hy, Kap(dn) =0 and lim Hop(¢n) = im S(¢n) = map.  (4.4)

e First step: (¢,,) is bounded in H?2.
First case a > 0 and b > 0. Denoting A := %, yields

[6alls = [ (6071007 do
a+ N
p

A (41202 = Nllnll3: + / Lo %16al")l60l" da)

and )
bl — - / (Lo * [60]?)|6nl? di = 1m0,
D JrN

So the following sequence is bounded

A
AN AGn |12 + [[fnllFr2 — (1 + j)/ (Lo * [¢nl?)|on " da.
p RN

Thus, for any real number 3, the following sequence is also bounded
Aa—
) [ oaPnl? d.
RN

Choosing 3 € (1,p + Aa), it follows that (¢,,) is bounded in H2.

Second case a > 0 and =22 < b < 0. Compute
(= Lap)S(dn)

= —4b]|¢n? + (2a(p — 1) + (a+4)b)1/ (Lo * |fn]")|on " dx
P Jr~

ANAG* + (8 = D) dnllF= + (1 +

1
>(@a(p= 1)+ (o +8) [ (Tax[6a)ionP do
RN
Moreover, if b < 0, i = 2a + (N — 4)b. Then, since g > 0 and p > p,, we obtain
2a(p — 1) + (a4 4)b > 0. Because K, (¢y,) = 0, this implies that
(+ (20(p = 1) + (@ + 4)1)) S(n)
=(fi = Lap)S(dn) + (2a(p — 1) + (a + 4)b)S(dn) + La,pS(dn)
>(2a(p — 1) + (a + 4)b) || dnll7--

Hence, ¢,, is bounded in H2.
e Second step: the limit of (¢,,) is nonzero and m > 0.
Taking account of the compact injection in Lemma 2.3, take

¢n —¢ in H?
aundfora112<p<1\27]_\,4,whereﬁ,—ﬁlzooingél7

¢n — ¢ in LP.
The equality K, ;(¢,) = 0 implies that

(20+(N4)b)A¢n||2+(2a+Nb)||¢n||2_M+pr /

(Lo * |0 |”) |0 |Pde.
RN

Assume that ¢ = 0. Using Corollary 2.2, with the fact that 1 + § < p < p*, write

/ (Lo * [60 ") 0[P dz < | 6n%, — 0.
RN ot N
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Now, by Lemma 4.5 yields K, y(¢n) >0 for large n. This contradiction implies that
¢ # 0. Thanks to Lemma 2.1 and Sobolev embedding,

(Jn) ::/ |(La % [6n[P) 00" = (Lo % |])|6]7] d
S/I(Ia * [[onl” — [o[PD)]9 do — /RN (Lo * [n[") [0 = |pn[*]| dx

<Olgnl” = 191P 1l 22 (b %s + 1611, |
N+a N+a

<Ognl? = 6171l 22 [ dnllFr + 11152]

<Clign — ¢l 3z [bnlF " + I3 = 0.

So, with lower semi continuity of the H2 norm, we have
0 =liminf K, (¢y)
n

% + (N — 4 2a+ N
Zw lim inf ||V [|* + %b lim inf [|¢y, ||
2ap + b(N + «
_2ap+b(N +a) / (Lo * |6I7)|$[P dz
p RN
ZKa,b((b)’

Similarly, we have H, ,(¢) < m. Moreover, thanks to Lemma 4.6, we assume that
K,,(¢) = 0 and S(¢) = Hyp(¢) < m. So, ¢ is a minimizer satisfying (4.4) and
using previous computation
m = Hyy(6) > 0.
e Third step: the limit ¢ is a solution to (4.1).
There is a Lagrange multiplier n € R such that S'(¢) = nKj ;(¢). Thus,

0=Kap(¢) = LapS(9) = (S(9), Lap(e)) =n(Kp(9),
La,b((b» =nLapKap(d) = nﬁz,bs(ﬁb)'
Taking account of previous computations,
_‘Ci,bs((b) — pS(9) = —(Lap — ) (Lap — 1)S(0) > 0.
Therefore, Ei,bS(qb) < 0. Thus, n = 0 and S’(¢) = 0. So, ¢ is a ground state and m
is independent of (a,b). O
Let us end this section with the so-called generalized Pohozaev identity [15].

Lemma 4.7. ¢ € H? is solution to (4.1) if and only if S'(¢) = 0. Moreover, in a
such case
Kop(#) =0, for any (a,b) € R%

5. Well-posedness in the energy space. Using a classical fixed point argument
and taking account of Strichartz estimates and Sobolev injections, one can obtain
the following result.

