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Abstract — We propose a nonconforming spectral/ip element method for solving elliptic systems on
non smooth domains using parallel computers. A geometric mesh is used in a neighbourhood of the
corners and a modified set of polar coordinates, as defined by Kondratiev [7], is introduced in these
neighbourhoods. In the remaining part of the domain Cartesian coordinates are used. With this mesh
we seek a solution which minimizes the sum of a weighted squared norm of the residuals in the partial
differential equation and the squared norm of the residuals in the boundary conditions in fractional
Sobolev spaces and enforce continuity by adding a term which measures the jump in the function
and its derivatives at inter-element boundaries, in fractional Sobolev norms, to the functional being
minimized. The set of common boundary values consists only of the values of the spectral element
functions at the vertices of the polygonal domain. Since the cardinality of the set of common boundary
values is so small, a nearly exact Schur complement matrix can be computed. The method is expo-
nentially accurate and asymptotically faster than the /- p finite element method. The normal equations
obtained from the least-squares formulation can be solved by the preconditioned conjugate gradient
method using a parallel preconditioner. The algorithm is implemented on a distributed memory par-
allel computer with small inter- processor communication. Numerical results for scalar problems and
the equations of elasticity are provided to validate the error estimates and estimates of computational
complexity that have been obtained.

Keywords: geometric mesh, stability estimate, least-squares solution, preconditioners, condition
numbers, exponential accuracy.

1. Introduction

A method for obtaining a numerical solution to exponential accuracy for elliptic
problems with analytic coefficients posed on a curvilinear polygon whose boundary
is piecewise analytic with mixed Neumann and Dirichlet boundary conditions was
first proposed by Babuska and Guo [1,2] within the framework of the finite element
method. They were able to resolve the singularities which arise at the corners by
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using a geometric mesh. In [5], they extended the method to two dimensional elliptic
systems also.

In [3], Babuska and H. S. Oh have introduced the method of auxiliary mapping
(MAM). With this method exponential rate of convergence was recovered for the
Laplace equation with corner singularities, in the context of p version of the finite
element method. In [8], Lucas and H. S. Oh extended this method to Helmholtz
equations. In [9], Oh and Babuska extended the method so that it can handle plane
elasticity problems.

This problem has also been examined by Pathria and Karniadakis in [10] and
Karniadakis and Spencer in [6] in the framework of spectral/ip element methods. In
[13,14], spectral/hp element methods for solving elliptic boundary value problems
on polygonal domains using parallel computers were proposed. For problems with
Dirichlet boundary conditions the spectral element functions were nonconforming.
For problems with Neumann and mixed boundary conditions the spectral element
functions had to be continuous at the vertices of the elements.

In this paper, we will present a fully nonconforming spectral element method
which is exponentially accurate and applicable for general elliptic systems such as
the equations of elasticity [4]. To keep the presentation simple and nontechnical, the
polygonal domains are restricted to have straight sides although the method works
for curvilinear polygons.

We now seek a solution which minimizes the sum of the squares of a weighted
squared norm of the residuals in the partial differential equation and the sum of the
squares of the residuals in the boundary conditions in fractional Sobolev norms and
enforce continuity by adding a term which measures the sum of the squares of the
jump in the function and its derivatives in fractional Sobolev norms to the functional
being minimized. These computations are done using modified polar coordinates in
sectoral neighbourhoods of the corners and a global coordinate system elsewhere in
the domain. The spectral element functions are nonconforming.

To obtain a solution, we now need to solve the normal equations for the least-
squares problem. To compute the residuals in the normal equations the mass and
stiffness matrices do not have to be computed [13,14]. The set of common bound-
ary values for the numerical scheme consists of the values of the function at the ver-
tices of the polygonal domain. Since the cardinality of the set of common boundary
values is so small, we can compute a nearly exact approximation to the Schur com-
plement matrix. Let N denote the number of layers in the geometric mesh and W the
number of degrees of freedom in each independent variable of the spectral element
functions, which are a tensor product of polynomials, and let W be proportional to
N. Then the method requires O(W InW) iterations of the preconditioned conjugate
gradient method (PCGM) to obtain the solution to exponential accuracy whereas
the h-p finite element method requires O(W?InW) iterations. Thus the method is
asymptotically faster than the spectral/Ap element method in [14] by a factor of
O(Wl/ 2) and asymptotically faster than the /-p finite element method by a factor of
O(W). The method works for non self adjoint problems too where the classical 4-p
finite element method may face difficulties [15].
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The outline of this paper is as follows. In Section 2, the problem is defined
and the stability estimate is presented. In Section 3, the numerical scheme, which
is based on these estimates, is described. In Section 4, we examine the issues of
parallelization and preconditioning. Finally in Section 5 computational results are
provided.

2. Stability estimates

Let Q be a polygonal domain with boundary dQ =TI as shown in Fig. 1. Let the
vertices of Q be given by Ej,E,...,E,. The boundary I is given by segments
I,M2,...,[,, where I'; joins the points E; | and E;. Let the angle subtended at
E; be w;. Further, let [ = royril, riol = Uiea Tis ril = Uiey T; where 2 is a
subsetof theset {i |i=1,...,p}and A/ ={i|i=1,...,p}\ Z.

