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Figure 1. Figure (a) shows a manifold with a single boundary OM which is partitioned into a
sub-region A and its complement A. Figure (b) shows a manifold M whose boundary has three
disconnected components, i.e. OM = X U 35 L X3.

1 Introduction

The study of entanglement in quantum field theory (QFT) has been an active area of
research and is yet far from complete. One of the important question is to understand
and classify the possible patterns of entanglement that can arise in field theories. Though
analyzing the entanglement structures in a generic QFT is a difficult task, a simple case
where this could be done is for a class of exactly solvable QFT’s called ‘topological quan-
tum field theories’. In particular, there has been a lot of interest to study entanglement
in (2+1) dimensional Chern-Simons theory defined on 3-manifolds M. The bi-partite en-
tanglement between connected spatial sections of the boundary dM in such theories was
studied in [1-3]. A typical path integral picture has been shown in figure 1(a) where the
boundary OM has been bi-partitioned into connected regions A and its complement A.
Another novel approach to study entanglement is to consider these theories on manifolds
whose boundary itself consists of disconnected or disjoint components as shown in fig-
ure 1(b). This is usually referred as multi-boundary entanglement and has been studied
in [4-8] in the context of Chern-Simons theories whose gauge group is a compact semi-
simple Lie group (SU(N) for example). In this work, we will study the salient features
of multi-boundary entanglement structures in Chern-Simons theory with finite discrete
gauge groups. This suggests another pattern of entanglement in topological order apart
from [1-3] and therefore enriches our understanding of quantum information properties of
physical systems with topological order.

A quantum (d + 1) dimensional Chern-Simons theory is defined on a compact (d + 1)-
manifold M by integrating the exponentiated Chern-Simons invariant (usually referred to
as the ‘path integral’ in field theories) over the space of all gauge invariant fields. The
resulting ‘partition function’ is denoted as Z(M) [9]. The gauge fields in this case are the
connections (skew-Hermitian matrices of 1-forms with vanishing trace) A on the trivial
SU(N)-bundle over M. The partition function will therefore involve the integration over
the infinite-dimensional space of connections:

Z(M) = /eQ’”'S(A)dA, (1.1)

where dA is an appropriate quantized measure defined for a connection A and the integra-
tion is over all the equivalence classes (i.e. gauge invariant classes) of connections. Since



the connection has been integrated out, Z(M) will be a topological invariant of M.! The
invariant S(A), which is the Chern-Simons action, is given as,

S(A)—k/ Tr(A/\dA+2A/\A/\A>, (1.2)
T Jmr 3

where k is an integer that classifies the invariant S(A). Additionally, we can also have
gauge invariant operators (called Wilson loops) in the theory. Given an oriented knot K
embedded in M, the Wilson loop operator is defined by taking the trace of the holonomy
of A around K:

Wr(K) = Trr Pexp (Zi A> = charp(4), (1.3)

where R is an irreducible representation of SU(NN) with character charg. If we have a link
L made of disjoint oriented knot components, i.e. £ = K1 UKoU...LUK,, then the partition
function of M in the presence of link £ can be obtained by modifying the path integral as:

Z(M;L) = /eZMS(A) H charg, (A) dA, (1.4)
j=1

where in principle we can chose different characters for different knot components.

The partition function Z(M) defined above is either a vector or a scalar depending
upon whether M is with or without boundary. The following two points are very crucial
and are the crux of the Chern-Simons theory:

e When M is closed (i.e. without boundary), the quantity Z(M) is simply a complex
number.

e When M has a boundary dM, the partition function Zg(M) will additionally depend
on the boundary field @ on OM. The corresponding integral should be over the space
of gauge equivalence classes of those connections on M whose boundary value is Q.
Thus Zg (M) will be a function on the space Fyys of gauge equivalence classes on OM.

In the quantized version of Chern-Simons theory with an appropriate measure dA defined
for the connections, the space L?(Fyyr,dA) = Hans is a unique Hilbert space associated
with OM and the partition function Zg (M) will be an element of Hyps. Henceforth, we will
denote Zg(M) as |¥) since it is a quantum state living in the Hilbert space Hgps. From the
topological point of view, |¥) only depends on the topology of the manifold M and Hgas
only depends on the topology of the boundary M. Thus if we consider two topologically
different manifolds M and M’ with the same boundary OM = OM’, then the corresponding
Chern-Simons partition functions for a particular gauge group will, in principle, give two
different states |¥) and |¥’) in the same Hilbert space Hgys. Hence, given a manifold, we
can associate a quantum state to it. An important aspect of Chern-Simons theory which
motivates us to study the multi-boundary entanglement is the following. If the boundary

1To be more accurate, the Z(M) constructed in this way will also depend on an additional topological
structure of M, called as framing [9]. However they do not affect the entanglement structure of the states
considered in this paper and hence we can ignore the framing factors in our computation.



of the manifold M consists of disjoint components, i.e. OM = X7 U3 U... U3, (like the
one shown in figure 1(b)), then the Hilbert space associated with M is the tensor product
of Hilbert spaces associated with each component, i.e.

Hom =Hs, ®Hy, @...Q Hy, . (1.5)

Thus the quantum state |¥) associated with M lives in this tensor product of Hilbert spaces
and therefore we can study its entanglement features. Various entanglement measures like
von Neumann entropy and entanglement negativity etc., can be obtained by tracing out a
subset of the Hilbert spaces. The entanglement of the states for a manifold with multiple
S? (the genus g = 0 Riemann surface) boundaries has been recently studied in [7] and [8]
for the group SU(N). The states for link complement manifolds with multiple 72 (the
genus g = 1 Riemann surface) boundaries was studied in [4, 5] for the groups U(1) and
SU(2) and was later analyzed in [6] for various classical Lie groups.

The aim of the present work is to study the entanglement structure of the states
constructed in Chern-Simons theory with finite discrete gauge groups. These theories in
(2 + 1) dimension were originally introduced by Dijkgraaf and Witten [10] and were later
studied in detail in (d+ 1) dimension by Freed and Quinn [11]. The essential algebraic and
topological features of this theory are the same as that of the Chern-Simons theory with
semi-simple Lie groups. However the analytical difficulties in the case of finite gauge groups
are simplified because the path integral required to compute various partition functions
reduces to a finite sum. In this work, we will analyze the entanglement structure of multi-
boundary states in (1 + 1) dimensional and (2 4 1) dimensional Chern-Simons theory with
finite groups. In (1 4 1) dimension, the states are associated with Riemann surfaces with
multiple S! boundaries and in (24 1) dimension, we will consider the states corresponding
to torus link complement manifolds with multiple disjoint 7% boundaries.?

The paper is organized as follows. In section 2, we discuss our set-up giving a brief
review of the Chern-Simons theory with finite gauge group and the methods and tools
to study the multi-boundary entanglement. In section 3, we study the states in (1 4 1)
dimension associated with Riemann surfaces of genus ¢. In section 4, we study the states in
(2+1) dimension associated with torus link complement. We provide quantitative analysis
of the entanglement entropy for abelian as well as non-abelian groups. We conclude and
discuss future questions in section 5.

2 The multi-boundary entanglement set-up for finite groups

We consider Chern-Simons theory with gauge group G which is a finite discrete group.
This theory is defined on a (d + 1) dimensional space-time M where M is assumed to be
compact, connected (d + 1) dimensional manifold. The boundary of M will be denoted
as OM which is a d-dimensional oriented and closed manifold. This theory has certain
ingredients which we define and annotate in the following.

2If a link £ is embedded in S3, then the link complement is a three-dimensional manifold which is
obtained by removing a tubular neighborhood around £ from 5%, i.e S*\£ = §® — interior(Liub).



2.1 Chern-Simons theory with finite gauge group

Here we briefly discuss about the theory when the gauge group is a finite discrete group.
We refer the readers to [11] and the lecture notes by Freed [12] for more details. A gauge
field in this theory is a principal bundle P defined over M with G as its structure group.
In other words, P is a bundle over the base space M such that the group G acts on P from
right. The action of G is free, transitive and preserves the fibres of P. Thus by definition,
the orbits of G-action are actually the fibres and hence topologically we have P/G = M.
Two principal bundles P and P’ are said to be equivalent or isomorphic if there exists a
map ¢ : P/ — P which commutes with the G action such that the induced map on the
quotients ¢’ : M — M is an identity map. We will denote [P] as the collection of all
principal bundles isomorphic to P. Thus [P] will be a ‘gauge invariant’ field in this theory
and a set of all gauge invariant fields is given as,

¢(M) = {[P] : P is a principal G-bundle over M} . (2.1)

If M is compact, ¢p(M) is a finite set. Further if M is connected then this set is isomorphic
to:
M = connected = ¢(M)=Hom(m (M),G)/G, (2.2)

where 71 (M) is the fundamental group of M and the set Hom(7; (M), G) is the collection of
all homomorphisms from 71 (M) — G. The Hom(m (M), G)/G denotes a quotient where
G acts by conjugation. Since ¢(M) is a discrete set, we can assign a measure or a ‘mass’
to each gauge invariant field which is given as,

1
u([P]) = [Awt(P)] (2.3)

where Aut(P) is the automorphism group of P or the group of ‘gauge transformations’ of
P and |Aut(P)| is the order of this group.

Now we need to construct the action of the theory. The action is classified by the
elements of the cohomology group H%!(BG,U(1)) where BG is a connected topological
space known as the classifying space of G.? It is the base space of a principal G bundle
EG, also called universal bundle (where the action of G is free). Now consider a principal
G bundle P over M. Given any P, we can allow a bundle map f : P — FEG, called
as the classifying map. Since P and EG both are principal G bundles with the quotients
given as P/G = M and EG/G = BG respectively, the classifying map f induces a quotient
map v : M — BG on the base manifolds. The topology of the bundle P is completely
determined by the homotopy class of map . If v* denotes the pullback, then the action is
given as,

S(P) = a(y*[M]), (2.4)

where [M] € Hqy1(M) is the fundamental class and the action is independent of the choice
of map v. The element o € H¥1(BG,U(1)) classifies the action and plays an analogous

3For a discrete group G, the classifying space BG is a connected topological space whose homotopy
groups are given as: 71 (BG) 2 G and m,>2(BG) = 0.



role as that of integer k& which classifies the action (1.2) of a (2 4+ 1) dimensional Chern-
Simons theory with SU(N) group.* Thus each non-identity element a gives a ‘twisted
theory’. A huge simplification happens if we consider the class of theories given by o = 0,
the identity element of H*'(BG,U(1)). For this class, the action is trivial €>™5(F) =1
and such theories are called ‘untwisted theories’:

Untwisted theory: a=0 = 5P =1, (2.5)

With the action and measure defined, one can carry out the path integral in the Chern-
Simons theory for any compact manifold M which may or may not have a boundary. If
M is without boundary (i.e closed), the path integral gives a complex number which is
a topological invariant of M. This topological quantity is typically known as ‘partition
function’ of M and is evaluated as,

200 = [ @mSOaup) = Y S ) = volg(h).  (26)
Pegp(M) Peg(M)

On the other hand, if the manifold M has an oriented boundary M, then the path integral
will be a function of () where @ is the principal G bundle over base M. Now fix a @ and
define a set ¢g(M ) which is the collection of all principal bundles over M whose restriction
on OM is Q, up to isomorphisms which are the identity on M. In other words, define a
set ¢g(M) and dg(M) given below:

?Q(M):{PHM:aP%Q}

¢q(M) = set of isomorphic bundles in ¢g(M). (2.7)

Doing the path integral over all the bundles in Q_SQ(M ), we will get the partition function:
Zo) = [ S du(P) = vol(Go(M)). (2.8)
Pegg(M)

Thus we see that given a manifold M with boundary X, we can associate a quantum
state | W) which is an element of a unique Hilbert space Hy associated with the boundary.
Note that 3 has an orientation and if we reverse the orientation, we will get an oppositely
oriented manifold which we shall denote as ¥*. In fact, the Hilbert spaces associated with
¥ and X* are conjugate to each other, i.e. Hy- = H3,. Thus given two states |¥) € Hy, and
(®| € Hy-~, there exists a natural pairing, the inner product, computed as (®|¥) which gives
a complex number. In fact, this technique can be used to compute the partition functions
of complicated manifolds by gluing two disconnected pieces along common boundary whose
partition functions are already known. This process is shown in figure 2. We can also have
a manifold M whose boundary OM has multiple disconnected components. In such a case,

*Note that for the finite groups H***(BG, U(1)) = H**?(BG, Z). Tt also happens that for the connected
or simply connected groups G’, we have H*(BG',Z) = Z. This is precisely what happens in (2 + 1)
dimensional Chern-Simons theory with SU(N) gauge group where the action in eq. (1.2) was classified by
integer k € H*(BSU(N), Z).
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Figure 2. Two manifolds on left with same boundary but opposite orientation. The path integral
on these manifolds give states (¢p| € Hs- and |p) € Hy. The inner product (¢|y)) will be the
partition function of manifold shown in right obtained by gluing the two manifolds along the common
boundary.

the Hilbert space associated with OM will be a tensor product of Hilbert spaces associated
with each of the disconnected components:

OM =%1U3U...UY, = Houy=Hs, @Hx, ®...®Hy, . (2.9)

Thus the path integral for such a manifold will give a quantum state which will be an
element of this tensor product of Hilbert spaces:

ZQ11QoL..1Q, (M) = [U) € Hy, @ Hs, ® ... Q@ Hy,, - (2.10)

Since the Hilbert spaces in these cases are automatically a tensor product space, we can
assign an entanglement structure to the states by tracing out a subset of the Hilbert
spaces associated with some of the boundary components. In the following, we will discuss
how the topological property of Chern-Simons theory enables one to compute the various
entanglement measures by using the surgery (cutting and gluing) techniques.