Proposition 5.1. Let N > 2, 0 < a« < N such that « > N —8, 2 < p < p* and
ug € H2. Then, there exists T > 0 such that (1.1) admits a unique local solution
u € Cp(H?).
Moreover,
1. the solution satisfies the mass and energy conservation laws;
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2. u is global if
(a) e=Tandp<p*; (b)p<ps (c)p=p andM(u)<(L)%
) * * 0 C’(N,p,a) .

Remark 5.2. 1. Thanks to the inequality (3.1), the energy is well-defined for
1+ § < p < p". So, the condition p > 2 which gives a restriction on the space
dimension, seems to be technical;

2. the proof is omitted because it follows as in [22].

6. Virial type identity. This section is devoted to prove a Virial type identity,
which will be useful in order to obtain finite time blow-up of some solutions to the
Choquard problem (1.1). Here and hereafter, denote ¥ := sz(ﬁ), R > 0, where
P € C§°(R™) is a radial function satisfying ¢" <1 and

1
0, |z| > 2.

P(x) =

A direct computation gives
h<1, Ph(r)<r and Agp<N.

Denote the localized Virial

Myu(t)] == 2%/ w(t) Ve Vu(t) dx.

RN

Define the self-adjoint differential operator I'y, := —i(V.V¢ + V.V), which acts
on functions

Lof = =i V.(T9)f) + (T6).(V f)].
Then,

Mylu(t)] =< u(t), Tyu(t) > .

The main result of this section reads as follows.

Theorem 6.1. Let N > 2, 0 < a < N such that « > N —8, 2 < p < p* and
u € Cr(H2,)) be a solution of (1.1). Then, on [0,T), for any R >0 and 3 < p <2,

L Myl <ABE[u] — 2N (p— p.) | Aul® + CR™

dt
1 5 | Au|PTEE=1=%),

—2 2
ORIV ey

Proof. Taking account of the equation (1.1), one gets

d
aMw[u(t)] =< u(t), [A%i0y]u(t) > + < u(t), [~ (Lo * [ul?)|JulP~2,iTy]u(t) >,
where [X,Y] := XY — Y X denotes the commutator of X and Y. According to
computation done in [1], one has

<u(t), [A% 0y plu(t) >< 8 Au®)|” + O(R™ + R72(|Vu(t)[*).
Using computations in [22], it follows that
(N) i= < wlt), [~ (T * Ju?) [l ~2, T ut) >
4B
== 22 (L ) u)|? de + 0(/
RN

(I * |u|P)|ulP dx ).
p {lz|>R} )
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Thanks to (2.1), one has

(1) = / (L * [uf?) uf? dz
{lz|>R}
a+N

2Np 2N
Sl ([l a) ¥ < aul
TN N J{|z|>R}

Take § < 1 < min{2, &} Taking account of (2.1) and (2.2), write

p—1—<

1o

-2 _N u N
(1) Shaullully 2 gy S Il (B F ) (-a)ful)

1 u o
< p A5 lP-1—-F%
AUl gy A Fulr

1 © u\P—1-%
<[l Aul? -4 au )
S e (L [Vl

1

< ||Au||p+%(p 1—*)

RE-mp-1-%)
Finally

d
aMwR[u] = < u, [A% Ty u > + < u, [~ (Lo * [ufP)|ulP 2,0y, Ju >

<8||Au| + CR™* + CR™ 2| Vul)?

4B
-2 e P s+ o( [ (ax u)ul? do)
D JrN {|z|>R}
<4BE — 2N (p — p,)||Au|?* + CR™*
1 a
—2 2 p+5(p-1-%)
+ CR™*||Vul||* + RE D) | Aul| N O

7. Global/non global existence of solutions. In this section, we prove a sharp
criteria of finite time blow-up/global existence of solutions to the Choquard problem

(1.1) in the focusing regime. In this section one takes e = —1. Here and hereafter,
denote, for u € H?, the scale invariant quantities
Elu]*e M[u]?~* [ A | [l

M= Bgraargpr— O [aafar

The main result of this section reads.