To keep the presentation simple, we restrict ourselves to a polygonal domain Q
with straight sides.

Let u be a vector of dimension d and .Z be a strongly elliptic operator

2 2
L (u) =— Zl (s (x) ”xs)x, + Zl by (x) ux, + ¢ (x)u (2.1)

where ay - (x) = (a5 (x))?, b, (x), and ¢ (x) are analytic matrices on Q.
Consider the boundary value problem

ZLu = f onQ
u = g% onrl (2.2)

du
ou\ _ ]
<6N>A £

where (du/dN), denotes the usual conormal derivative which is now defined. Let
N = (Ny,N,) denote the outward normal to the curve I'; for i € 4. Then

ou 2 du
R = rQrs—=. 2.
<0N>A (X) r,szle ¢ 7 de ( 3)

Moreover, let the bilinear form induced by the operator .# satisfy the inf-sup con-
ditions. It shall be assumed that the given data f is analytic on Q and g[l] ,0=0,11is
analytic on every closed arc T; and gl is continuous on [,

Now, at the vertex E} the leading order singularity is of the form

Skt (ks ) = v e {ner (9} (2.4)

Here, (rx,dx) denote polar coordinates with origin at the vertex Ej and v ; denotes
a vector. Define

Af =min(Re (ax1),1). (2.5)
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Figure 1. Geometric mesh with N layers.

We now describe the discretization of the domain and the local transformation near
each vertex of the domain Q.

2.1. Discretization

The domain Q is divided into p non-overlapping polygonal subdomains S',S?, ...,
SP, where S¥ denotes a domain which contains the vertex Ej only as shown in Fig. 1.
On each S define the geometric mesh in a neighbourhood of the vertex Ej. Let &% =
{Qﬁj,j =1,...,Ji,i = 1,..., I} be a partition of S¥, where J; and I; are integers. I
is bounded for all k. Let (r, 9) denote polar coordinates with center at E;. Choose
P so that the sector QF with sides ', and I x+1 bounded by the circular arc BE, center
k

i j» Where QF may be represented as

at Ex and radius p, satisfies Qf C Ut et Q
L]
O ={(x1,:) €Q:0<r < p}. (2.6)

Let {l-l-’,'k}izl,....IkJr 1 be an increasing sequence of points such that L[Jf = l,Ulk and
WIkk = Yk, Let Awl." = L[Jl.’fH — L,Ul.". Choose these points so that

max <maXA(,Uik> <A rnkin (mjnAL[Jf) (2.7a)

for some constant A. Now choose a geometric mesh with N layers in QF with ratio
0 < <1.Let

o = 0 (2.7b)
of = pu)"', =2, N+ 2.70)

Let
Qf = {(xixm): of<n<ab,, Pr<s<ul,} (2.8)

i=1,....I,, j=1,...,N.
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Figure 2. Quasi-uniform mesh in T; and J; coordinates.

In the remaining part of S* for k = 1,..., p, we retain the Cartesian coordinate sys-
tem (x,xp). Let

QP ={Qf:i=1,....I, j=N+1,....J, k=1,....p}. (2.9)
Relabel the elements of QPt! and write
ot ={aor 1=1,..,L} (2.10)

where L denotes the cardinality of Q”*!. All the elements except the corner elements
can be chosen to be rectangles.

Since the solution of (2.2) is singular in the vicinity of the vertices Ej, k =
1,...,p, we use the auxiliary mapping of the form z = In & in the sector Q to remove
the singularity. It was first introduced by Kondratiev [7]. The approach taken in this
paper is described below.

2.2. Local transformation

Now, let T = In r¢ in the sector Q for k = 1,..., p. Define Z]'.‘ = lnaj'-< for j =
1,...,N+ 1. Here Z1k = —oo, Define

OF = {(t,9%): <<l gl <o<ul,} (2.11)

fori=1,...,I;, j=1,...,N. Hence, the geometric mesh Qﬁf ., j=2,...,N, becomes
a quasi-uniform mesh (as shown in Fig. 2) in modified polar coordinates. However,
Qf.‘ | 1 a semi-infinite strip.

We now describe the spectral element functions which are used to represent the

numerical solution. Let ufl(Tk,Bk) = hg, a constant, on ﬁfl Define the spectral

element function
Wi W;

k
8= 3 3 et
r=0 s=
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onQf fori=1,.... L, j=2,....N.k=1,...,p.Here | <W; < W.
Moreover, there is an analytic mapping Mlp *1 from the master square S =
(=1,1)% to Q""" We define

w W

(M E ) = ; > grad'N’.

As described earlier, Q" is the image of Q in (T, 9;) coordinates. Let £

be the operator defined by .,kau = r,% Zu. It has been shown in [13] that if we let
y1 = Tx and y, = I, then

2 2
Lu=-Y i_(g’f.d_”f>+2bkuy,+cu (2.12)

Let O denote the matrix

| (cos)I  (—sindy)I
0= { (sind )l (cosO)I }

and
ik _ dlf,l a]f 2
A _— Nk k .
ar1 G
Then A% = (O*)TAO*. Here I denotes the d x d identity matrix.