2.2 Multi-boundary entanglement in Chern-Simons theory

Consider the Chern-Simons theory defined on a (d + 1)-dimensional manifold M whose
boundary consists of n number of disconnected components. As mentioned earlier, to such
M, we can associate a state |¥) which lives in a total Hilbert space (#) that can be written
as a tensor product of n Hilbert spaces associated with each of the boundary components.
To study the entanglement feature of this state, we bi-partition the total Hilbert space into
two parts as following:

H=H1OH2®...@Hm @ Hnt1 OHm2®...0Hy, =Ha@Hp. (2.11)

m n—m

We call this bi-partitioning as (m|n—m). In order to compute the entanglement measures,
we must trace out Hp and obtain the reduced density matrix p4 acting on H 4. There are
two ways of achieving this and depending upon the context, it is easier to use one method
or the other. We will discuss both the methods in the following.

The first method is useful when the quantum states can be explicitly computed. For
example, in the case of (2 4+ 1)-d Chern-Simons theory where M is a link complement
manifold whose boundary consists of multiple disconnected tori, the quantum state can be



explicitly obtained (see [5, 6]) and one can continue with this method. Suppose we know
the state |¥) € ‘H which can be expanded as:

’\I/> = Z Cel,eg,...,en ‘617 €2, ..., €n> ) (212)

€1,€2,...,€n

where |e;) is a basis of H; and the coefficients C¢, ¢,, ... ¢, are in general complex numbers

which are known. Given such a state, one associates a projection operator, denoted as
Protal Which acts on the total Hilbert space Ha4 ® Hp. Such operator is called as density

matrix operator and is given as:
W) (V]
= 2.13
ptotal <\I"\I’> ) ( )
where (¥|W¥) is the normalization factor obtained by normalizing |¥) (V| and it ensures

that the density matrix has unit trace. The dual state can be obtained as:

(W= > Chpooga (frs for ooy ful s (2.14)
f1, f2, s fn
where (f;| is a basis of the dual Hilbert space Hj. The coefficients C* are the complex
conjugates of coefficients C'. Next we trace out the Hilbert space H g which means we trace
out each of the Hilbert spaces Hy,+1, - .., Hn. This tracing out of Hp will give an operator
pA acting on ‘H 4 which is called as reduced density matrix and is computed as:

PA = Tr'HB (ptotal) = § <em+17 €m+2, -+ en’ptotal‘em—i—l? €m+2, « -+, en> .
€m+1;€m+2, .., En

(2.15)
Having obtained this matrix, one can calculate its spectrum {)\;} from which various en-
tanglement measures can be easily computed. For example, the von Neumann entropy,
also called the entanglement entropy can be computed as:

EE=—) XAln). (2.16)
K3

A non-zero value of the entanglement entropy tells that the quantum state |¥) is entangled
on the bi-partition H4 ® Hp while vanishing value of EE means the state is separable
(non-entangled). Typically it is a difficult problem to find whether the reduced density
matrix p4 acting on H 4 (which now describes a mixed state) is entangled or separable.
However there are certain separability criteria, such as positive partial transpose (PPT)
criterion [13] which provides necessary but not sufficient condition for separability. For this,
consider the further bi-partitioning H4 = Ha, ® Ha, and compute the partial transpose
of pa with respect to one of the sub-system (say As). This partial transpose, denoted as

pE(Az) can be obtained from the density matrix p4 as following:

A B I'(A2), A B A B A B
(e, ef1ps it ef') = (e eP Ipalef ef) (2.17)
If pE(AZ) is not positive semidefinite, it necessarily implies that the density matrix py4 is

entangled. To capture this information, we define entanglement negativity N as,

g BN =l = (218)
N 2 L 2 ‘




where p; are the eigenvalues of pg(AQ). A non-zero value of A” means that pE(AQ) has negative

eigenvalue and is not positive semi-definite. Thus N # 0 implies that p4 is entangled.

So far we have discussed the method of computing the entanglement measures when
the quantum state is known and the reduced density matrix can be explicitly obtained.
The other method is generally used when the state is not known or it is difficult to compute
the state. This method is called the replica trick where the tracing of the Hilbert space
is achieved by means of gluing of the manifolds along corresponding boundaries. Let us
briefly discuss this method for a simple case when the manifold M has 3 boundary com-
ponents Y1, X9, ¥i3. There is an associated state |U) € ‘H and a dual state (U] € H* which
are given below.

, M= . (219)

Our first step is to compute the total density matrix

_ W) (v
Ptotal = <\I/’\I/>

where, (U|W¥) = Tryy, Tryy, Try, V) (V| = Z(M) . (2.20)

To compute the normalization factor in the above equation, we have traced out the three
Hilbert spaces. Topologically, this is achieved by considering the manifolds represented
by |¥) and (U] in eq. (2.19) and gluing them along the oppositely oriented boundaries
(i.e. boundary j glued to boundary j*). This will result in a closed manifold M shown in
the eq. (2.19) and hence (V|¥) will be simply the partition function of M. Next, let us
bi-partition the total Hilbert space as (H; ® Ha|H3) and trace out Hs which means we
glue piota; along the boundaries 3 and 3*. This will result in the reduced density matrix
p12 acting on Hi ® Ha:

p12 = Try, (Protal) = X . (2.21)

Now, we know that the entanglement entropy can be computed from pis as:
EE = —Tr(plg In p12) . (222)

However, we can not directly compute In pi2 from this diagrammatic approach. In order to
overcome this difficulty, we invoke replica trick. In this trick, we first compute p, by taking



p replicas of p12 and glue the boundaries 1*, 2* of it copy with the boundaries 1,2 of (i41)"
copy, L.e. (1*,2*); «— (1,2);41 fori =1,2,..., (p—1). Topologically p}, will look like this:

AN AR
GOS0 000 SRe 204
(

2

2.23)

where the blue line connecting two boundaries indicates that these boundaries are being
glued. Thus resulting manifold p¥, will be a manifold with four boundaries (1,2)1, (1%, 2%),.
Now the trace of pY, can be simply obtained by gluing (1*,2*),, +— (1,2); which will ul-
timately result in a closed manifold, say M,. Thus the trace can be given as,

Z(M,)
T =P 2.24
The entanglement entropy can be therefore computed as,
o InTe(phy) . d .d (Z(My)
EE(pr2) = limy — 7% = = lims 5 Tepty) = = lim 2 2370 ) (2:25)

We can follow the similar steps to compute the entropy for the bi-partition (H1|H2 ® Hs)

and trace out Ha ® Hs:
EE(p1) = — lim & Z(My) (2.26)
=" \Zayr ) ‘

where the manifold MI’, may be topologically different than manifold M,,. Another measure

which checks the separability criteria of mixed states is the entanglement negativity defined
in eq. (2.18) for which we need the partial transpose of reduced density matrix with respect
to one of the subsystem. We can again use the replica trick to compute the logarithmic neg-
ativity Mog which is related to negativity N as: Njog = In(2A + 1). Now let us show how to
compute Mo for the reduced density matrix pi2 of eq. (2.21). First we want the plg which
is the partial transpose of p12 obtained by swapping the boundaries 2 and 2*. Next we com-
pute its ¢"* power (p% )4 where g is an even integer. It is obtained by stacking ¢ (even) copies
of pi2 and gluing the boundaries (1*,2); +— (1,2%);41 fori =1,2,..., (¢—1) which will be:

Thus we obtain (p%)q with ¢ even which will be a manifold with four boundaries (1,2*)q,
(1*,2),4. Its trace can be obtained by gluing (1*,2), <— (1,2*); which will result in a
closed manifold, say IV,. The logarithmic negativity can be obtained as,

Nieg = lim In <Tr(p{22)Q> — lim In (%) . (2.28)



Having discussed the preliminaries and the basic set-up, let us move on to the com-
putation of the entanglement structure of the states in Chern-Simons theory with finite
groups. In the following section, we will consider the (1 + 1) dimensional Chern-Simons
theory where the states are associated with Riemann surfaces whose boundary consists of
multiple disjoint copies of S*.

3 Entanglement structure of states in (1+1)-d Chern-Simons theory

Here we consider closed 2-manifolds which are the Riemann surfaces of genus g without
boundaries and are commonly denoted as ¥,. In order to get compact manifolds with n
disjoint boundaries, imagine a Riemann surface with n disks removed. This will create
surfaces with n number of S boundaries. We will use the notation ¥,, to denote the
genus g Riemann surfaces with n boundaries. Thus, ¥, = 3, o in our notation. We further
assume that each S boundary is oriented. The boundary of >4,n and the associated Hilbert
space are given below:

azg’n:SII_ISII_I...LISI; Hox, :®’H51' (3.1)
j=1

n

To each ¥, ,,, we can associate a state |X,,) € ®?:1 Hs1. The Hilbert spaces associated
with S! are known [11] and can be explicitly obtained as (see the lectures [12]):

Hgr = {function f: G — C| f is invariant under conjugation} . (3.2)
Thus the dimension of each Hilbert space is given as,
dim Hg1 = # of irreps of group G. (3.3)

The entanglement structure of the state |, ,,) associated with 3, , can be studied using
the replica trick. First consider |¥42). The state and the corresponding total density
matrix are given below:

(Y a; O (oS

(3.4)
To obtain the entanglement structure, we trace out the Hilbert space associated with the
second boundary. The reduced density matrix p and its power pP can be computed as:
AL g AL I
1 1

= —— X — - X ’
P = I Sagr) ¥ = IS

where the normalization factor is (¥g2(¥2) = Z(¥2g41). Using the replica trick given
in eq. (2.25), we can compute the entanglement entropy in terms of partition functions of

L d (Z(Sagpr)
EE_—hm<Z(EzZ++1;p>. (3.5)

closed manifolds as,

~10 -



Let us compute one more example for the manifold 3,3 before giving the general
result. The corresponding state and the normalization factors are,

) <Zg,3‘zg,3> = Z(EQQ+2) . (3.6)

Now let us first trace out the Hilbert space associated with boundary 3. The reduced
density matrix and its power are given below:

NN

1 2 2
= — X e =
P Z(Tage0) r v’

NN

The entanglement entropy can therefore be computed by obtaining the trace of pP and

. d Z(Z2gp+p+1)>
EE=-—1 — | === . 3.7
W dp < Z(Sagra)? (5.7)

Further it can be verified that we will get the same entropy if we trace out the Hilbert

we get:

spaces associated with boundaries 2 and 3. This is true in general and we find that the
entropy is independent of the choice of the bi-partition, i.e. the entropy obtained for the
bi-partition (m|n — m) does not depend on m. Further from the above reduced density
matrix, we see that switching the boundaries 2 and 2* does not change the topology of the
manifold. Thus the trace of the ¢'" power (where ¢ is even) of the partially transposed
reduced density matrix will be same as p?. Thus the negativity associated with this reduced
density matrix will vanish:

. . Z(Bogq+q+1)
og = lim 1 (T FH):l In ( 2AZ200ta+ ) _ 3.8
-/\[1 g ql_>H% n r(p12) ql_>rq n( Z(Ezg+2)q ( )

This will also be true for any reduced density matrix of the general state [3,,) and over
partial transpose of any part of the tri-partition. Thus we can now give our general result:

. d (Z(Z2gp—2ptnp+1)
EE Ygn) = — lim — yr =f i reduced) = 0. :
(m|n—m)( g, ) 111 < Z(EQngnfl)p ) N(P ed Ced) 0 (3 9)

This is the entanglement entropy for the states prepared in (141)-d Chern-Simons theory.
The state [3g2) € Hg1 @ Hgr is maximally entangled and hence a Bell state:

EE(3p2) =InZ(¥1) =IndimHg1 = [¥p2) = Bell state. (3.10)

To quantify the entropy given in the formula in eq. (3.9), we have to compute the partition
functions of closed Riemann surfaces of genus g. In the case of untwisted Chern-Simons
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theory, i.e. o = 0, these partition functions can be obtained in terms of the group theoretic
properties of the finite gauge group G as [12]:

Z(Sg) =GP (dim R;)*™% (3.11)

(2

where R; denote the irreducible representations of the group G and dim R; are their di-
mensions. Using this, the entropy can be explicitly computed as,

EE(X,,) = In <Z(dim R;)*X (3.12)

(2

>, (dim R;)?>XIn(dim R;)
>_2X S(dmE)x

where x = (2—2g—n) is the Euler characteristic of ¥, ,, and is a negative integer, i.e. x <0
(since we are dealing with ¢ > 0 and n > 2). This entanglement entropy only depends
on the coarser group theoretic details of the gauge group, the dimensions of irreducible
representations. For various finite groups considered in this paper, we find that when the
Euler characteristic x < —1 (with finite order of the group), the entropy converges and
the limiting value is given as,

lim EE =In¢(G), (3.13)
x|—00
where |x| denotes the absolute value of Euler characteristic and the constant ¢(G) is an
integer whose value depends on the choice of the gauge group. We give some examples in
the following subsections.