Theorem 7.1. Let N > 2, 0<a<Nsuchthata>N—80<sc<2 ¢ be
a ground state solution to (4.1) and a mazimal solution u € Cr-(H?2;) of (1.1).
Suppose that

MEu] < 1. (7.1)
1. Assume that p < 3 and
Glu] > 1. (7.2)
Then, u blows-up in finite time, i.e, 0 < T < oo and

lim sup ||Au(t)|| = +oo;
t—T*

2. Assume that E(ug) > 0 and
Glu] < 1. (7.3)
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Then, T* = oo and u scatters. Precisely, there exists 1) € H? such that

lim sup ||u(t) — eitAszHz =0.
t—o0

Remark 7.2. 1. The unnatural condition p < 3 which seems to be technical is due
to a lack of a Virial identity similar to the NLS case;

2. the radial condition is required for the Virial identity in the first case and is
assumed for simplicity in the second case;

3. scattering is proved in the next section;

4. the proof of next auxiliary result is omitted because it follows like in [22].

Lemma 7.3. The next conditions are invariant under the flow of the problem (1.1),
1. (7.1) and (7.2); 2. (7.1) and (7.3).

Remark 7.4. The global well-posedness part of Theorem 7.1 is a consequence of
the second point in Lemma 7.35.

In order to prepare the finite time blow-up part of Theorem 7.1, let us give an
intermediate result about the localized variance.

Lemma 7.5. Assume that E(ug) # 0 and there exist to > 0 and 6 > 0 such that
¢
My, [u(t)] < 75/ | Au(T)||?dr, Vt > to.
to

Then, T" < co.
Proof. Using the properties of 1, write

3 1
[My g [u(®)]] < 2[VYrllcollu@®)[[[Vu@)]] < CR|luoll[[Vu(t)]] < CR|luoll [[Au(t)]]>.
Thus,

My, [u(t)] < —Ch / | My (]| dr.

Take z(t) := ftt(, | My [u(T)]|*dr. Then, 2/ > Chz* > 0 for t > to. Integrating the
previous inequality, one obtains for some ¢, > 0,

lithwR [u(t)] < —Cgr litmz(t) = —00.
Then, u cannot be global. Hence T* < oc. O
We are ready to prove Theorem 7.1. Assume that (7.1)-(7.2) are satisfied and
take 1 > 0 satisfying
B (uo)** M (uo)* ™" < [(1 = m) E(9)] M(9)*~*
Then, thanks to (7.2), one gets
(1 =n)(B = 2)[| Au(t)||* > BE(uo)-

With Theorem 6.1, for Og(1) — 0 uniformly in time, and using Young inequality
via the fact that p < 3, one gets
d

< My [u(t)] 4BE(uo) — 2N (p — p.)||Aul|* + CR™

+ CR7 |Vl + Y L

RE-wr—1-%
<2(2(1 = n)(B - 2) = N(p— p.) + Or(1) ) | Au
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1 w o
+ S Aur 0150 1 Og (1)

RE-w-1-%

<(~4n(B — 2) + Or(1) | Au(®)|| + Or(1)
1

<[~4n(B - 2) + Op(]|Au(t) |2 + Or(1) < —2n(B — 2) | Au(®)||*

The proof is a consequence of Lemma 7.5.

| Aar =15

8. Scattering. This section is devoted to prove scattering of global solutions to
(1.1), precisely the second part of Theorem 7.1 is proved. For a slab I C R and
P > ps, define the spaces

2Np(p 2Np

S(I) == L2 (I, L*H5) and W(I) := L2 (I, L™0).

Remark 8.1. Thanks to Sobolev injection, one has
|- sy < CIIVIE Mlw -
Proposition 8.2 (Small data). Let ug € H?. Then, there exists § > 0 such that if
||ei'A2uo||S(I) < 6, then there exists u € C(I, H?) solving (1.1) satisfying
lulls(ry <26 and  [|(1+ A)ullwnpe=r,r2) < cA.

Proof. First, let us use a fixed point argument. For T'>0 and I :=(0,7), take the
set

Xoar = {v e SU), [ollsy <25 and [[(1+ AYollwinni.cs < M)
equipped with the complete distance
d(u,v) = [Ju —v|lw)-
Set the function

b= (buo(v) — 6i'A2’U,0 —l—i/ ei(.—s)A2<Ia * |U|p)|7)|p_2v(8)d8.
0

By the Strichartz estimate Holder and Hardy-Littlewood-Sobolev inequalities, one

gets for (q,r) := (2p, ]311)\1174) and w:=u — v,

(7, 5) <C| (Lo * [ul?)[ul?~2u — (Lo % [0[") 0 20]| 1 11
S o [l =20 = [0l =20] | ot 1,10
+ 1o [lul” = JoPD P ~20] pr 1,100
S o [ul) P2 + [0l =2l 1,
(o [P~ + [P~ ) [0l =20l o (7,
SUl3s Y + oI35 D wll oy < €8 Vd(u, v).