Now in Qf“ forl =1,...,L we have

[ 2wt P ar = /|.$ P2 4 dn.
Ql+|

Here leH is the Jacobian of the mapping MIPJrl from S to Qf“. Define .,iﬂlpﬂ =
I L Let
2 2
ue)ia= [ 5 |00 uty)] deay
Q a1+0,<q

By H7(Q) we denote the usual Sobolev space of integer order g with the norm |[.[|, o
as given above. Further, let

2 ’“
||’4HS,J—/ dx+// - x,’1+2s ddel

denote the fractional Sobolev norm of order s, where 0 < s < 1. Here J denotes an
interval contained in R.
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By y; we shall denote a side common to the elements Q2 and Q5 Tt may be
assumed that V; is the image of N = —1 under the mapping MET! which maps S to

Q%" and also the image of ) = 1 under the mapping M?"" which maps S to Q2.
By the chain rule

(uh e = (g & + (™ Ny
e = (g &, + (™) N
Then
Jlar 12, = & =1 -t €D,
NI, = e =)= @ DI,
N IE, = (=1 @@ DI,

Here I = (—1,1).
Next, let y; C TN aQP+! and let y; be the image of = —1 under the mapping
MET! which maps S to Q5. Then

2 Jurt!
%)

In the same way, if y; € /N @QP+1, || (duP*! /oN) H?/z can be defined.
WY

2

]

2 p+l1

1/2.ys

1/2,0

Lety, CTUNAQk fork=1,...,p and ; denote the image of ¥; in (Ty, 9)
coordinates. Now the normal n at a point P on ¥, can be written as n = (ny,np).

Then
ou 2 o O
<—> = z n,-aﬁj—.
on i &= dyj

2
ik H can be defined.
1/2,%

Using this H (0uk/on)
Let y, C QF and

d(Ag,Ys) = inf {distance(Ey, x) } .

XEYs

Choose 0 < Ay < A/, where A/ is as in (2.5).
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Let

NW

v

vertices

{uf (90} o 1™ '7)}1> (2.13)

~

N+1 j 2/\1(H gk (Tk7"9k)H .
1 0.0} ;

+ 17, + s, )

L 4E)

(
kil 21

M"“ WMz

S dEew) ()]

) ~ 0%
% CQFUBG, (i) <o

1
530 LRSS ST CRTa (TN
9 k=I[—1

+

k

€9 k=I- Y COQANT 1, p (i) <o
I ik 2
—2A u
+ > > d(Eey) (E)
IEV k=T1 3, COQMTT u(Fi) <0 Al

Here {{uf ;(Te, %) }ija {u]" (§,m)}1} € MYV, the space of spectral element func-
tions and ufil =hy fori=1,...,I;. Moreover [(V;) denotes the measure of V;.
Next, define

ﬂj/mtenor <{M1J Tk’ak)}zjk’{upﬂ E r,)}l>

2
S|
=1

0,8

w3 (W, I, + s, )

VYCQerI 1/2.5

2
Jurt!
p+l
2. (”” b+ (%7
leﬁyxgag”“nrl 1/2.y5
an 2
+2 1 oN
lEJV%QﬁQH ﬂrl A 1/2,y5

Let
wW({u,J (T80}, 0 L7 (6
= 0 ({090}, 0 (™ €)Y, (2.14)

vertices

+7/mtenor <{Ml] Tk’ak }ljk’{ulpr] E r,)}l>
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Figure 3. Edge ', common to Q! and QF.

Now, we will state the stability estimate.

Theorem 2.1. For N and W large enough the estimate

P I N . ; i
kZ] <|hk|2 —{—l; j;(pullcv+l_])_2/\k Huﬁj('[k,wsk) —thijj> _|_l; ‘ M‘;H(E,r]) )
< C(IHW)Z’Y/N,W <{uﬁj(rk’19k)}i7j7k’ {u?ﬂ (E, n)}l) (215)

holds. Here C is a constant.

This follows from the Theorem 3.1 in [4]. The proof of this Theorem is based
on Theorem 5.2 (the regularity estimate) in [5], Lemma 7.1 and Lemma 7.2 in [4].

3. Thenumerical scheme

Consider the data in the boundary value problem (2.2). Now in the element Qf +
let /77 (E,n) = F(MPT(E,n)) for I =1,...,Land J"*' (£,n) denote the Jacobian
of the mapping M” " (&,1) (which is from master square S = (—1,1)? to Q).

Define
FPYEm) = &l (En).

Next, let the vertex Ey = (x},%8) and F (1, 8x) = ™ f (¥} + ™ cos 9, x5 +
efsindy) in Qf fork=1,...,p, j=2,....,N,i=1,.... L.