3.1 Abelian group

For abelian groups, all the irreducible representations have dimension 1, hence the entropy
is simply given as:

EE(X,,) =In|G| = In(# of irreps of abelian group G) = Indim Hg1 . (3.14)

This is the maximum possible entropy and is equal to logarithm of the dimension of the
Hilbert space H(S!). Further, the entropy does not capture the topological information
(the Euler characteristic x) and is same for all Riemann surfaces. In the case of non-abelian
groups, the entropy depends on the topological information of the 2-manifold as well as
the irreducible representations of the gauge group. Some examples of non-abelian groups
are given below.

3.2 Non-abelian group

Let us first consider the symmetric group Sy which is a non-abelian group for N > 3. The
group theoretical details of Sy can be found in the appendix. Unfortunately the close form
formula for the dimensions of irreducible representation of Sy are not known and hence
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we only present the entanglement entropy for some small values of N:

2x (2*XIn16 4 52X In 25 + 6*X In 6)
214X + 2 x 52X 4 62X + 2
2x (97 XIn2+447X1In9)
9—Xx (2—2x+1 4 1) + 92—2x+1

EE(S5) = In (219X 4 2 x 52 462X 4 2) —

EE(Sy) =In (4X 4+ 2 x 9X +2) —

2xIn2
Checking for several values of N, we find that:
lim EE(Sy)=1In2. (3.16)

Ix|—00

The variation of entanglement entropy with Euler characteristic y and with N are shown
in the figure 3. Next consider the dihedral groups Dy of order 2N (see appendix for more
details). The entropy results are given as:

N 47XF2y
In (§+47x+1 1)+ <N+22X+32) In2, for even N

EE(Dy) = . (3.17)

N4+4—x+t1 _9—2x+3, _1
In (N+4_X+1—1) — < + Nrd o1 X ) In2, for odd N

From here, we can also find that,

EE(D Ind, f N
lim ((N)> —1;  lim EE(Dy)={ = T (3.18)
N—oo \ In2N |x|—00 In2, forodd N

The variation of entanglement entropy with x and with N is shown in the figure 4.

3.3 Entropy for direct product of groups

If the gauge group is a direct product of two finite discrete groups, i.e. G = G1 X Go,
then the irreducible representations of GG are the tensor products of various irreducible
representations of G; and G respectively. In such a case, the partition functions evaluated
for the group G can be written as product of the partition functions computed for the
individual groups. This can be directly seen from eq. (3.11):

2GixGs (Zg) =Za (Eg) 2a, (Zg) ) (3'19)

where Zg(X,) denotes the partition function of closed Riemann surface of genus g computed
for group G. As a consequence, any Rényi entropy of order p for the direct product of groups
can be written as sum of the corresponding Rényi entropies for individual groups:

_ 1 ZGyxGs (Bagpt1) | _
REp(Gl X Gg) = (1 — p) 1D<ZG1XG2 (229+1)p = REp(Gl) + REp(GQ) . (3.20)

Thus, the entanglement entropy will also follow this additive property:

EE(Gl X GQ) = EE(Gl) + EE(GQ) . (3.21)
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EE vs x for symmetric groups
EE

EE vs N for symmetric groups Sy

EE

13
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11
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Figure 3. The variation of entropy for Sy groups. For finite N, the entropy monotonically
decreases and converge to In2 as |x| — co. The other two plots show the variation of entropy with
N for finite x. The x = 0 corresponds to maximum entropy.

EE vs x for dihedral groups EE vs N for dihedral groups Dy

/V \/\/ JVVVY \

0 2 4 6 8 10 X 0 5 10 15 20 25

Figure 4. The variation of entropy with Euler characteristic xy and with N for the dihedral group
Dy . The asymptotic values follow the limits given in eq. (3.18).
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So far we discussed the entanglement in (1+1)-d Chern-Simons theory where the en-
tanglement measures only depend on the dimensions of the irreps of the finite group. In
the next section, we will consider the (2+1)-d Chern-Simons theory where the states are
associated with 3-manifolds whose boundaries are the Riemann surfaces. In this case, the
entropy depends on the finer group theoretical details of the gauge group.

4 Entanglement structure of states in (2+1)-d Chern-Simons theory

Let us now study the entanglement structure of the states in (2+1) dimensional Chern-
Simons theory defined on 3-manifolds M whose boundary M consists of multiple disjoint
Riemann surfaces, i.e.

OM =3, UX, U...UX,, , (4.1)

where according to our notations ¥, is a genus g Riemann surface without boundary.
Further we consider these surfaces to be oriented. The quantum state associated with
such a manifold, which we denote as |M), lives in the tensor product of the Hilbert spaces
associated with each boundary:

|M) € 'Hzgl ®'H292 ®...@Hs,, - (4.2)

Unlike the Hg1 which only depends on the irreducible representations of finite group G,
the Hilbert spaces Hy, capture more refined details of G, namely the conjugacy classes
and the irreducible representations of centralizers of each conjugacy class. The dimensions
of these Hilbert spaces are given as [10, 14]:

dimHy, =) ST , (4.3)
A,i i

where A labels the conjugacy class of G and C4 denotes the centralizer of some representa-
tive element a € A.> The irreducible representations of Cy are given by Rf‘. Note that the
Hilbert space associated with S? (genus 0 surface) is one dimensional. So introducing S
boundaries in the manifold will be equivalent to taking tensor products of one dimensional
Hilbert spaces which will not affect the entanglement structures.® The Hilbert space Hy2
associated with the torus T2 however, is non trivial and in the later subsections we will
study the states which live in the tensor product of multiple copies of Hz2. We leave the
discussion of entanglement of states living in higher genus Hilbert spaces to future work.

The simplest state which can be prepared in this set-up is a state which can be defined
on two identical boundaries related by cobordism, i.e. the manifold under consideration is
M =%, x [0,1]. The entanglement entropy for this state can be obtained for any genus g
using the replica trick which we discuss in the following.

®The conjugacy class A of an element a € G is defined as: A = {b € G |b = gag~" for some g € G}.
The centralizer C, on the other hand is a subgroup of G defined as: Cq = {g € G| ga = ag}. For any two
elements a,a’ € A in the same conjugacy class, the centralizers C, and C, are isomorphic. Hence instead of
Cl, we will simply denote C4 to be the centralizer corresponding to any element in the conjugacy class A.

5Tt is possible to get non-trivial Hilbert spaces if one considers S? with punctures where the punctures
are connected by Wilson lines embedded in the bulk of M. See for example [8].
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4.1 Cobordant boundaries as maximally entangled state

The simplest example is to have two identical boundaries related by cobordism, i.e. we are
dealing with a manifold which is of the form:

M=3%,xI; dM=%,Ux}, (4.4)

where I = [0,1] is an interval. This manifold has two identical boundary components
differing in their orientations. Topologically this 3-manifold is a cylinder whose two ends
have boundaries ¥, and ¥7. The corresponding state and the normalization factor are
given below:

==y
Xy x I) = V (B X I8y x I) = Z(8, x 8Y) =dimHy, . (4.5)

Following the earlier examples, it is a trivial exercise to trace out the Hilbert space of one
of the boundaries and get the following entanglement entropy:

EE = Indim Hy,, . (4.6)

For various finite groups considered in this paper, we find that when the order of the group
is very large (with finite genus), the entropy goes as logarithm of the order of the group.
However when genus g is very large (with finite order of the group), the entropy goes
linearly with g. The limiting values according to our observations are given as,

EE EE
i = 2¢; li — | =2Inl|d]|. 4.7
dm () =2 () =2mio “7)

For abelian groups, the entropy is,

EE(abelian) = 2¢g1n |G]. (4.8)

For the dihedral groups Dy, the entropy can be given in a close form as,

N29 4 4971 N29-2 _ 4N29-2 4 169
In ( 5 > , for even N
EE(Dy) = . (4.9)
29 gN29—2 _ N29—2 49
ln<N + AN 5 + ), for odd N

For the symmetric group Sy, we do not have a close form for a general N. For lower order,
the values are:

_ 2250 x 169-+450 x 649 -+1440 x 259 +200 x 1449 42800 x 369 418 x 4009 +16 x 9009 +25 x 5769 144009
EE(S5) =1In ( 7200 )

EE(S4) = ln (162><16-‘7+96><99+22>é81%449+27><649+576g) : EE(Sg) —ln (9><4-‘7+81>299+369) .
(4.10)
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Moreover, using the group theory, we can show that the dimension of the Hilbert space
for a direct product of groups is the product of dimensions of Hilbert spaces for individual
groups:

dim'Hgg(Gl X Gg) = dim’Hzg(Gl) dimHEg(GQ) . (4.11)

Using this, we can again see that the entropy follows:
EE(G1 x G3) = EE(G1) + EE(G2) . (4.12)

Note that the state |3, x [0,1]) is a maximally entangled state and is analogous to
the Bell pair of quantum information theory. In the following sections, we will study
the entanglement structures of more general states in which the boundaries are not re-
lated by cobordisms. We will also consider the multi-party state defined on three or more
disjoint boundaries where we can study the finer entanglement features corresponding to
bi-partitioning and tri-partitioning of the total Hilbert space. We will restrict to the case
where each boundary is torus. Thus, let us pause for a moment and discuss briefly about
the Hilbert space Hp2 associated with a torus and its basis elements which will be used
later on to construct the explicit states.

4.2 Basis of Hr2 and irreps of quantum double group

The basis states of Hr2 for a given gauge group G are given by the irreducible representa-
tions of a quantum group Q(G) associated with G. The irreps of Q(G) are in one-to-one
correspondence with the primary fields of certain two-dimensional conformal field theories
(CFT). For example, when G is a simply connected Lie group (for example SU(NN) group),
we get a 2d WZW (Wess-Zumino-Witten) model whose symmetry algebra is the affine Lie
algebra g, built from the Lie algebra g associated with G. The quantum group is therefore
Q(G) = gi where the level k of the algebra is a non-negative integer k. The basis of Hilbert
space Hp2 in this case is given by the integrable representations of gx. For example, when
g = A,, the integrable representations of g are given by those R = (a1,a2,...,a,) of g
which satisfy a1 +ag + ...+ a, < k where a; are the Dynkin labels of the highest weight of
representation R. The integrable representations for all affine classical and exceptional Lie
algebras are known (see the appendix of [6] for an explicit counting). Thus in this case,
a basis of Hp2 will be simply |R) labeled by the integrable representation R of gj. This
basis has a topological definition and is given by the Chern-Simons partition function of a
solid torus with a Wilson line transforming under R placed in the bulk of solid torus along
its non-contractible homology cycle. It is shown in eq. (4.13).

basis(Hr2) = {|R) : R is integrable rep of g} ; |R) = | (4.13)

The collection of all such states for various possible integrable representations of gz will
form an orthonormal basis of the Hp 2 as mentioned in eq. (4.13).