Now, by the Strichartz estimate, Hardy-Littlewood-Sobolev inequality and frac-
tional chain rule, one gets for cA := %,

(1) =[I(1 + A)dllw (r)nLee (1,22
<clluoll g2 + Cll(L+ A) (Lo * [0 0?20 | L (1.1

M 2(p—1 M _
<5+ OllolE V1A + Apllw) < 5 + 0827V,
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Thanks to the Sobolev injection in the previous remark, yields
0] sy <0+ Cll(1+ A) (D — ei'A2u0)||W(1) < &4 C52=Y )y,

Taking 6 > 0 small enough, it follows that ¢, is a contraction of Xs ;. Then, the
fixed point principle gives the result. O

Proposition 8.3 (Long time perturbation theory). Let 0€ I CR, a time slab. Take
u € C(I,H?) a solution of (1.1). Let w € L>(I,H?) satisfying ||| r=(r,m2)ns(n)
< A, for some constant A > 0. Assume that

it + At + (I * |aP)|a|P 20 =e

and that for (q,7) := (2p, ﬁ,gﬁ”ﬁ, €> 0,

i.A2 ~
(1 + A)e”LQ’(l,LT’) <e e 4 [ug — to]|ls(r) < €.
Then, there exists €y := €g(A) such that for 0 < € < e,
lullsry < C(A).
Proof. For § = §(A) > 0 small enough, split I C U;I; such that |[i]|g;,) < J. Using
Duhamel formula and arguing as previously, one gets for 1 — C§2(°P—1) > 0,
. _n2(p—1 .
11+ A)allw 1) < CA+ClaE (LAYl ry)+Cllell o gy < C(A+e).
Letting I; := [t_14,,t;], one gets
w(t) :==u(t) — a(t)
t
— / e DY (I |a+ w[P) i+ w]P 2 (i + w) — (I * |af?)|alP~ 2] dt!
tj

t
+ ei(t_tf)Azw(tj) - / ei(t_t/)AZ)e(t') ds.

tj

With a Picard fixed point argument and arguing as in Proposition 8.2, one solves
the previous integral equation in Iy = [to, t1] := [0, t1], precisely

[wllsi) <26 [(1+A)wlw,) < Cle, A).
Now, by taking ¢t = t; in the previous integral equality and applying ei(t*tl)y,
yields

. tl . 7
¥y (1) = O [t Haw) - (L < o) P e
to

. tl . 7
4 et () + / =A% (¢ ds.

to

Then, with similar to previous computation, one obtains
[ ()5 < 2(lle T w(to) sy + Ce).
Now, iterate the beginning with j = 0, and we obtain
e 8 () lsry < 27T wto) s + CPe < C2' e,

This finishes the proof. O
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Proposition 8.4 (Scattering). Let u € C(R, H?) be a global solution to (1.1) with
Strichartz norm

[ulls@y < oo and |ullpe® m2) < oo,
then u(t) scatters in H? ast — oo. Precisely, there exists ¢ € H? such that
: _itA2 _
Jim [lu(t) — "4 6|2 = 0.

Proof. Write with the integral formula

=Sy 4 / e =DA ([ [u]?) ulP~>u] ds;
0

o=t [ a2l s
U — ei'AQQb =—1 /00 ei(tfs)N[(Ia * |[u|P) |ulP~2u] ds.
Using Corollary 2.2, write |
18 (1= 500 Ly gy ST APl + (L < [ul) Al ~20)

+ (Lo * V([ul?) V (JulP~?u)
:=(A) 4+ (B) + (C).

o )

Thus, using the identity |A(|u|?)| < Cp(|Aul|u[P~ 4 |Vul?|u[P~2), denoting S(I) :=

L?(I,L%), + = 1(£+1) and taking account of the inequality [|V-||Z < C[|A- ||| ||a
via Hardy-Littlewood-Sobolev inequality, one gets

2(p-1 - 2(p—1
(A) < lull3e I Aullw ey + 19l Zlul2 =l < lullsi lAulw -

With the same way, for p > 3,
2(p—1
(A) + (B) + (C) < [lul2% V| Aullw ).
Now, by previous computation