Consider the boundary conditions u# = gz on [N 0QF (as shown in Fig. 3) for
k€ 2,and (Qu/dN), = gron [, NIQk fork € N
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Let

u:gk(x’f +echos(L[Jlk),x§+eTksin((,Ulk)), ke9
1 (Te) = (014

2) = el +eteos(uh), B+ eminu)). ken,
Ak

Consider the boundary condition u = g for k € &, and (u/dN), = g fork € N
on My NAQF!. Define

u=gr(xy " +emrcos(Wh), KT+ eTtsin(@i)), ke

B(tey) = <@> =el-1gy (xlfl + e™=1cos(Prk 1y, xéfl + e Isin( ,]fl)),
(9n Ak
ke .

Finally, let [, N Q7" = CF be the image of the mapping M” "' of § onto Q7 !
corresponding to the side & = —1, and of(n) = gk(M,pH(—l,n)), where —1 <
n < 1. Define a; = u(Ey).

Now we will formulate the numerical scheme based on the stability estimate.
Let {{vﬁj(Tk, i) bijiks {vf+I (&, n)}l} € MYV the space of spectral element
functions. Define the functional

t\]?]e‘::ces ({vﬁj(‘[k’ak)}i,j,k7 {v;+l (E7r’)}l>
_ p % Izk(puNJrlj)Z)\kH(gk)vk'(T 9 )—F~k~(1’ 9 )H2
& 54 k i,j\tkyVk i,j \tky Vi O.Qfﬁj

L3 d(E, v6) 2 (|||
Sy dEew ()

0,¥s
=1y, COFUBE u(¥) <o

+ A, + B, )

m
—2A U 2
) (B o)™ (|04 = h) = Gy~ ||
MEY k=m—1y,CAQkNT, () <oo )
L 2 < 2
M Gl )+ Y Y e
i meP k=m—1
m B ok . ?
+ > S d(Ey) N (0—> —bn i - 3D
mEJVk:mflyygﬁﬂ"'ﬁrm,H(%KW n Ak 1/2,ys

In the above U(Y;) denotes the measure of V.
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Next, define

tmtenor ({VU Tk”sk)}zjk’{v”“ (&,n)} )
Sl em-r o]

Y (eI, + s H2

0. 1/2,
yCQer] /2.¥s

2, 3 (a2

€7 ycoar*' rr,
+1
((9\}” _ ol
ON
A 1/2,y5

" ({v{y (190}, 00 0017 (€1},
= tvertlces <{th (T, ) }z]ka{VpH (€, n)}l) (3.3)
+tmtenol <{VIJ Tk’.ﬁk)}uk’{vwrl E r’)}l> :

We choose as our approximate solution the unique { {z¥ ;( (T 90 Yjr 17 T(E, i}
€ I'IN W the space of spectral element functions, which minimizes the functional

({Vz](rk"sk)}l,jk’ M, n)}z) over all {{vi;(&,8)}iju, (v (&,m)}}
Here z 0= = by for all i and k, z (Tk,Bk) is a polynomial in T; and J; of degree

Wi, W; < W, and 2 (E,n) is a polynomial in & andn of degree W. Choose W
proportional to N. Then we have the following error estimate.

2
Hl/zrVS

+[loEe,,) (3.2)

| >
1/2.ys

2

2
ey y@dQ”“ nr,

Let

Theorem 3.1. Let a; = u(Ek) and U,']fj(rkfak) = u(x(Tk,ﬁk))for (Tk,'ﬁk) S ij

and Uf“(f,r,) = u(MfH(E,r]))for (&,n) €S. Choose aj < W; <W for some
positive d for j > 2. Then there exist positive constants C and b such that for W
large enough the estimate

I 2
Zrbk—ak”Z;,Z 0 0 090 - - )y

k=1

e ol e

holds.
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Proof. The proof is very similar to the analysis in [2,14]. Here, we briefly de-
scribe the main steps of the proof. Using the results on approximation theory given

in [2], there exists a polynomial (Df + (&,n) of degree W in each variable separately
such that

2
HU{’“ (&.n)— (g, n)H“ <SCWB8(Cd’s!)? (3.5)

for/=0,...,L, W > s, where Cy =Ce¥. B
Define Ul-’fj(Tk,Bk) = u(Ty, ) — u(Ax) for (1x, %) € Qﬁj. Then there exists a

polynomial <Df-‘7 (T, 9x) of degree W; in Ty and Iy separately such that

(3.6)

H (T, D) — (Tk;'&k)H;Qﬁj < Csj(Wj)_zs"JrS(X »i|g, ]HS 3

where X, = max{max;(Ay})/2, In e |/2,1}.
Define Wﬁl(rk,ﬁk) =ayfori=1,....I, k=1,...,p, as well as W (T, ) =
®F (Th, i) + ax for (Te, i) € QF ; and W)™ (€,n) = @] (€,n) for (E,r)) €S.
Choose aj < W, < BW, where 0 < o and 3 < 1. With proper choice of sj, tj,
s, and ¢ we can prove that there exists a constant b > 0 such that the estimate

& <{w (rk,ak} {Wr (e, n>}><CebW (3.7)

holds.
Using the stability Theorem 2.1 we obtain

('“k—bk| +Z Z (™) MkH(“"ffj—zﬁj)—(“k_b")“zvf’fi)

J=2i=

HM"@

o3 et e <o (338)
=1

It easy to show that

p N I . L 2
b3 LR (RIS 3 LRI
=1j=2i= = ’

< Ce "V,

And using the above estimates we obtain

I
1— 2
3 +Z]Zl_ (U e U 190~ (b=,

+zH P -ophEn)|, <ce.
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Remark 3.1. After having obtained the solution we can make a correction to
it so that the corrected solution is conforming and the error in the H'!(Q) norm is
exponentially small in W [13]. These corrections are similar to those described in
Lemma 4.55 of [11].