17 -



Since we are dealing with a finite discrete gauge group G in the present work, it will be
useful to know the irreducible representations of the associated quantum group. It is known
that (24+1)-d Chern-Simons theory with finite gauge group corresponds to 2d rational CFT
and the quantum group in this case is D(G), the Drinfeld double group [15] or the quantum
double group.” The irreducible representations of D(G) are labeled by pairs (A4, R4) where
A is the conjugacy class of G and R, is the irreducible representation of the centralizer C4
of any representative element a € A. Hence, in our set-up of finite group, a basis element
of the Hilbert space Hrp2 is labeled as |(A, R4)). The collection of all such basis elements
will form an orthonormal basis of the Hpe:

basis(Hp2) = {|(A, Ra)) : A is conjugacy class of G and Ry4 is an irrep of Cy}. (4.14)

We further believe that this basis can be given a topological description similar to that
given in eq. (4.13) with the representation R now playing the role of irrep of D(G) and
the topological machinery of gluing oppositely oriented boundaries can be carried out as
usual. The Hilbert space Hp2 is finite dimensional with the dimension being given as:

dim(Hrpz) = Y #(04), (4.15)
A

where the sum is over all the conjugacy classes of G and #(04) is the number of irreps of
Ca. For an abelian group, it is trivial to see that dim(Hp2) = |G|?.

In order to compute the entanglement structure of the quantum states in our set-up,
we also need the modular data, i.e. the generators S and T of the unitary representation
of the modular group SL(2, Z). We briefly discuss them in the following:

4.2.1 Mapping class group of torus and the generators S and T

It is known that the Chern-Simons partition function of any 3-manifold can be obtained
from S3 via a specific surgery. In such a surgery, we first perform the Heegaard splitting of
S3 by cutting S along a Riemann surface ¥,. This decomposes S? into two handle-bodies
of genus g. For example, the splitting of S into two solid tori is shown in the figure 5.
Next, we act on the boundary of one of the handle-body by a diffeomorphism operator

0:%, — %, (4.16)

and then glue back the two handle-bodies along ;. This will result in a closed manifold
whose topology will depend on the choice of the operator O. These operators are given in
terms of the generators of the mapping class group MCG(X,) of ¥,. In the present case,
we are interested in ¥, = T? for which the mapping class group is MCG(T?) = SL(2, Z).
The unitary representation of SL(2, Z) has two modular generators S and 7 which act as

"The group D(G) here is for the untwisted (24+1)-d Chern-Simons theory, i.e. for & = 0 case as given
in eq. (2.5). For more general theories, the quantum group will be the ‘twisted’ quantum double group
denoted as D, (G) where the cohomological twist o € H3(BG, U(1)) is analogous to the level k € Z for the
quantum groups g associated with simply connected Lie groups. For our present work, we will restrict

to D(G).
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Figure 5. Heegaard splitting of S into two solid tori shown on the left. The figure on the right
shows the two cycles of a torus which form its homology basis.

diffeomorphism operators for 72 by acting on its homology basis (which consists of the two
cycles a and b as shown in the figure 5) as following:

S:(a,b) — (b,—a); T :(a,b) — (a,a+Db). (4.17)

These generators satisfy S2 : (a,b) — (—a,—b) and (ST)? : (a,b) — (—a, —b) which
simply reverses the orientations of the two cycles of the torus. Thus they satisfy the
relation S? = (ST)? = C, where C is commonly known as charge conjugation in physics
literature which obeys C? = 1. For finite discrete groups, these generators can be explicitly
written in a matrix form in the basis |(A, R4)) of Hr2. Following [16], their matrix elements

are given as:®
1 —1y\* — *
S(A,RA)(B,Rp) = [CallCnl Z XRa(gbg™")* xRp(g " ag)
g€Yan
xRa(a)
7ZA, RA)(B,Rp) = 0AB 5RARB XTA(Q) . (4.18)

Here (A, R4) and (B, Rp) are the irreducible representations of D(G) and label the row
and column respectively of S and 7 matrices. The symbols yR4 and yRp denote the
characters of irreps R4 and Rp of centralizers C'4 and Cp respectively with ‘x’ being the
complex conjugation. The elements a € A and b € B where A and B are the conjugacy
classes of G. The notation yR(z) simply means the character of the representation R being
evaluated for an element x. The set Y5 is defined as:

Yap={g€G|gbg™" € Ca and g 'ag € Cp}. (4.19)

In appendix A, we have computed and tabulated these modular matrices for various finite
groups. We will use these data to compute the states on the tensor product of Hp2 Hilbert
spaces and to determine their entanglement measures. In the following sections, let us
study the entanglement properties of the state associated with a 3-manifold which is the
torus link complement.

8We would like to again remind the readers that these matrix elements are given for the untwisted
Chern-Simons theory, i.e. for &« = 0. For a non-trivial twist «, the matrix elements have to be modified as
prescribed in [10, 16]. For the present work, we only consider o = 0 case.
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S3/Hopf link

Figure 6. Figure showing the construction of Hopf link complement. Removing a tubular neigh-
borhood around Hopf link embedded in S? results in Hopf link complement which is a manifold
with two torus boundaries.

4.3 State associated with torus link complement

In [5, 6, 17], the entanglement structure of the states were studied for the link complements.
These are three dimensional manifolds obtained by removing a tubular neighborhood of a
link £ from S3 and are usually denoted as S3/L£. A typical manifold is shown in figure 6
which is the Hopf link complement. We will denote the quantum state associated with
S3/L as |£) which will depend upon the topology of the link involved. If the link £
consists of n number of knot components, then the corresponding link state lives in the
following Hilbert space:

e Q) Hr . (4.20)
=1

It was further shown in [5] that these states can be explicitly constructed by doing surgery
along £ and are given as:

L) = > Z(8% Llar,az,...,an)) a1, az, ... an) (4.21)
a1,ag, ..., an
where |a;) is the basis of the i*" Hilbert space and Z(S%; L[a1, as,...,ay]) is the Chern-
Simons partition function of S in presence of link £ whose i*" knot component carries
representation a;.

One special class of links is the so-called torus link for which the partition function
can be determined in terms of modular generators S and 7. We will use the notation
T),q to denote a generic torus link. This link consists of n = ged(p, ¢) number of linked
circles and each circle winds £ and £ number of times along the two homology cycles of T2,
Topologically T}, , and T, are equivalent, hence without loss of generality we will assume
q > p. The partition function of S? in presence of a torus link is known in the literature for
simply connected Lie groups [18, 19]. For example, for SU(NN) gauge group, it is given as:

8580
Z(8% Tpglar, az, ... an]) = > s B) L (T )4/ (Hsa a) Xg,(p/n), (4.22)
a,B,y 0 i=1
where aq,...,a, and «, 3,7 are the integrable representations of su(/N)x. The coefficients

X3 (y) are unique integers which can be obtained by expanding the traces of powers of
holonomy operator U:
Trg(U™) ZXB7 m) Tr(U) . (4.23)
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For SU(N), these coefficients can be obtained by performing the Adams operation on the
characters associated with the irreps of SU(N) group (see [20] and references therein).
Performing the surgery on the link 7}, , following [5], the corresponding link state on tensor
product of n copies of Hp2 can be given as,

3
Tog) = Y Z(S% Tpglar,as, ... an]) lar,. .. an) . (4.24)
al,...,an
Since the entanglement properties of a state does not change under the unitary transfor-
mation of basis states, we can further simplify this state by changing the i*" basis state as:
|ai) = >, Say: [i)- In this basis, the state can be written as,

>, > (H ) (5% Tpglar,az, ... an]) Y1, yn) - (4.25)

Alses8n Y1,eYn
Using the symmetric and unitary property of & matrix, the state can be simplified as,
*
) = 3 o (T )9 X o) ) (4.2
By 0a)

In the context of finite gauge group, we can write an analogous state by taking the
representations «, 3,7y to be the irreps of quantum double group D(G) and replace the
S and 7 matrices by the modular S and 7 matrices of finite group given in eq. (4.18).
Moreover since the basis of Hp2 is determined by the irreps of the centralizer C'4 associated
with a conjugacy class A of the finite group G, we can obtain the unique integer coefficients
X3,(m) by performing the Adams operation within the centralizer subgroup of a particular
conjugacy class:

Xpy(m) =Yg, r;(m)dasa, - (4.27)
In the above equation, the representations R; and R; are the irreps of centralizer C's, asso-
ciated with the conjugacy class Ag, i.e. we have labeled the irreps 5 and v as 5 = (Ag, CAﬁ)
and v = (A,,Ca,). With this definition, we can now compute Yr, r;(m) which are deter-
mined by the Adams operation in Cy, defined as:

\IImXi(a) = Xi(am) = Z YRiij (m) X (a) ) (4‘28)
J

where the Adams operation is W™ defined on the character x; of irrep R; of Ca, and is
evaluated at a representative element a € Aﬁ' Using the inner product

(filf2) = 15 Zﬁ (4.29)
|G e
defined for any two class functions f; and fo of a group G and using the fact that the
irreducible characters form an orthonormal basis, the coefficients Y, g, (m) can be uniquely
determined which turns out to be integers and are given as:

! > g™ xle ™) (4.30)

YR, r;(m) = ——
8
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With this choice, the state can be written as,

Sis S
=2 Z noﬁi (T5,8,)"" Y, 1, (p/n) |, 0, ) (4.31)

a A Rl,RJ

where « is an irrep of D(G). Similarly, 5; = (A, R;) and 8; = (A, R;) are the irreps of
D(G) with A denoting a conjugacy class and R;, R; being the irreps of centralizer C4. This
is a state defined on disjoint torus boundaries and lives in the tensor product of n copies of
Hp2. We can write this state in a compact fashion as following. Collect all the coefficients
X3y(m) in eq. (4.27) into a matrix X (m) whose rows and columns are labeled by the irreps
f and ~y. Note that in obtaining X (m), we must use the same ordering of the basis which
was used to define the modular § and 7 matrices. This will enable us to perform matrix
algebra between these matrices. With our choice of coefficients, it is also clear that the
matrix X (m) will be block diagonal where each block will contain the Adams coefficients
for various centralizer subgroups. Thus the state can be written as:

D o, ..., 0) . (4.32)

‘Tp,q> =

(03
Using the steps prescribed in section 2, we can obtain the spectrum of the reduced density
matrix and the entanglement entropy. We can clearly see that this state has a GHZ-like
structure in the sense that the partial transpose of the reduced density matrix along any tri-
partition is positive semi-definite and hence the reduced density matrix computed for any
bi-partition is always separable. The entanglement entropy is independent of the number
of Hilbert spaces being traced out and can be obtained as:

L (s x@mTES) |

S aulndy: A= a0 | 4.33
za: " trace (Soa)™ 1 (433)

where the symbol |x|? is used to denote the modulus square of z, i.e. |z|*> = z2* and the
factor ‘trace’ is defined as,

(S*X(p/n)ﬁs) y
(Soa)™ 1

trace = (4.34)

«

Note that for the torus links of type T}, pn, the matrix X (1) will be an identity matrix and
the state can be simply computed with the knowledge of S and T matrices:

Typopn) =Y W la,a,...,a). (4.35)

[0

For example, the simplest non-trivial torus link is 75 o, the Hopf link. The state associated
with Hopf link can be given as,

S*TS T*5*T*)
|To2) = Z(SO)O‘O |, ) = Z (800‘0 v, Z o asa) . (4.36)

[0} «
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Since Toq is just a phase, it will not affect the entanglement structure and thus we see that
the Hopf link state is precisely a maximally entangled Bell state and hence has the same
entropy as that of the state ‘T2 x [0, 1]> already discussed in earlier sections.
The entanglement structure of the torus link states shows some interesting features.
For a given value of p, the entanglement structure of the state |T},,) shows a periodic
behavior as we increase gq. The fundamental period of this periodicity is determined by
the positive integer e(G), which is the exponent of the group.” We find that the entropy
satisfies:
EE(TP,Q) = EE(Tp7 q+pe(G)> . (4.37)

It also exhibits a nice symmetric property:
EE(Tp,q) = EE(T}, pe(c)—q) - (4.38)

For a fixed p, the entropy fluctuates between maximum and minimum values as we vary q.
Our numerical computations for various gauge groups show that the maxima and minima
usually occur only when ¢ is a multiple of p, i.e for the states of the form |7}, ,,,) where n
is an integer. The entropy for the state |T), pn) vanishes whenever n is a multiple of e(G)
and obtain a maximum value whenever n is coprime to e(G). We observe the following:

EEnn =0, when n = 0 modulo ¢(G)

(4.39)
EEmax = EE(T), ), when ged{n,e(G)} =1

EE(Tp,pn) = {

Recalling that a torus link 7}, , can be drawn on the surface of a torus in which each circle

component winds around the two homology cycles of T2 with winding numbers m and

m respectively, we can interpret the above result as following. Amongst the class of
torus links 7}, , with a fixed value of p, the entropy is maximum for those links in which
each circle winds exactly once along the two homology cycles of the torus. These are
precisely the links 7},,. When the winding number along any of the two cycles exceeds
1, the entropy corresponding to those links will be generically smaller.' We have already
encountered one special case of this result. For two component links, the Hopf link (7% 2)
is maximally entangled and as we increase the winding number (links of type 75 2,), the
entropy usually decreases. Further, when winding number along any of the homology cycle
becomes a multiple of e¢(G), the entropy will vanish. Thus we can rewrite the above result

as following;:

Link with both winding numbers 1 = EE = maximum

Link with any of the two winding number equal to multiple of e(G) = EE = 0.