2(p—1
AUl (1.0) < Cllull o g,y + Cllullals )| Aullw(e.00)-

Taking ¢ >0 large enough such that [|ul|g((t,00)) <<1, then a partition of [0,%) C UI,
with sup; [Jul|s(z,) <<1, this implies that

| Aullw®) < oco.
Thus, when t — o0,
i.A? 2(p—1
1A = €2 8) lw(t.oonLo ((too).22) < Cllull sl o) | Aullw(e.o0) = 0.
With the same way, we prove that when ¢t — oo,
S A2
[l — €2 @l Lo ((t,00),L2) = 0.
Finally when ¢ — oo,

S A2
[ — "2 || L (t,00), 1) = O O
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8.1. Critical solution and compactness. In this section, we prepare the proof
of the scattering part of Theorem 7.1. Let u be the solution of (1.1) such that
the assumptions of the second part of Theorem 7.1 hold. Then, we know that v is
global. Thus, combined with Proposition 8.4, the goal is to show that

u € S(R).
Let us prove the claim: there exists 6 > 0 such that if
2 2 2
Bluo)Muo]™ ™" <6 and [Juo|l¥ || Auol| < [[¢] 7 M|,
then v € S(R). Indeed, write

1
B(u) =[|Aul® - f/ (Lo * |ul?)|ul? dz
P JrN

C
> Al (1= 222 )4 Aul|P-2)
p

2 A b |Jul|*]Au 52
> 21— (=) ——— ).
= Aul (1 15" 167D )

Taking account of Pohozaev identity, one gets ||A¢||> = £ ¢||*>. Then,

9 ¢ B A AullB—2

B

2 fJull A} A B2
> ol 2 lull*f|Aul®—2
_HAUH ( B ||¢||A||A¢||Bf2)
_A

>|\AU\\2(1 - E[M}’H)
) Bljg||5*=||Ag|

2 rllull % L[| Aul|1 B2 )
> 2 2 q]ufjFe T l|Aul] . ) N |

Since p > p., B > 2, E(u) is conserved implies that ||Au(t)| is bounded. The claim
follows by Proposition 8.2.
Now, for each § > 0, define the set
2 2
T Aull < ol A}

Define also (ME), :=sup{d > 0s. t up € Ss = u € S(R)}. The goal is to prove
that (M E). = M[¢]%71E[¢]. By contradiction, assume that

Ss == {ug € H?, E[ug|M[ug)7 " <& and |uo

(ME). < M[¢]> " E[g]. (8.2)

Proposition 8.5 (Existence of wave operator). Let ¢ be a ground state solution to
(4.1) and + € H? satisfying
2(2—s¢) 2(2

—sc)
[ 1A < floll ™= E(9).
Then, there ezists v € C(R, H?) a solution to (1.1) which satisfies

2

S v < ol T 1A, M) = 1v]2 B() = ||Av|?

[[vo]

and

. _itA? _
Jim [Ju(t) = ¢*37p] r2 = 0.
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Proof. Arguing as in the proof of Proposition 8.2, one can solve for large ¢ > 0, the
integral equation

o(t) 1= e — / e E=)A* (T« |v[P)[v]|P~2v] ds.
t

Indeed, taking ¢t > 0 such that ||ei‘A2w||S(t,oo) < 4, where § is given in Proposition
8.2, there exist v € C((t,00), H?) a solution to (1.1) such that [|v|s(t,00) < 20 and
(1 + A)vllwt,00)nLo=((t,00),L2) < cA. Write as t — oo,
7. 2 1
lo = €2 Lo (r0).12) < Cllol 52 (10 lwr.o0) + [ A (e.00)) = 0-

This implies that M (v) = [|#||?. Since p > p., from Lemma 2.1 and the LP space-
time decay estimates of the linear flow associated to (1.1), one gets

Q(eitAQz/J) —0 as t— oo
Then, E(v) = lim;_,o, E(v(t)) = ||Av|?. This implies that
M) = E(v) < M(¢) 5" E(9).

Moreover,
. 2 (2 gc) 2
Jim [[o()]) = AP =[] *= [ Ag
<M(9) "5 B(¢) = ©
Then, by Lemma 7.3, v is global, which concludes the proof. O

Proposition 8.6 (Existence of a critical solution). Assume that (M E).< M[qﬁ]%
E[¢]. Then, there exists a global solution u. to (1.1) with data u.o such that
[[te ol = 1,

2—s¢
[Aucoll < lloll =< |A¢[l, Eluc] = (ME). and |luc|sw) =

Proof. There exists a sequence of solutions u, to (1.1) with H? data u, (rescaled

to satisfy |lu,|| =1) such that ||Au, ol < H¢||2;csc |1AG|, E|uno] = (ME). and for
any n, ||u, | s@) = oo. Using the profile decomposition, one gets