4. Paralléization and preconditioning

The method is essentially a least-squares method and the solution can be obtained
by using the preconditioned conjugate gradient techniques (PCGM) to solve the
normal equations. To be able to do so we must be able to compute the residuals in
the normal equations inexpensively. In [13,14] it has been shown how the residual
vector can be computed without storing mass and stiffness matrices and also shown
that O(W?) operations are required to compute the residual vector on a parallel
computer with O(W) processors. Now we explain the solution technique and the
construction of preconditioner for the matrix in the normal equations.

Let U be a vector assembled from {gk}le, where uf | = &k for all i, and the

values of {{u, (T 90 Yk {u] “1(&,m)},} at the Gauss—Lobatto-Legendre points
arranged in lexicographic order for k = 1,...,p, J=2,....Jr, i=1,... I Let

{25 (1,90 }iju, {2 (€,n)}s } minimize ¢ ({v,,(Tkﬁk)}um{V”“ (f,n)}z)
over all {{sz (Te, 3) i 1) (E,m) 1} € MY the space of spectral element
functions.

Let Ug denote the values {gk}iz1 and U; the remaining values of U. We now
define a quadratic form

2™ ({090}, 0 ™ (4 n>}l> @
p I 2

= Il S S 3 e P e - al 5 e
k=1 k=1j=2i= )

It should be noted that ufﬁl(rk,ﬁk) =g fori=1,...,I,. Moreover, for j <N, & is
a linear function of Ty and 1 is a linear function of 3, such that the linear mapping
M{f ;(&,n) maps the master square S onto Qf i

To solve the minimization problem we have to solve a system of equations of
the form

AZ=h. 4.2)
Here A is a symmetric positive definite matrix and
PV ({090}, (7 (8}, ) =UTAU 4.3)

where "//N’W({uﬁj(rk, ) ija {u; ™ (,n)}1) is as defined in (2.14) in Section 2.
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Now A has the form

Ay Agp
A= 4.4
[ Apr Aps ] @4

corresponding to the decomposition of U as

and & has the form

To solve the matrix equation (4.2) we use the block LU factorization of A, viz.

. 1 0 Ay O 1 AI_IIAIB
=L 71 3] Lo ] s
where the Schur complement matrix S is defined as
S = App— AlpA, Asp. (4.6)

To solve the matrix equation (4.2) based on the LU factorization of A given in (4.5)
reduces to solving the system of equations

SZp = hg 4.7
Where
hg = hg —AlzA hy. (4.8)

The feasibility of such a process depends on the ability to compute A;pVp, A;Vi
and ApggVp for any V;,Vp efficiently and this can always be done, since AV can be
computed inexpensively as explained in [13,14].

However in addition to this it is imperative that we should be able to construct
effective preconditioners for the matrix Ay so that the condition number of the
preconditioned system is as small as possible. If this can be done, then it will be
possible to compute AI_11V1 efficiently using the preconditioned conjugate gradient
method (PCGM) for any vector V.

Consider the space of spectral element functions I'Ig’“f with the property that
for {{uf (T, 80) }ijuor ()™ (E,0) 11} € N)"" we have uf; = 0 for all i and k. Let

U be the vector corresponding to the spectral element function {{uf (T D) i

{u"" (§,m)}1}. ThenUg =0and U = [ l(])' } and so

e ({Mﬁf.(rk’’9")}1',j,k’{”57+l (E,’])},) = U/ Ay U;. 4.9)
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Now using Theorem 2.1 we have the following result.
Let {{u” (T ) Yijoes L) (8.0 1} € I'ISI’W. Then the estimate

2
(omy ™ )2 (8 HmZH rEn)|
< WP (Ll (w, 90}, 0 (™ (Em)) (4.10)

holds for W for large enough. In the above ufl =0fork=1,...,pandi=1,... .
Let us define the quadratic form

2 ({5 (1,90}, 0 L™ (E.m),)

:kzzzp“’i\/H ) ZAkH” st

for all {{uf (T, 8 }ija (™ (E.) i} € Mg
Now using the trace theorems for Sobolev spaces it can be concluded that there
exists a constant K such that

“//Nw({u” Tk7"9k }l]k’{upﬂ E r’)})
< %NW<{”11 (T, ) },]k,{u”“ (&, n)},) (4.12)

Wt (E H .5 @D

for {{uf (T, 9) Vi ju- {1y (§,n)}1} € My" . Hence using (4.10) and (4.12) it fol-
lows that there exists a constant C such that

S (L 0,80 L (6o,
U ({090}, 0 (™ (Em)y) (4.13)
< C(lnWw)? “f/NW<{u,j (Tes 90) 3 407 € ,'7)},)

N

for all {{uf ,(Te, )}, (" (E,m) 1} e MgY.