Let us quantify the above discussion by calculating the entropy for various groups in the

following sections.

9The exponent of a discrete group is the smallest positive integer x such that g° = e for all g € G. In
other words, it is the least common multiple of the orders of various elements of the group.

10Tt may happen that the entropy for two different links become equal for certain gauge group. All we
claim here is that the torus links in which each component has winding number 1 (along both homology
cycles of torus), will have maximum value of entropy.
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4.3.1 Entropy for abelian group

For Zx group, the centralizers associated with each of the conjugacy classes are again
Zpy. The characters along with modular S and 7 matrices are given in appendix-A and
the Adams operation on centralizers is performed in appendix-B. Using these details, the
spectrum of the reduced density matrix for the state |T}, ;) can be computed as:

1N-1 N-1N-1
trace (Z Z sin Y) + trace (Z Z cos Y) ’ (4'40)

A=0 =0 A=0 =0

where the eigenvalues are labeled by integers a and b each taking values from 0 to (N —1).
The factor ‘trace’ ensures that the reduced density matrix is normalized to have unit trace
and the variable Y in above equation is given as,

2w (Aq [gcd( )}N + apzx + Abp)
Np ’

where the symbol [a]y = o (mod N). Hence the entanglement entropy can be obtained as,

Y —

(4.41)

N—-1N-1

- Z Z )\ab In >\ab- (442)

a=0 b=0
From the eigenvalues given above, the following properties are evident:

EE(TP, q+pN) = EE(Tp,q) ; EE(Tp,q) = EE(Tp,pN—q) ) (4.43)

where we note that being a cyclic group we have e(Zy) = N. The minimum and maximum
values of entropy are given below:

EEnm = 0, when ged(n, N) = N

4.44
EEmax = In N2, when ged(n, N) =1 (4.44)

EE(Tp,pn) = {

In fact, one can write a close form expression for the entropy of the states |T}, ,n) as
following:

2
EE(Tp,pn) = In (ng(Nn,NJ : (4.45)

Thus the spectrum for |7}, ,,) state consists of all equal eigenvalues. For general links
however, the spectrum of the reduced density matrix usually breaks into several degenerate
sectors. For example, for Zs group, the spectrum for a generic link is given as:

)\(Tp,q; Z2) = {)\17)\2,)\2,)\2}; EE(prq; Zg) =—-AMInXA —3X1n Ay, (446)
where we have:
4 et | RN G )
/\1:§+gcos gp(pM , )\2:§—§cos gp(pg)Q (4.47)

From the above discussion, one can infer that the entropy computed for abelian groups
does not capture the complete information about the topology of link complements. For
example, the entropy of |1}, ,n) comes out to be independent of the value of p. So let us
study the entanglement features of these states for some non-abelian groups.
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4.3.2 Entropy for dihedral group

Here we compute the entanglement entropy for the dihedral group Dy which has 2N
elements. The characters along with modular S and T matrices are given in appendix-A
and the Adams operation on centralizers is performed in appendix-B. The dimension of
each Hilbert space, which is also the number of irreps of Drinfeld double of Dy is given as:

N?% +28
<;_> ,  when N is even

dim(Hys) = . (4.48)

N2
( 2+ 7) . when N is odd

The entanglement structure has a periodic behavior as we increase ¢ for a given value of
p. Further there is a symmetry in ¢ as given by the following:

EE(T,

patpe(Dy)) = EE(Tp,q) 5 EE(T,

p7pe(DN)—q) = EE(Tp,q) ) (4.49)

where the exponent for the dihedral group is e(Dy) = lem(2, V). Similar to the abelian
case, the minimum and maximum values of entropy usually happens for those links where
q is a multiple of p:

EEnm =0, when n = 0 modulo e(Dy)

(4.50)
EEnax = Indim(Hp2), when ged(n, N) =1

EE(Tp,pn) = {

For the link states |T}, pn), the spectrum of the reduced density matrix can be given as:

A {(z+1)? (z-1) 1,1,...,1} , whenn = even
1 (z)
MTppn) =3 1 ;82 &2 a2 o : (4.51)
m{?,?,...7?,1,1,...,1} ,Whennzodd
B(x) ¥(z)
where x = m and the factors trace; and traces are given as,
N2
trace; = 202 4+ 2+ a(z) , tracey = ?B(x) +7(z) . (4.52)
The integers a(z) and B(z) are defined as following;:
(x2 +8)/2 , when z = even (z2 +12)/2 , when x = even
a(r) = ;o Ble) =
(#2 —1)/2 , when x = odd (z2+3)/2 , when x = odd

and the integer v(z) = 8 for z = even and 7(z) = 2 for z = odd respectively.

We see that the spectrum for the state |7}, ,,,) breaks into several degenerate parts
unlike the abelian case, but the entropy is still independent of p. As a last example, we will
study the symmetric groups where the entropy captures the topology of different 7;, ,,, links.

— 95—



4.3.3 Entropy for symmetric group

Unlike the abelian and dihedral groups where the entanglement structure of the |7}, pp)
states was the same for all values of p, the symmetric groups can distinguish the affect of p
on the entropy. Though we could not analyze these states for generic Sy, the computation
for lower order groups show that the entropy decreases as p increases for a fixed value of n.
When p — oo for a fixed n, the entropy converges to some finite value. Our calculations for
the lower order Sy groups also confirm that the entanglement structure has the following
periodic behavior:

EE(TZ% Q+pe(5N)) = EE(TP,Q) ; EE(Tp,pe(SN)—q) = EE(TP,Q) ) (4'53)
where the exponent for the symmetric groups is given as:
e(Sy) =lem(1,2,...,N). (4.54)

The minimum and maximum values of entropy for the Sy group and the values at which

it happens are given below:

EEmin = 0, when n = 0 modulo e(Sy)

(4.55)
EEmax = EE(Tp,), when ged(n, N!) =1

EE(Tp,pn) = {

In the following, we present results for lower order groups supporting our observations. The
groups Sy and S3 are isomorphic to Zo and D3 groups respectively which we have already
discussed. For Sj group, we present plots in figure 7 showing the variation of entropy as
a function of n for various 7}, ,, links. The entropy for the 7}, link for S; group can be
obtained from the following spectrum of the reduced density matrix:

1
MTpp) = trace(s) {576P72, 576772, 1442 642 6472 64P 7% 64772, 64772, 64772
race(p
16772, 16P 72, 16772, 16" 2, 16772, 162, 1672, 162, 167~ 2, 9772 g2 gP—21 |
(4.56)
where trace(p) is defined as,
243 x 167 (4P 4 24) + 9P (2713 + 647 + 6144)

t = . 4.57
race(p) 165888 (457)

Further we see that as p — oo the entropy converges:
lim EE(T}, ,) =In2. 4.58

p,p

p—0o0

In general, the entropy of the state |T}, ,,) converges as p — oo as shown in the figure 7.
We have also given the variation of the entropy for various |1}, ,) states for the group
S5 in the figure 8. The last plot in figure 8 shows that the entropy converges as p — oo.
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Entropy of T, o, torus link for S, group

n

0 2 4 6 8 10 12

Figure 7. The variation of entropy of |T}, ,.) states computed for the Sy group. The entropy
fluctuates as n increases and reaches maximum and minimum values according to eq. (4.55). We
also show the entropy of |T), ) state as p — oo.

4.3.4 Entropy for direct product of groups

Consider the direct product of two groups: G = G1 X G2. The centralizer C'4 corresponding
to the conjugacy class A of the group G is obtained as:

Ca=0C, = C(ah@) =y, X Cy, =Cy, x Cy,, (4.59)

where aj,as and a = (a1,a2) are the representative elements of the conjugacy classes
Aq, Ay and A respectively of the groups G1,Go and G. Thus the Adams operation on the
centralizer C'4 would be given as:

U™charg(a) = charg(a™) = charg,gr, (al’, a3') = charg, (a*) charg, (a3")

2
= Z Ylg)sl (m) YIgQ)SQ (m) charg, (a1) charg, (a2)
S1, 52

= Z Ygs(m) charg(ai, az) , (4.60)
S=51®52

where R and S are the irreps of the group GG which can be written as tensor products R ® Ro
and Sy ® Sy of the irreps associated with Gy and Go. The Y (m) and Y ) (m) are the
matrices containing the Adams coefficients corresponding to the centralizer subgroups C4,
and Cjy, of the groups GG; and G3. Moreover, from the above argument, we can also see
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Ss group: T, 2, torus link S5 group: T3 3, torus link
EE EE
4
1.4}q
1.2
3l
1.0
) 0.8]]
0.6
0.2
0 10 20 30 40 50 60 n 0 10 20 30 40 50 60 n
Ss group: Ty 4, torus link Ss group: Tp, p, torus link when p — oo
EE EE
0.8 0.8
0.6 0.6/
0.4 0.4
0.2 0.2
0 10 20 30 40 50 60 n 0 10 20 30 40 50 60 n

Figure 8. The variation of entropy of |T}, ,,) states computed for the S5 group. The entropy
fluctuates as n increases and reaches maximum and minimum values according to eq. (4.55). We
also show the entropy of |T, ) state as p — oo in the last plot.

that the matrix Y (m) for the centralizer C'4 of the group G will be the Kronecker product
of the matrices of individual groups, i.e. for any centralizer subgroup, we will have:

Y(m) =Yi(m) ® Ya(m). (4.61)

On the other hand, we also know that the primaries (i.e. the irreps) associated with the
Drinfeld double D(G) can be simply obtained from the primaries of D(G1) and D(G2) and
thus the basis of the Hilbert space Hp2 can be given as:

@) = [2{") ® |2y, (4.62)

where |®;;) is the basis of Hyp2 in the context of group G which can be written as a tensor
product of the basis elements of Hy2 for the groups G and G4 respectively. With a proper
ordering of the basis |®;;), we can also write the matrix X (m) defined in eq. (4.27) for the
group G as the Kronecker product of the matrices for the individual groups:

X(m) = X1(m) ® X2(m). (4.63)
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Further, maintaining the same ordering of the basis, the modular matrices S and T can be
simply written as the Kronecker product of matrices corresponding to the two groups [16]:

S=82038;; T=T1xTs. (4.64)

Using the mixed-product property of the Kronecker product and the fact that 7 is a

diagonal matrix, we will have:
a a
SXemTES = (SXmTr s ) o (SXpmTis) . we)

Thus it is not difficult to see from eq. (4.33) that the eigenvalues of the reduced density
matrix of the state |1}, ,) for the group G' can be written as product of the eigenvalues
computed for the individual groups G; and Ga, i.e.,

G _ \G1 G
G = AG1AGz (4.66)

Hence the entanglement entropy for the direct product of two groups is simply the sum of
the entropies corresponding to individual groups:

EE(G; x G) = EE(G;) 4+ EE(Ga) . (4.67)

5 Conclusion

In this work, we studied the entanglement structure of multi-boundary states prepared in
Chern-Simons theory with a finite discrete gauge group. The path integral of the Chern-
Simons theory on a manifold M with boundary defines a state |¥) in the Hilbert space
Hons associated with the boundary. If the boundary consists of multiple disconnected
components, then Hgys can be decomposed into the tensor product of the Hilbert spaces
associated with each component. Throughout this work, we have restricted to the untwisted
case (a = 0 in eq. (2.5)) where the action is trivial (e>™ = 1).