M
Up,0 = Z e_itZLij + W,]LV[; (8.3)
j=1

M
ZE 7zt9A2wj +E(WM)+0n(1)
j=1
Then,
M g 2 .
= limE(e""™4 ) + lim E(W,)").
With the profile decomposition,

M
1Aunol® = I A7 |2 + AW + 0,(1);
j=1

M
L= 712 + W) + 0 (D).

j=1
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Then, 3237, [|A¢]2 < limsup, [[Auyof* and 370, [97]2 < 1. So, [Ad| <
2—s¢ 2—sc

] =" [|Ag|| and with the same way lim, [|[AWM]| < ||¢| == [|A¢|. Thus, by
(8.1), E(e~"A%d) > 0, lim, E(W) > 0 and so

lim E(e ™2 y7) < (ME)..

Claim : only one 1; # 0.
Assume the contrary of the claim. Then, M[y);] < 1 for any j and so for large n,
M(e™ 8 0) 552 B(e 2 i) < (ME)..
If [tJ | — 400, assume that up to a sub-sequence, tJ — 4o0. In this case, by the
decay of the linear flow,

lim Qe A k) =0, Vk.
n
Then,
.o2(2—s¢) . i A2 . 2(2—s¢) i A2 .
[7 | = A7 |2 = fle A I | T Al A )|1P < (ME)..
Then, from the existence of wave operators (Proposition 8.5) there exists ¥ such
that o the solution of (1.1) with data v; satisfies

lim [[5(—t],) — e~ A || 72 = 0,
n

2— 2—

;1 5= 125 < lloll == Agll, M@@)=M®), E@)=]|Ap|>
Then,

2—s¢

M) 5 B(@) < (ME)., @€ S(R).
If, tJ — ¢’ finite, then by the continuity of the linear flow in H?2, we have

li7rln ||€_itZ‘A2’l/Jj _ e—it/A"’wj”Hz —=0.

Let ¢/ = BNLS(t')[e~"'2"4J] so that BNLS(—t')[] = e~ 2" yd.
In both cases, there is a new profile ¢/ associated to each original profile ¥/ such
that
: i\, —ith A2 ]
lim | BNLS(~))[7] — e~ 4% 2 = .
So, one can replace e‘itzLAz@/Jj by BNLS(—t;?)iﬁj in (8.3) to obtain
M ~ ~
Uno =Y _ BNLS(—t})ih; + WM,
j=1

where

; ; A2 M _
i [ lim e WS [ls@)] = 0.

Denote v/ = BNLS(.)4;, up, = BNLS(.)p 0, and i, = Y17, v7(. — t,). Then,
ity + ATy — (I * | |P) | [P~ 21, = e,

where
M

—en = (Lo # |Un|")@nl? 200 — Y (Lo # |07 (.= ) [P)0? (. = )72, (. — 12).
j=1

Using the profile decomposition, write

_i A2/~
lle 4 (i, —Un)(O)HS(R)
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o ] ) A2 . N
le™2% (07 () — €A% 99 || sy + lle™ 2 WM |l sr)

M

1

<.
Il

. . 7 A2 .
o7 (=3) = e8| . + [l 2 WM |5z

-

j=1

Then,

—1 2 ~
A (n — un)(0) | sz) = 0.

limli
i lim sup lle

Let us prove two claims.

Claim 1: There exists a large constant A such that for any M, there exists
ng := ng(M) such that for n > ng, [|i,||gm) < A.

Claim 2: For each M and € > 0, there exist ny = n1(M,€) such that for n > nq,
[+ Aenllw(z) <e

Let My be sufﬁmently large such that ||e2’ WMo ls®) < g (defined in Proposi-
tion 8.2). Thus, from the definition of WMo that for any j > Mo, ||ei'A2vj(—tfl)H5(R)
< J. By Proposition 8.2, one obtains

. . A2 . .
[0 (. = t3)l|sry < 2ll€™2 7 (—t) | sr) < 26;
1L+ )7 (= ) lwwy < cllv? (=)l a2
Using the identity lim,, v (—t,) — e 2%47|| 1, = 0, one gets
) i 2
11+ AW (= 8) lwm < cle™ 2 0 |lg2 < || a2

Thus, by elementary calculation,

Mo M
11+ A)iinllw @y <> NA+ 20 lwey + D> 11+ A
J=1 j=1+Mo
M, M
Z 1L+ A llwey +e D 197
j=1 j=14+Mj