Thus, the two quadratic forms ”V’VVV({MU(Tk,w.9k)},7]k,{u”+1 (&,n)}) and
UNY (L (Tr,80) Yij, )™ (E,n)}1) are spectrally equivalent.

We can now use the quadratic form 2™W ({uf (1i, %) }ija, {u]" (€,1)}1)

which consists of a decoupled set of quadratic forms on each element as a precondi-
tioner for Aj;. This can be done by inverting the block diagonal matrix representation

for 77NV ({uf j(Tk, ) }ijks {4 (€,n)}1). The construction of the preconditioner
on each element is now described.



134 N. K. Kumar, P. K. Dutt, and C. S. Upadhyay

The quadratic form %NV ({u’l?’j(rk,ﬁk)},;j’k, {u}"'(§,n)}) has a decoupled

block diagonal matrix representation where each block corresponds to the A2 norm
of the spectral element function representation of each component of the vector
(since the vector is of dimension d) on a particular element which is mapped onto the
master square S multiplied by a constant. Consider the bilinear form Z% (1" ,WW)
induced by the H2 norm on S corresponding to a component of the vector i.e.

7Y W ) = 3
Here " and v" are polynomials of degree W in & and 1 respectively. Now u" can
be represented by the vector (uy,uy, ..., ugy1y2)", where u; fori =1,..., (W +1)>?

are the coefficients of the polynomial " in a suitable basis. Then there is a matrix
A such that
(W+1)2 (W+1)?
A" (" W) = Z Z UiA; jvij.
= =
We consider the tensor product space of the following hierarchic shape functions
as a basis for the matrix corresponding to the bilinear form Z"[11]

N(E = JO-82148.,  M(E=1(1-82+E
N(E) = JO+EI-6),  ME)=—32rE(1-8)

2i—5 & rm )
Ni(&§) = 5 /71/71Li—3(’72)d’72d’717 i=5,...,W+1

where L;(&) are Legendre polynomials.

In this basis the matrix corresponding to 2" is a (W +1)% x (W + 1)? sparse
and structured matrix with a semi bandwidth of SW and some additional fill in.
Since this is almost a banded matrix this can be computed and inverted in O(W*)
operations and the action of the inverse of this matrix on a vector can be performed
in O(W?3) operations.

Now from (4.13) we can conclude that if we were to compute (AII)_1U1 us-
ing the PCGM then the condition number of the preconditioned matrix would be
O((InW)?). Hence to compute (A;;)~'U; to an accuracy of O(e~"") would require
O(W InW) iterations of the PCGM.

Let us return to the steps involved in solving the system of equations (4.2). As a
first step it would be necessary to solve the much smaller system of equations (4.7).
Here the dimension of the vector Zp is dp, where p is the number of vertices of the
domain Q and d is the dimension of the vector. Now to be able to solve (4.7) to an
accuracy of O(e~"") using PCGM the residual

Rg = SUg — hp
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would need to be computed with the same accuracy and in an efficient manner. The
bottleneck in computing Rp consists in computing (A 11)_1AIBU p to an accuracy
of O(e="") and it has already been seen that this can be done using O(W InW)
iterations of the PCGM for computing (A 1,)*1A13U3 for a given vector Up.

Here S is a dp x dp matrix, where d is the dimension of the vector and p is the
number of vertices of the polygonal domain. Let ¢; be a column vector of dimension
dp with a 1 in the k th place and 0 elsewhere. Let Sy = Sey.

Then, the Schur complement matrix S can be written as

S =[S1,S2,---,Sap)-

In [4] it has been shown that an approximation S* to S can be obtained to an
accuracy of O(e™®W) using O(W InW) iterations of PCGM. Hence we can obtain
Z&, an approximation to Zg, to an accuracy of O(e~"") by replacing S by S¢ in

SZp = hg

using O(W InW) iterations of PCGM [4].
Having solved for Zg we obtain Z; by solving

AnZy = h;—ApZp

using O(W InW) iterations of the PCGM.

Hence the solution Z can be obtained to exponential accuracy using O(W InW)
iterations of the PCGM on a parallel machine with O(W) processors and requires
O(W*InW) operations since each iteration requires O(W?3) operations to compute
the residuals in the normal equations and the action of inverse.