In section 3, we considered the states associated with Riemann surfaces of genus g
having n number of circle boundaries. The state |3, ) thus lives in the tensor product of
n copies of Hg1. We study the entanglement features of these states by using the replica
trick. The entanglement entropy does not depend on the choice of the bi-partition which
is evident from eq. (3.9). Moreover the reduced density matrix obtained by tracing out
a subset of the total Hilbert space has a positive semidefinite partial transpose over any
bi-partition of the remaining Hilbert space. We verified this by computing entanglement
negativity which vanishes (eq. (3.9)). We gave an explicit expression for the entanglement
entropy in eq. (3.12) which depends on the dimension of the irreducible representations
of the finite group G and the Euler characteristic x of the manifold X,,. We presented
concrete results of the entropy for various abelian and non-abelian groups and find that
the entropy converges to a constant value as y — —oo. Moreover, eq. (3.14) and eq. (3.18)
also show that the entropy has a logarithmic asymptotic behavior and goes as In |G| as
the order of the group |G| — oo for a fixed x. However, we could not verify this for Sy
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group due to the lack of an analytical expression for a generic V. We further show that the
entropy is additive for a direct product of groups, i.e. EE(G1 x G2) = EE(G1) + EE(G3).

In section 4, we studied the entanglement properties of states associated with 3-
manifolds. In particular, we focused on the torus link complements S/ Tp,q, which are
obtained by cutting out a tubular neighborhood around the torus link 7}, ; from S3. These
manifolds have ‘ged(p, ¢)’ number of torus boundaries and hence the corresponding state
|T.,q) lives in the tensor product of ‘ged(p,q)’ copies of Hp2. The entanglement entropy,
given in eq. (4.33), is independent of the choice of bi-partition and depends on finer group
theoretic details of G like the conjugacy classes and the centralizer subgroup associated
with an element of each conjugacy class. We show that these states have a GHZ-like entan-
glement structure where the reduced density matrix (obtained after tracing out a subset
of the total Hilbert space) is separable over any bi-partition. The state |7}, ,) has a pe-
riodic entanglement structure in the sense that the entropy shows a periodic behavior as
we increase ¢ for a fixed value of p as given in eq. (4.37). The fundamental period of this
periodicity is controlled by the positive integer e(G), which is the exponent of the group
(G. Based on our analysis for various groups, we also find that amongst the class of torus
links 7T}, ; for a fixed value of p, the entropy is maximum when ¢ = p, i.e for those torus
links which can be drawn on the surface of a torus such that each component winds exactly
once along the two homology cycles of the torus. When the winding number along any
of the homology cycle exceeds 1 (i.e. when g > p), the entropy is generically smaller and
vanishes whenever any of the two winding numbers is a multiple of e¢(G). This is evident
from eq. (4.45), eq. (4.51) and the plots shown in figure 7 and figure 8 respectively. We also
show that the entanglement entropies corresponding to torus links evaluated for a direct
product of groups satisfy EE(G1 x G2) = EE(G1)+EE(G2). It is known that the entangle-
ment entropy associated with torus link can also be used to detect one-form anomalies as
shown in [21, 22| for semi-simple Lie groups. It would be interesting to carry out a similar
study in the context of current set-up. Further, it will be an important exercise to extend
this work to study the entanglement features of the states associated with hyperbolic link
complements. We hope to report these in near future.

We also studied the states prepared on cobordant boundaries associated with man-
ifolds of type ¥4 x [0,1] which are maximally entangled states. The entanglement en-
tropy computed in this case goes as In |G| as the order of the group |G| — oo for a fixed
value of g. Further it shows a linear behavior in ¢ as ¢ — oo for a finite order of the
group. The limiting values are given in eq. (4.7). These entropies also obey the property

In the present work, we restricted to the case where the Chern-Simons action is trivial,

i.e. e2mis

= 1. It would be interesting to extend the study to the cases where the action in
eq. (2.4) is classified by the elements of the cohomology group. In such a case, the partition
functions and hence the entanglement structure will depend on the cohomological twists

«. This requires an elaborate study and we leave this analysis for future work.
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A Modular data for finite group G

Here we tabulate the modular data, i.e. the matrix elements of generators S and T of
SL(2,Z). These matrices are written in the basis of irreps of the untwisted (i.e. & = 0)
quantum double group D(G) associated with the finite group G. As discussed in section 4,
these matrix elements are given as,

1 — *
S(A,Ra)(B,Rp) = \CA||CB| E XRa(gbg™")* xRp(g9 'ag)
XRA(G)
Tia, ra)(B, ) = 0B ORaRs (3 (A.1)

where (A, R4) and (B, Rp) are the irreducible representations of D(G) and label the row
and column respectively of S and 7 matrices. The symbols yR4 and yRp denote the
characters of irreps R4 and Rp of centralizers C4 and Cp respectively with ‘*x’ being the
complex conjugation. The elements a € A and b € B where A and B are the conjugacy
classes of G. The notation yR(z) simply means the character of the representation R being
evaluated for an element x. The set Yap is defined as:

Yap={g€Glgbg' € Ca and g 'ag € Cp}. (A.2)

From their structure, it is clear that S and 7 are block matrices, i.e. their AB element
labeled by conjugacy classes A and B is a matrix whose rows and columns are generated by
various irreducible characters of C4 and Cp respectively. For example, if {A1, Ag, A3, ...}
are the conjugacy classes of G, then § and 7 will be of the following form:

Ma,a, Ma,a, Ma,a, --. Naa, O 0
Ma,a, Ma,ao Maja, ... 0 Na,a 0
S: 241 242 243 ’ T: 242 ’ (A3)
MA3A1 MA3A2 MA3A3--- 0 0 NA3A3--~
where My, a; and Ny, a; are matrices. If {0'1(41),0'1(42),0'(3) .} denote the irreps of C'4 for a

given class A, then the (k,1)'" element of My, A; or Ny, 4, are computed using og) and o

(l)
respectively in the eq. (A.1). In the following, we will compute these matrices for abehan

and non-abelian finite groups.

A.1 Modular § and T matrices for finite cyclic group: G = 7xn

The group Zy is an abelian group. Each element is a conjugacy class in itself. Thus we
can label the conjugacy class by an integer a such that 0 < a < (N — 1). The centralizer
associated with each class is C, = Zn which is again abelian and has only one dimensional
irreducible representations which we label by another integer b which takes values 0 < b <
(N —1). Hence we can label the irreps of quantum double group associated with Zx by
a pair of integers (a,b). The character of the representation ‘b’ evaluated for the element
a € Zn can be taken as following:

Xb(a) = exp (27ri?\[;) : (A.4)
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Thus the modular elements can be easily obtained from eq. (A.1):
1 271
S(a,b)(a’,b’) = N exp [—;\7(@1)’ + a'b)]
271
72(17(,)((1/7;)/) = exp |:N(ab):| Saa’ Obpy - (A.5)
The values of a and a’ label the location of each block inside S and 7. Each block is a

matrix whose rows and columns are labeled by b and o’ respectively. Hence the modular
matrices S and 7 will be of the order N2. We give the matrices for Zy and Z3 in the

following;:
111111111
11 12222222 = 2
11 1 1 111 2 z z 2% 2?a?
1111 2121 1 122 2 1 222 1 2% 2
S(2s) = - , SZ3)==|122 2222 1 = 1 22
1_11_1 3 122 2 2 1 2222 ¢ 1
-t lz 221 z 221 z 22
1z 22221 z 221
lz 22z 221221 =z

T(Z5) = diag {1,1,1, -1}, T(Z3) = diag {1,1,1,1, 3,2, 1,2% 2},
where ¢ = exp(%).

A.2 Modular § and T matrices for dihedral group: G = Dy

This is an example of non-abelian group. The dihedral group Dy has 2N elements which

are given as,

DN = {6 =70,71,72,...-,"N-1,50,51,52, .- .,8]\[,1} . (AG)

The composition rule is given as,
ity = Tigj, TiSj = Sitj, SiTj = Si—j, SiSj =Ti—j, (A7)

where the addition or subtraction of the indices are performed modulo N. The even and
odd dihedral groups corresponding to even and odd values of N have different character
tables. So we will have to deal them separately.

A.2.1 Even dihedral group: Dsjs

It has (M + 3) number of conjugacy classes given by their representative elements as:

conjugacy classes = [ro], [r1], ..., [rar—1], [rar]s [So], [S2nr—1] - (A.8)

The Doy group has 4 one-dimensional irreps and (M —1) number of two-dimensional irreps.
If we denote 0; and ¢; as the irreducible characters of one-dimensional and two-dimensional
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irreps respectively, the character table for Dojs can be given as following;:

[ro] [rk] [rum] [so] | [s2nm-1]
01 1 1 1 1 1
0 1 1 -1 -1
03| 1 DF =DM 1 ~1 (A.9)
0y | 1 (-DF | (=M | -1 1
oj | 2 2005(%]“) 2(—1) 0 0
Cg D2M ZQM DQM ZQ X ZQ Zg X ZQ

Here each value of k forms a conjugacy class where k = 1,2,...,(M — 1). The ¢; is the
character of the ;' two-dimensional irrep where j = 1,2,...,(M —1). The last row of
this table gives the centralizer of representative element for each conjugacy class which
can be easily obtained using the composition rules. Since rg and rj; commute with all
the elements of Dyjps, we immediately get C,, = C,,, = Daps. Further each r; commutes
only with r; giving Cy, = {r0,71,...,72m—1} = Zaps. The centralizers for the remaining
two classes [sp] and [sap—1] are isomorphic to Zy x Z which can be checked from their
elements:

Cso = {ro,rar,s0,5m} ,  Cogpry = {70,705 SM—1, 5201} - (A.10)

In order to obtain the modular data, we need the irreducible characters of centralizers of
each class. The characters for Doy are already given in table in eq. (A.9). The characters
for Zsps are denoted as x, where 0 < x < 2M. Their values for the element ry, € Zoy

are given as: x(ry) = exp(Qgﬁy)

Similarly we use the notations agu, and B, for the

characters of C,, and C respectively such that 0 < a,b < 1. The values of these

S2M—1
characters for the elements in their respective conjugacy classes are given as:

aab(ri)) =1, aab(TM) = (*1)12’ aab(SO) = (71)11’ aab(SM) = (71)a+b
Bab(ro) =1, Bap(rar) = (=1)% Bap(sm—1) = (=1)%,  Bap(s2nr—1) = (—=1)*T.

With all the information at our hand, the modular data can be obtained. The S matrix in

(A.11)

terms of blocks labeled by conjugacy classes is written as:

[r0] [r1] [rar—1] [ra]  [so] [s2m-1]
[770] Apo Aot Ao, vi—1 Ao Boo  Bo
[71] A Ap Ay Ay O 0
S = : (A.12)
rav—1] |[Av—10 Av—11 - Ap—1,m-1 Av—im 0 0
[ra] | Amo Awn Avv—1 Aum Bmo B
[s0] BE, 0 0 BY, P Q
[SQM_l] Bg;l 0 0 BZ\T41 QT P

Here the blocks written as 0 are the matrices whose all elements are 0. Further note that

Ay = Afy where the superscript 7" denotes the transpose of the matrix. Next we write the
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elements of matrices for each block. In order to write these matrices in a compact fashion,
we define a notation [a],x, which will represent a matrix of order m x n whose each entry

is a.
Ay 2 1 e
Ao = — P x(M-1) y Aoz = 5o | lexp(—imx)]oxon |
AM ([2](M—1)><4 [4] -1y (m-1) 7 . o
(A.13)
where z = 1,2,..., (M —1) and R is a matrix whose element is defined as Ry, = 2 cos(™5*)
such that 1 <p < M and 1 < g < 2M. Next the matrix Agys will be,
[1]2x4 [2l2x(p-1)
1 : , 1 m(ay+bx)
AOM:m lexp(—imM)laxa  [2exp(—imM)]axnr-1) | ; (Axy)ab:MCOS(M ;
Rl RQ

where R; is a matrix whose element is defined as (R1)pq = 2 cos(mp) such that 1 <p < M
and 1 < ¢ < 4. Similarly Ry is a matrix whose element is defined as (Rz),s = 4 cos(7r) such
that 1 <r,s < M. The element of the matrix A;, is given above such that 0 < a,b < 2M.
The matrix A,y for x =1,2,...,(M — 1) will be given as:
1

Aont = (El Ei By E Eg) , (A.14)
where E; and FEs are single column matrices whose elements are given as: (E1)b,1 =
exp(—imb) and (Ea)p1 = exp(—inb)exp(—imx), where 0 < b < 2M. The elements of
matrix F3 are given as (E3)pq = 2exp(—inp)cos(mqx/M) such that 0 < p < 2M and
1 < g < M. The matrix Apps is given as,

1 1 exp(—imM) exp(—inM) Fy
1 1 exp(—imM) exp(—inM) Fy
Ay = ﬁ exp(—iTM) exp(—inM) 1 1 Fl, (A.15)
exp(—imM) exp(—imM) 1 1 Fy
Fl Fl Ff Ff F3

where F and F» are single row matrices whose elements are given as (F7);, = 2cos(mb)
and (F»)1p = 2 cos(mb) exp(—imM) respectively, where 1 < b < M. The elements of matrix
Fj5 are given as (F3) 4, = 4 cos(ma) cos(mb) such that 1 < a,b < M. So far we have tabulated
all the blocks given by A matrices. Let us now give the results for B matrices.