On the other hand, by the profile decomposition,

Mo M
A of® = Y IAY |2+ Y (1892 + AW + 0a(1).
=1 j=14+M,

Then, Z;V[ Lo, 197 ||H2 is bounded independently of M and so [[(1 4+ A)y, |lw )

is bounded independently of M, for large n. By Sobolev injection ||t | sm) is
bounded.Then, Claim 1 holds.
Write the expansion of e,

M

—en =(Lo * |in|") |0 [P~ — Z(Ia * |vf{|p)|vi|p_2?}?
j=1

M
=(Io *\Zv]\p Zvj\p 22’[]]—2[ x |02 |P) |l [P~ 20 .
j=1
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Then,

M M M M
RO SIS
M

M
—|—ZI * [v2|P)| Zv [P~ QZUJ—ZI * |l |P)|vl [P~ 20,
J Jj=1

j=1

T 1SS = SIS 3o
— j=1 j=1 Jj=1
o J
+ 3 T+ 047) IZWI” 25"
j=1

jAk=1
Then, taking a cross term and arguing as previously and using the inequality

M M
O a) => aj<Cu > ajalt, a; >0,
j=1 j=1

1<j#£k<M

one gets as previously
(A) =1+ A)[ (Lo [oh P o DI 205 | v ey
||+ ) [ ' = (8, = EP (= (= )
It P20k (. — (th — ¢
P2 (= D]
Sl 5t o™ s 1o 158 (L + Ao (. = (th = ) lwey-

By the fact that |t} —tk| — oo, for 1 < k # j < M, the cross terms go to zero as
n — oo and Claim 2 is proved.

Claim 1 and Claim 2 give a contradiction with Proposition 8.3. This implies that
the profile expansion is reduced to the case ¥' # 0 and ;=0 for all j > 1.

Let us show the existence of a critical solution. By the profile decomposition,
M (') < 1 and with previously, lim,, E(e tnlgpl ) < (ME).. If lim, t. = 0, take
1/;1 = ! so that

lim | BNLS(—t,)9" — e84 g2 = 0
If t1 — 00, by the decay of the linear flow associated to (1.1), Q(e~*»2* 1) 0. So
1A = lim B(e~ "4 y!) < (ME)..
Therefore, by Proposition 8.5, there exist 1! such that
M@ =M@Y <1, E@) =[A¢!)? < (ME),

and

lim [|[BNLS(—th)! — e A%l o =

n—oo
Take WM = WM — (BNLS(—t1)d! — e~#n%y1) by Strichartz and Sobolev esti-
mates

A2~ A2 - 1 A2
le " WM ls@) < lle™* > W ls@) + c|BNLS(—t))d" — e "2 )| e
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So
tim [l A WM 5y = lim e 2 W 5y
Write .
tno = BNLS(=ty )" + W1,
M) <1, E(4') < (ME), and limp[lim,, [|e*2 WM )] = 0.
Let u. be the solution to (1.1) with data . = Y. Suppose that
IBNLS(. = tp)d! sy = IBNLS ()4 |s@) = lluclls@) < oo

Taking large M,n such that ||ei'A2W,{W lsr) is small enough, then applying the
long-time perturbation theory Proposition 8.3, one obtains |lu,||g®) < oo. This
contradiction gives |luc|s®) = oo, which implies that Mu. = 1 and Elu.] =
(ME).. This finishes the proof. O

Proposition 8.7 (pre-compactness of the flow of the critical solution). Let u. be
as in the previous Proposition, then, the following set is pre-compact in H?2,

{uc(t,.), t>0}.

Proof. Denote u := wu.. By contradiction, suppose that 3 > 0 and a sequence
t, — oo such that for all n # m,

[ultn) — utm)| gz > 2.

Take the profile decomposition, ¢,, := u(t,) = Z]M:1 67“1/“7,!1]' + WM. With the
energy Pythagorean expansion, one gets

M
(ME)e = E(¢n) = Y_lim E(e™ A" ¢7) + lim B(WM).
j=1

Since as previously, by (8.1) each energy is positive, for any j,
(ME), > lim E(e "2y,
n

By the profile decomposition expansion properties

M
1=M(¢n) = ann M (7)) + lirrlnM(ny).

j=1
Following the proof of the previous Proposition, we have ¢! # 0 = 47, for any
j # 1. Thus,
b = e A Pl L WM.
Arguing as in the proof of the previous Proposition, one gets
1=M@Y), LmE(e 2"yl = (ME),, limEWM)=0.
n n
Suppose that t. — oo and write