We shall now briefly examine the complexity of the solution procedure for the
h-p finite element method. Since finite elements have to be continuous along the
sides of the elements, the cardinality of the set of common boundary value is large
for the A-p finite element method. Let S denote the Schur complement matrix for
the h-p finite element method. In [11] it has been shown that an approximation S*
to S can be obtained such that the condition number X of the preconditioned system
satisfies

X <C(1+(InW)?)

where C denotes a constant. Then to solve SUg = hp to an accuracy of O(e
will require O(W InW) iterations of the PCGM using S* as a preconditioner. Now
to compute the residual in the Schur complement system to an accuracy of O(e~*%)
requires O(W) iterations of the PCGM to compute AI_IIAIBVB. Hence we would
need to perform O(W? InW) iterations of the PCGM for computing AI_IIVI, where
V; will vary after every sequence of O(WInW) steps. So the h-p finite element
method require O(W?InW ) iterations of the PCGM to obtain the solution. Therefore
it requires O(W>InW) operations to compute the solution.

Hence the proposed method is asymptotically faster than the /-p finite element
method by a factor of O(W).

—bW)
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Figure4. Polygonal domains with re-entrant corner at E7.
5. Computational results

To verify the asymptotic error estimates and estimates of computational complexity,
we consider the Laplace’s equation with Dirichlet and mixed boundary conditions, a
non self adjoint problem and a plane strain elasticity problem on polygonal domains
with a re-entrant corner. We choose W; = W for all j and N = W, for simplicity of
programming and each element is mapped onto a separate processor of a parallel
computer. After having obtained the nonconforming solution a correction is made to
it so that the corrected spectral element functions are conforming. We show that the
error between the exact solution and the corrected approximation in the H'(Q) norm
is exponentially small. Since the total number degrees of freedom M is proportional
to W3 the error E in the H'(Q) norm satisfies the estimate E < ke~M " for some

constants k and d. We now present numerical results for these problems on an L-
shaped domain and a panel with a crack as shown in Fig. 4.

P1. Dirichlet boundary conditionson a crack pane

Consider Laplace’s equation with Dirichlet boundary conditions on EE;, E1E7 and
on the other sides of the domain as shown in Fig.4b. Let r; and J; denote polar
coordinates with origin at the vertex E;. The internal angle ¢ at the origin is 27T.
Let us choose the data so that the solution u has the form of the leading singularity
at the vertex E; of the Laplace’s equation on the domain Q with Dirichlet boundary

conditions. Thus u = ri/ 2sin(:.‘? 1/2). Clearly the solution is analytic in Q and has a
singularity at the vertex E;. Moreover Au = 0.
The boundary conditions are as follows:

W =0, i=1,2
ulp, =g, i=3,...,7.
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We impose a geometric mesh in the sector which has E; as its center, radius p =1
and sides E| E; and E| E7 with the geometric ratio ; = 0.15. Now A, as defined in
Section 2, is given by A = 1/2. Let us choose A} =1/5.

P2. Neumann boundary on an L-shaped domain

We seek a solution to Laplace’s equation on an L-shaped domain as shown in
Fig. 4a. Neumann boundary conditions are imposed on the sides E|E; and E;Eg
and Dirichlet boundary conditions on the other sides. Let us choose our data so that
the solution u has the form of the leading singularity at the vertex E; with the given

boundary conditions. Thus u = r%/ . cos((2/3)3). Clearly u satisfies Au = 0.
The boundary conditions are as follows:

Ul _ o iz1n
on|r.
ulp, = g, i=3,...,6.

Now A/, as defined in Section 2, is given by A; = 1/3. Let us choose A} = 1/4.

P3. Non saf adjoint problem

The proposed method works for non self adjoint problems also. To verify this, let us
consider a non self adjoint problem with Dirichlet boundary conditions having an
analytic solution on the L-shaped domain shown in Fig. 4a.

Consider

Lu=Du+au,+bu, = f onQ.

Here f is chosen such that solution of the problem is u = y(y — 3x)/2. Moreover
we choose a = 0.1 and b = 0.1 and Dirichlet boundary conditions are imposed on
the boundary. Clearly the solution u is analytic and the bilinear form induced by the
operator . satisfies the inf-sup conditions.

Let us choose A} = 1/4.

P4. Linear elasticity problem with Dirichlet boundary conditions
on L-shaped domain

Consider a plane strain linear elasticity problem on the L-shaped domain as shown
in Fig.4a. Let u = (u1,u2)” be a displacement vector. Consider the equilibrium
equations of linear elasticity in two dimensions when body forces are not present
with Dirichlet boundary conditions:

9 (. 0m  Ow) O [ (0w Ouw
0)61 C“dxl C120X2 éxz ceo 0)62 0)61

_ 0 . (Om  Ow)\|_ 0 ( Owm O
0)61 66 0)62 0)(1 0)62 120)61 22 0)62

0

0.
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Let E denote the modulus of elasticity and v denote Poisson’s ratio (0 < v < 0.5).
The coefficients ¢y, ¢12, ¢22, and ceg are given by cj; =cp =E(1—V)/((1+Vv)(1—
2v)),ci2 =Ev/((1+Vv)(1—-2v)),and ce6 = E/(2(1 4+ V)).