[1]1x4 [1]1x4
1 [—1]1x4 1 [—1]1x4 FF FF
Boo = 1 [1]1x4 , Bo1 = 1 [~1Jixa |, Bmo=| FF |,Ban=|GG |,
[—1]1x4 [1]1x4 00 00
(0] (ar—1)x4 [0](ar—1)x4
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where each of the 0 matrix in Bpsg and By is of order (M — 1) x 2 and
1 1 -1 1(-11
F== G== A.16
4 (—1 1 > ’ 4 < 1 -1 ( )
Finally P and @) matrices are given as,
1 1 —-1-1 1 0 -1 0
1 1 1 —-1-1 1 0O 1 0 -1
P M) = - P M) == Al
(ddM)=21t " 1 1 1 | (cven M) =31 1 5 1 o (A-17)
-1-11 1 0O -1 0 1
1 —-1-11 0000
1] -11 1 —1 0000
Q(odd M) = 7 111 1| Q(even M) 0000 (A.18)
1 —-1-11 0000

This completes the modular S data for the even dihedral group Dsjs. The modular T
matrix is a diagonal matrix whose diagonal elements for Dy group are given as,

T:diag{ L,1,...,1, f(l,a) , f(2,a) ,...,f(M—1,a),1,1,exp(inM),exp(inM),
—_—— T —— —— —_—
M+3  a=0,...2M~1 a=0,...2M—1 a=0,...2M—1

cos T, cos 2, ..., cos(M — 1)m,1,1,-1,-1,1,1, -1, —1} , (A.19)

where f(x,a) = exp(imaz/M). As an example to clarify these computations, we give the re-
sult for S and T matrices of D4 group which are matrices of order 22 and can be written as:

Ago Ao1 Aoz Boo Bot
Al A1 As 00

S(D4) = | AL, AT, Ay By Bxn
By 0 BL, P Q
BOTl 0 BQTl Qf P 22%22
T(D,) = diag {1,1,1,1,1,1,i,—1,—4,1,1,1,1,—-1,1,1,-1,—1,1,1,—1,—1} . (A.20)
The various blocks in & are given as following:
11112 1 1 1 1 1 1 1 1 2
11112 1 1 1 1 1 1 1 1 2
1 1 1
Ap==-|11112]{, AOl:Z -1-1-1-11, A02:§ 1 1 1 1 2
11112 -1-1-1-1 1 1 1 1 2
22224 0O 0 0 O -2 -2-2-2-4
1 1 1 1 =2
1 0 -10 1 1 -1-10 11 1 1 -9
1 0 -1 0 1 1|]-1-11 10 1
Ay =2 , A=~ , Ap=-1 1 1 1 -2
-1 0 1 O 4 1 1 —-1-10 8
01 0 -1 1-11 10 Lt il =
-2-2-2-2 4
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The remaining blocks are,

11 1 1 1 1 1 1 1 -1 1 -1
SRR SRR v
BOO:Z 1 1 1 1 , BQ1:1 -1-1-1-11, BQO:Z 1 -1 1 -1
1 -1-1-1 1 1 1 1 11 -1 1
0 0 0 0 0 0 0 0 0 0 0 0
1 -1 1 —1
U1 o1 1 0 -1 0 0000
1 1 1 0 -1 0000
Ba=gf-t L -L1 4, P=ot g1 0] 9 o000
L-11-l 0 -1 0 1 0000
0 0 0 0

Each entry 0 in eq. (A.20) represents zero matrix of order 4. One can easily verify that S
and 7 matrices in eq. (A.20) are symmetric, unitary and satisfy S? = (ST)3 = 1.

A.2.2 Odd dihedral group: Dapsy1
The odd dihedral group has (M + 2) number of conjugacy classes given by their represen-
tative elements as:

conjugacy classes = [ro], [r1], [r2], - - -, [rar], [So] - (A.21)

This group has 2 one-dimensional irreps and M number of two-dimensional irreps. If we
denote 0; and ¢; as the irreducible characters of one-dimensional and two-dimensional
irreps respectively, the character table can be given as following:

(o] [a] [s0]
01 1 1 1
02 1 1 =L (A.22)
oj 2 2 cos ( 22]\7}?1 ) 0
Cq | Danvit1 Lan+1 Z3
Here each value of z forms a conjugacy class where x = 1,2,..., M. The ¢; is the character
of the j' two-dimensional irrep where j = 1,2,..., M. The last row of this table gives
the centralizer for each conjugacy class which can be easily obtained using the composition
rules. Since each r, commutes only with r;, we get C,., = {ro,71,...,720s} = Zops4+1. The

centralizer for s is given as Cs, = {70, S0} = Z2. In order to obtain the modular data, we
need the irreducible characters of centralizers for each class. The characters for Dopsiq are
already given in table in eq. (A.22). The characters for Zpr41 are denoted as x, where
0 < a < 2M and their values for the element 7, are given as: x,(ry) = exp 22]7\?1961 .
Similarly the character 7, for the group Cs, where b = 0,1 are given for the elements of
Cs, as: Yp(ro) = 1 and y(sg) = (—1)°. With all the information at our hand, the modular
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matrices can be obtained. The S matrix in terms of blocks labeled by conjugacy classes is
written as:

[7“0] [7“1] e [T’M] [50]
[ro] | Aoo Aor ... Aomr P
[r1] | Ao A1r ... A O

(A.23)

[TM] AMO AMl AMM 0
[SQ] PT 0 ... 0 Q

The block Ay, = Afy where the superscript 1" denotes the transpose of the matrix. Next
we write the elements of matrices for each block. We define the notation [a],x» which will
represent a matrix of order m x n whose each entry is a. Using this, the elements of various
blocks are given as,

_ 1 [Loxa  [2lexm B 1 (U @2nm+1)
Ao =561 1) ([2]MX2 [4]MxM>’ dor = a1 v 1) < R ) o (A29)

where x = 1,2,..., M and R is a matrix whose element is defined as R,; = 2008(22]\7;[?1)
such that 1 <p < M and 1 < ¢ < (2M + 1). The matrix A, is a square matrix of order

(2M + 1) whose elements are given as,

2 2T
@M +1) " [(ZM +1)

(Azy)ab = (ay + bx)] ) (A.25)

where 0 < a,b < 2M and the matrices A,y are given for 1 < x,y < M. The matrix P and
@ are given as,

1]1x2
=il e | o oe=4 (_11 f) . (A.26)
[O]MXQ

This completes the modular S data for the odd dihedral group Dspr+1. The modular T
matrix is a diagonal matrix whose diagonal elements are given as,

T =diag< 1,...,1, f(1,a), f(2,a),..., f(M,a), 1, =1 , (A.27)
—_——— | e N—_——
M+2  a=0,....2M a=0,....2M a=0,...,2M
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where f(z,a) = exp(fﬁﬂ). As an example to clarify these computations, we give the

result for S and 7 matrices of D5 group which are matrices of order 16:

2222222222225 5
222222222222 -5-5
d4zrzrxxyyyyy
d4dyyyyyrrrzrx
zydzrzyyrzdryyx
zyrxyyxrxdyyzrdax
zyyyrxdrzrxdrzyy
zyyrzdryxrxyyxd
zyrzdryyyxrxdary
yrdyrzrzydyxrxay
yrrxydyryraxyd
yryrxzrzydzrzarydy
yrydyrxrxzrzydyx

N NDNDNDDNDDNDDNDDNINDNNN = =
O O O O O O o o o o oo

yrrxrxydyydyza
-5000000000000
5-5000000000000-=5 5

1
1
2
2
2
2
2
1|2
2
2
2
2
2
2
5

Vi el el eololBolBoBoBoBol ol ol

|
ot

T(Ds) = diag {1,1,1,1,1,2% 2%, —z, -2 1,24, =23, 2% —2,1, -1},
where z = (V5 — 1), y = —(v/5 + 1), z=¢¥%.

A.3 Modular § and T matrices for symmetric groups: G = Sy

The groups S and S3 are isomorphic to Zo and D3 groups respectively whose modular
matrices have already been obtained. In this appendix, we give the & and T matrices
for S4 and S5 groups. The Sy group has five conjugacy classes given by the following
representative elements:
a1 =e, ay = (12), ag = (12)(34), ag = (123), a5 = (1234). (A.28)

The centralizers associated with these representative elements are given as,

Cal = 54

Co, = {e, (12), (34), (12)(34)} 2 Zy x Zs

Coy = {e,m, 72,13 5, 57, 512, 513} =2 Dy

Cq, ={e, (123), (132)} =2 Z3

Cus = {e, (1234), (13)(24), (1432)} = 74, (A.29)
where the C,, is generated by r = (1324) and s = (12) and can be presented as C,, =
(r,s|r* = 52 = (sr)? = e) which is isomorphic to dihedral D4 group. The irreps and their
characters for Zo x 7o, 73, Z4 and D4 have already been given earlier in this section. So,
we only need the character table for C,, = Sy which is given below:

la1] | [a2] | [ag] | [ad] | [as]
Ri| 1 1 1 1 1
Ro| 3 1 |-1] 0 |-1 (A?)O)
Rs| 2 0 2 1—-1]0
Ry| 3 |—-1|—-1] 0
Rs| 1 | -1 1 1 | -1
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The modular matrices can now be computed and are given as:

13231 6 6 6 6 3 3 3 3 6 8 8 8
39 6 93 6 6 6 6 —3-3-3-3-60 0 0
26 4 6 2 0 0 0 0 6 6 6 6 12-8-8-8
39 6 9 3 6 6 —6 —6-3-3-3-3-60 0 0
13231 -6 -6 —6 —63 3 3 3 6 8 8 8
66 0—6-612 0 0 —126 —66 —60 0 0 0
66 0—6-60 12 -12 0 —66 —66 0 0 0 0
66 0-6-60 —1212 0 —66 —66 0 0 0 0
66 0—6-6-120 0 12 6 66 —60 0 0 0
11336 -33 6 6 6 9 -3-39 60 0 0
8(54):—' 3-36 33 6 6 6 —6-39 9 —-3-60 0 0
Al 36 33 6 =666 -39 9-3-600 0
3-36 33 —6 6 6 —6 9 —3-39 60 0 0
6-612-66 0 0 0 0 —6-6-6-6120 0 0
80 -80 8 0 0 0 0 00 0 0 0 16 -8-8
80-808 0 0 0 0 00 00 0 -8-816
80-808 0 0 0 0 00 0 0 0 -816-8
6-60 6 60 0 0 0 6 6 —6-600 0 0
6-60 660 0 0 0 —6-66 600 0 0
6-60 6 60 0 0 0 6 6 —6-60 0 0 0
6-60 6 60 0 0 0 —6-66 60 0 0 0
T(S4) = dla‘g {17 17 17 17 17 17 _17 17 _17 17 17 17 17

6 6 6 6
-6 -6 —6 —6
0 0 0 ©0
6 6 6 6
-6 -6 —6 —6
0 0 0 ©
0 0 0 O
0 0 0 ©0
0 0 0 O
6 -6 6 —6
6 -6 6 —6
-6 6 —6 6
-6 6 —6 6
0 0 0 O
0 0 0 ©
0 0 0 ©
0 0 0 O
12 0 —-12 0
0 —-12 0 12
-12 0 12 0
0 12 0 -12

_17 17 (_1)2/37 (_1)4/37 177:7 _17 _Z} . (A31)

For the group S5, there are seven conjugacy classes given by the following representative

elements:

by =e, by = (12), by = (12)(34), by = (123), by = (123)(45), bs = (1234), by = (12345).