€2 u(ty) sy < lle™ En I8 9 gy + €Y WM sew).-

Since for large n, ||ei'A2W7]lW||S(R) < ¢ and lim,, ||e_i(ti—-)A2¢1||S(R) =0, one gets a
contradiction with the small data scattering. Then, tL — ¢! up to a sub-sequence.
In such a case, because e“}tﬁwl — e“lﬂz/}l in H?, this implies that ¢,, converges
in H?, which contradicts the beginning and concludes the proof. O
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Proposition 8.8. Let u be a solution to (1.1) such that {u(t)|, t > 0} is pre-
compact in H?. Then, for each € > 0, there exists R > 0 such that

1
/ (|Au|2 ol + = (Lo * |u|p)|u|p) dz < €.
|z|>R p

Proof. Otherwise, there exist ¢ > 0 and a real numbers sequence t,, such that for
any R > 0,

/ (180t + () 2 + & (Lo )P (1)) e > .
|z|>R p

Since {u(t)|, t > 0} is pre-compact, for a sub-sequence u(t,) — ¢ in H2. Then,
for any R > 0,

1
D
This contradiction ends the proof. O

[ (1802 1o 42 (T o) o) o>
|z|>R

8.2. Rigidity Theorem. In this section, let us prove a Liouville-type theorem.

Proposition 8.9. Let N > 2,0 < a < N such that « > N —8, 0 < s, < 2, ¢ be
a ground state solution to (4.1) satisfying (7.1) and (7.3). Let u € C(R, H?) be a
global solution of (1.1). If {u(t), t > 0} is pre-compact, then ug = 0.

Proof. With the previous computation via Proposition 8.8 and the previous propo-
sition

FMlu(®)] =8 Au) - =2 [ (e ) u(e) P d
OR™*+R?|Vu®)|?) + O I * |ulP)|ulP do
+O(R™ + R Vu()|?) + (/{IM}( [ul?) u]? dz)

4B

<8|| Au(t)||* — 0 o (Lo * [u]?)|u(z)[? dz + Op(1).

Claim: there exists § > 0 such that for large R > 0,
2B
aul === | Tox ufu(@)]” do + or(1) > 6| Auo .
RN

This implies that
[ My (t) = My (0)] = tl| Aug.
On the other hand
| My (t) = Myg (0)] < Crll¢ |7
Then, uy = 0.
It remains to prove the claim. Indeed, since ug satisfies (7.1) and (7.3), there
exists > 0 such that

B(u)**M(u)*™* < (1= 8)E(¢)*M(9)*7*;  [|Auol* < (1 - &)z,

where we take the notations of the proof of Lemma 7.3. Now, f((1 — d)z1) =
(1 2[(1—8)a1]2 1) (1 - 8)zy > (1 — ) f(x1). Then,

JX@) < E(u) <1 =0)f(z1) < f(1—0)x1); X(0) <(1—0)z1.
A continuity argument gives

|Au(t)||?* < (1 —68)x;, on R.
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Take the function F(x) := 22 — 2% and compute using Theorem 3.1,

Sc

F<wmﬁwnAmU

2—s,
ol =" [|Ag]l
2-sc 2-sc
:(HUH ||AU||)2 _ (||U|| ||AU||)B
2—s¢ 2—s¢
¢l ="l Ag] gl ="l Ag]
<(||u|| ||AU||)27( [l = >B<fRN(Ia* |U|p)|U|pdiE)
= 2—s¢ 2-sc A
lell === lagl” Mgl =" Ag| Cnpallul
2—s,
ul| e ||Aul||\2 B 1 2 2-50
S(M) - 2*(277) M (ug) = / (Lo * [ul?)[ul? da.
gl ="l Ag] P gl 5 [[Agll RY
Now, since B > 2, there exists C5 > 0 such that F(z) > Csz? for 0 < 2 < 1 — 4.
Then, on R,
B
[Aul® ~ */ (Lo * [ul?) |ul” dz > C|| Aul|*.
2]9 RN
The claim follows by the previous inequality via (8.1). O
8.3. Proof of scattering. Thanks to Proposition 8.7, the critical solution w,. con-

structed in Proposition 8.6 satisfies the hypotheses in Proposition 8.9. Therefore,
to complete the proof of Theorem 7.1, we apply Proposition 8.9 to u. and find that

Ue,0

= 0, which contradicts the fact that ||uc|/s®) = co. This contradiction shows

that (8.2) is false. Thus, by Proposition 8.4, H? scattering holds.
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