Let r; and 9 denote polar coordinates with origin at E;. Let us choose the data
such that the solution is of the form of the leading singularity at E;. Thus we choose
the Mode 1 displacement components (Chapter 10 in [12])

uy = —— 7 [(3e— Q(ay + 1)) cosa 9; — aj cos((a —2)9))]

r [(%+ Q(al + 1))sin0{1191 + oy sin((orl —2)191)]

Uy = ——
2c66 !

where s =3 —4v, o) = 0.544484, and Q = 0.543075579.
With this data we consider the following problem:

Zu = 0 onQ
ulp, = &, i=1,...,6.

We choose E=1,v=0.3and A, = 1/4.

P5. Linear elasticity problem with traction boundary conditions
on crack pane

Consider a plane strain linear elasticity problem on the crack panel as shown in
Fig. 4b. We consider the same operator and the form of the leading singularity as in
P4 with traction boundary conditions Tu = (Tu, Tzu)T on E1E; and E E7.

Let n = (n1,n;) be the unit outward normal on the boundary then the traction
components Tyu, Tru are given by

0141 0142 5141 0u2
Twu=\|cii5—+c25— |ni+tce| 53— +5— | m=g

ﬁxl 5)(2 0)62 0)61

ouy duy ouy duy
Tou = ces | ont 212 gu ow\
2U = Cep (0}@ + 0x1> np+ <612 o, + 0x2> ny = g2

We consider the following problem

Zu = 0 onQ
Tulp, = 0, i=12
ulp, = &, i=3,...,7.
In this case a; = 0.5 and Q = 0.333. We choose E =1, v =03 and A; = 1/7.
The relative error |||z is defined as ||e||;r = |||z / ||ul| g, Where ||-||; denotes

energy norm. Table 1 shows the relative error ||e||z, in percent against W for the
problems which we have considered.
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Table 1.
Relation between relative error ||| g in percent and W.

W lellgg% forP1  |le||pg % for P2 |le||gg % for P3  |le||gg % for P4 |le|| g % for P5

2 0.5252E+01 0.3759E+01 0.6376E+01 0.7494E+01 0.1270E+02
3 0.1853E+01 0.7514E+00 0.1281E+01 0.1776E+01 0.3448E+01
4 0.7113E+400 0.2037E+00 0.2816E+00 0.6142E+4-00 0.1025E+01
5 0.2751E+400 0.5714E—01 0.5098E—01 0.2170E+4-00 0.3918E+00
6 0.1065E4-00 0.1610E—01 0.7690E—02 0.7660E—01 0.1460E+4-00
7 0.4124E—-01 0.4547E—02 0.9987E—03 0.2728E—01 0.5362E—01
8 0.1596E—01 0.1299E—02 0.1153E-03 0.9689E—02 0.2060E—01
9 0.6176E—02 0.4254E—03 0.1202E—04 0.3453E—02 0.8278E—02
Table 2.

Relation between Iterations and W.

W Tterations for P1  Iterations for P2  Iterations for P3  Iterations for P4  Iterations for P5

2 132 99 59 159 147
3 150 168 104 369 363
4 230 224 147 538 610
5 264 274 194 688 804
6 320 337 227 800 994
7 401 395 267 939 1114
8 439 451 298 1023 1268
9 478 493 333 1142 1606

Figure 5 shows the log of relative error ||e|| zx against the polynomial degree W.

For P1, P2, P4, and PS5 the relationship is almost linear, which confirms the ex-
ponential convergence. For P3 the error decays very rapidly since the exact solution
is analytic.

By Iterations is denoted the total number of iterations required to compute the
Schur complement matrix, solve for the common boundary values and finally obtain
the solution. Table 2 shows the Iterations against W.

In Fig. 6 we plot the graph of log(Iterations) against log(W).

In Section 4 it was shown that Iterations = O(W InW). To check the asymptotic
estimate we fit a straight line to the data consisting of the points from W =W, to
W =9 and compute the slope using the method of least-squares. Table 3 shows the
slope against Wy. The results confirm the estimates that have been obtained.

Conclusions

In Section 4 it was shown that the method requires O(W InW) iterations of the pre-
conditioned conjugate gradient method to obtain the solution to exponential accu-
racy. The computational results confirm the estimates that have been obtained. Since
the cardinality of the set of common boundary values is so small so the dimension of
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Table 3.
Wo vs. Slope.

Wo  Slope for P1  Slope for P2 Slope for P3  Slope for P4 Slope for P5

2 0.9241 1.0562 1.1385 1.2472 1.4947
4 0.9604 0.9979 0.9921 0.9158 1.1214
6 0.9697 0.9461 0.9348 0.8566 1.1460

the Schur complement matrix is small. It is very simple to construct a nearly exact
approximation to the Schur complement matrix. The algorithm for preconditioner,
which is of block diagonal form, easily invertible on each element and with almost
optimal condition number, is quite easy to implement. The residuals in the normal
equations are obtained efficiently without storing mass and stiffness matrices on a
distributed memory parallel computer. The communication among the processors is
small. The proposed method works for non self adjoint problems too. The proposed
method is asymptotically faster than the A-p finite element method by a factor of
O(W) and asymptotically faster than the method proposed in [13,14] by a factor of
O(W93),
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