The centralizers associated with these representative elements are given as,

Cy, = S5

Cy, = (r = (12)(345), s = (34) | % =
Ch, = (r = (1324), s = (12) | r* = &
Cy, = (r = (123)(45) | 70 =€) = Z;
Cy, = (r = (123)(45) | 7% =) = Z4
Cps = (r=(1234) | r* = e) =2 74

(A.32)

The irreducible characters for all these centralizers have been already tabulated before,

except for S5 group, which is given below:

[01] | [b2] | [bs] | [ba] | [b5] | [bs] | [b7]
Ri| 1 1 1 1 1 1 1
Ry | 4 2 0 1 |-1|0|-1
R3| b 1 1 -1} 1 1|-1]0
Ry| 6 0[—-2]0 0 0 1
Rs| 5 |—-1| 1 |-1|-1|1 0
Rg| 4 |-2| 0 1 1 0 |—1
R;| 1 |[—-1] 1 1 |-1]-1]1

(A.33)

Thus the modular matrices can be computed for S5 group and are given in eq. (A.34).
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4 5
20
25

(SRS RS
%)
=]

— ot
= o
o oS

30 0

24 -24 0
24 -24 0
24 -24 0
24-24 0
24 -24 0

T(S5) = diag {1, 1,

17 (_1)1/37 (_1)2/37 _17 (_1)4/37 (_1)5/37 17 i? _17 _7;7 17 ( 1 2/ (_1)4/57 (_1)6/57 (_1)8/5}

6 5 4 1 10 10 10 10 20 20
24 20 16 4 20 20 20 20 40 40
30 25 20 5 10 10 10 10 20 20
36 30 24 6 0 0 0 0 0 O
30 25 20 5 -10—-10 —10 —10 —20 —20
24 20 16 4 —20 —20 —20 —20 —40 —40
5 4 1 -10-10 —-10 —10 —20 —20

0 —-10 —20 —10 40 —20 20 —40 —20 20

0 —10 —20 —10 —20 40 —40 20 —20 20
0 —10 —20 —10 20 —40 40 —20 20 —20
0 —10 —20 —10 —40 20 —20 40 20 —-20
0 —20 —40 —20 —20 —20 20 20 40 —40
0 —20 —40 —20 20 20 —20 —20 —40 40
=30 15 0 15 30 -30-30 30 0O O
-30 15 0 15 —30 30 30 =30 0 O
-30 15 0 15 30 -30-30 30 0O O
-30 15 0 15 -30 30 30 -30 0 O
-60 30 0 30 0 O O 0 0 O
0 —20 20 20 20 20 20 20 —20 —20
0 —-20 20 20 —20 —20 —20 —20 20 20
0 —20 20 20 20 20 20 20 —20 —20
0 —20 20 20 —20 —20 —20 —20 20 20
0 —20 20 20 20 20 20 20 —20 —20
0 —20 20 20 —20 —20 —20 —20 20 20
0 —-20 20 —20 20 20 —20 —20 20 —-20
0 —20 20 —20 —20 —20 20 20 —20 20
0 —20 20 —20 20 20 —20 —20 20 -20
0 —20 20 —20 —20 —20 20 20 —20 20
0 —20 20 —20 20 20 —20 —20 20 —20
0 —-20 20 —20 —20 —20 20 20 —20 20
0 3 0 -3 0 0 0 0 0 O
0 3 0 -3 0 0 0 0 0 O
0O 3 0 -3 0 0 0 0 0 O
0 3 0 -3 0 0 0O 0 0 O
24 0 —-24 24 0 0 0 0 0 0
24 0 -2424 0 0O 0O O 0 O
24 0 -2424 0 0 0 0 0 O
24 0 -2424 0 0 O 0 0 O
24 0 -2424 0 0 0 0 0 O
17 1a 17 1a 17 1a 17 _17 _17

15 15 15 15 30 20 20 20 20 20 20 20 20 20 20 20 20 30 30 30 30 24 24 24 24 24

0 0 0 0 0 20 20 20 20 20 20 -20-20-20-20-20-20 0 0 0 0 -24 -24 -24 -24 -24
15 15 15 15 30 —20—20 —20 —20 —20 =20 20 20 20 20 20 20 —30 —30 —30 =30 0 0 0 0 0
-30-30-30-30-60 0 0 0 O 0O 0 0O 0O 0 0O 0 O O 0O 0 0 24 24 24 24 24
15 15 15 15 30 —20 —20 —20 —20 —20 —20 —20 —20 —20 —20 —20 —20 30 30 30 30 0 0 0 0 0

0 0 0 0 0 20 20 20 2 20 20 2 20 20 2 2 2 0 0 0 0 -24 -24 -24 -24 -24
15 15 15 15 30 20 20 20 20 20 20 —20 —20 —20 —20 —20 —20 —30 —30 —30 —30 24 24 24 24 24
30 —30 30 —30 0 20 —20 20 —20 20 —20 20 —20 20 —20 20 =20 0 0 0 0 0 0 0 0 0
—30 30 =30 30 0 20 —20 20 —20 20 —20 20 —20 20 —20 20 =20 0 0 0 0 0 0 0 0 0
—-30 30 =30 30 0 20 —20 20 —20 20 -20-20 20 -20 20 —20 20 0 0 0 0 0 0 0 0 0

30 =30 30 =30 0 20 —20 20 —20 20 —20-20 20 —20 20 -20 20 0 0 0O 0 0 0 0 0 0

0 0 0 0 0 —2020 -2020 —20 20 20 —20 20 —20 20 =20 0 0 0 0 0 0 0 0 0

0 0 0 0 0 —202 -2020 —20 20 =20 20 —20 20 =20 20 0 0 0 0 0 0 0 0 0

45 -15-15 45 =30 0 0 0O 0O O 0O 0O O 0 0 0 0 30 —30 30 —30 0 0 0 0 0
—~15 45 45 -15-30 0 0 0O 0 0O O 0O 0 O 0O 0 0 30 —30 30 =30 0 0 0 0 0
—~15 45 45 -15-30 0 0 0O 0 0O O 0O 0 O 0O 0 0 —3030 —30 30 0 0 0 0 0
45 —15-15 45 =30 0 0 0 0O 0 O O O O 0O 0 0 =30 30 =30 30 0 0 0 0 0
-30-30-30-3060 0 0 0 0 0 0O 0O 0O 0O O 0O 0O 0O 0 0 0 0 0 0 0 0

0 0 0 0 0 40 —20-20 40 —20 20 40 —20-20 40 —20-20 0 O 0 0 O 0 0 0 0

0 0 0 0 0 —20-20 40 —20-20 40 20 20 —40 20 20 —40 0 O 0 0 0 0 0 0 0

0 0 0 0 0 —20 40 —20-20 40 —20 —20 40 —20-20 40 =20 0 0 0 0 0 0 0 0 0

0 0 0 0 0 40 —20-20 40 —20—20 —40 20 20 —40 20 20 0 0 0 0 0 0 0 0 0

0 0 0 0 0 —20-20 40 —20-20 40 —20 —20 40 —20-20 40 0 0 0 0 0 0 0 0 0

0 0 0 0 0 —20 40 —20-20 40 —20 20 —40 20 20 —40 20 0 0O 0 0 0 0 0 0 0

0 0 0 0 0 40 20 —20-40-20 20 40 20 -20-40-20 20 0 0O 0 0 0 0 0 0 0

0 0 0 0 0 —202 40 20 —20—40 20 —20—40-20 20 40 0 0 0 0 0 0 0 0 0

0 0 0 0 0 —20-40-20 20 40 20 —20—40-20 20 40 20 0 0 0 0 0 0 0 0 0

0 0 0 0 0 40 20 —20-40-20 20 —40-20 20 40 20 -20 0 0O 0 0 0 0 0 0 0
0 0 0 0 0 —2020 40 20 —20-40-20 20 40 20 —-20-40 0 0O 0 0 0 0 0 0 0
0 0 0 0 0 —-20-40-20 20 40 20 20 40 20 -20-40-20 0 0O 0 0 O 0 0 0 0
30 30 -30-30 0 0 0O 0O O O O 0O O 0O 0 O O 60 0 —60 0 0 0 0 0 0
-30-303 3 0 0 0 0 0 0 0O 0 0 0O 0O 0 0 0 —60 0 60 0 0 0 0 0
30 30 -30-30 0 0 0O 0O O O O O O 0O 0O O 0 —60 0 60 0 0 0 0 0 0
-30-303 3 0 0 0 0 0 0 0O 0 0 0O 0O 0 0 0O 60 0 —60 0 0 0 0 0
00 0 0 0 0O 0O 0 0 0 0 0 0 0O O O 0O 0 0 0 0 9% -24 -24 -24 -24
00 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 —24-12(V5-3)-24(V5+1) 24(V5-1) 12(V5+3)
00 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -24-24(V5+1) 12(vV5+3) -12(v/5-3) 24(V5-1)
00 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 —2424(+5-1) —-12(vV5-3) 12(vV5+3) —24(V5+1)
00 0 0 0 0 0O 0O 0 0 0 0 0 0 0 0 0 0 0 0 0 —2412(v5+3) 24(vV5-1) -24(V5+1) —12(V5-3)
_L 17 1a 17 1a 17 _1) 1a 1)4/37 (_1)2/37 17 (_1)4/3’ (_1)2/3

(=
)

(A.34)




B Adams operation on centralizers of conjugacy classes of G

Consider the group G whose conjugacy classes are labeled as A with a € A being some
representative element of A. The centralizer corresponding to a is denoted as C4. We wish
to perform Adams operation on C4 as following:

V" Xa(a) = Xa(@™) =Y Yap(m) xs(a), (B.1)
E

where Y, denotes the irreducible characters of C'4. We know that the set of class functions
of the group Cy4 form a vector space with the inner product defined as following;:

> flg™) falg (B.2)

geCay

(filf2)
!C |
Using the fact that the irreducible characters form an orthonormal basis, the coefficients
Y, can be uniquely determined as following:

Yap(m) = (xs/¥" Xa) > Xalg g . (B.3)
IC al 55,

For our computation of entropy, we require coefficients Xo,(m) where a = (4, Ry) and
b= (B, Riq) are the irreps of the quantum double group. Here A and B label the conjugacy
classes of the group G. The notations R and RB represent the i™ and j*™ irreps of the
centralizers C'4 and Cp respectively. We define these coefficients in terms of coefficients
Yop(m) as

Xap(m) = Yap(m) dan, (B.4)

where o and 3 are now irreps of centralizer C'4. We can collect all the coefficients X,;(m)
into a matrix X (m) written in the basis of the irreps of quantum double group. While
defining this matrix, we must take the same ordering of the basis as we did while obtaining
the modular & and 7 matrices. This will ensure that we can perform the matrix algebra
between these matrices. From the definition, it is clear that the matrix X(m) will be
block diagonal where each block will consist of matrices Y (m) defined for each centralizer.
The rows and columns of Y (m) are labeled by irreps of that particular centralizer and its
elements are precisely Y,g(m). In the following, we will compute the coefficients Y,g(m)
for centralizers of various finite groups.

B.1 For 7Zn group

The centralizer corresponding to each conjugacy class is again Zy, i.e. C4 = Zx. We label
the elements of Z by g and the irreducible representation by « with both the labels taking
values from 0 to (N — 1). The character can be given as:

Xa(g) = exp (2W]ivag) : (B.5)

The coefficients Y, for each centralizer C'y can therefore be obtained as,

Yaﬁ(m) = 56, ma(mod N) - (B.6)
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We can now collect all these coefficients in the matrix Y (m) whose rows and columns are
indexed by a and § respectively taking values from 0 to (N —1). Since this matrix will be
the same for all the centralizers, the required matrix X (m) will be a block diagonal matrix
made up of N blocks and each block is given by Y (m).

B.2 For Dy group

We have already discussed the structure of dihedral group in previous appendix. Its order
is 2N and its elements are given as,

Dy ={ro,m1,72,...,"N-1,50,51,52,- -, SN—1} - (B.7)

For even dihedral group Dsjs, there are (M + 3) conjugacy classes and hence (M + 3)
centralizers. All the centralizers are isomorphic to three groups: Doy, Zopr and Zo X Zs.
For the group Do) itself, the characters of the one dimensional irreps evaluated at powers
of various elements can be written in a compact fashion as:

O(ry’) =1, O2(ry") =1, O3(ry’) = (1), Oa(ry") = (=)™
O1(s7) =1, Oa(sy') = (=)™, O5(s7) = (1), Oa(sy) = (=1)"™"™, (B.8)
while the characters of two dimensional irreps are:
Tjxm
¢(ri') = 2cos < ‘]]\4 ) . i) =1+ (1), (B.9)

where j takes values from 1 to (M —1) and m is any integer. Using these, the matrix Y (m)
can be written as a block matrix as:

1 0 0 0 [0]1x (ar—1)
Tt L— 0 0 [0]1><(M71)

YDyu = T+ 0 T— 0 [O]IX(Mfl) ) (B.10)
T4 0 0 T [0]1x (ar—1)

[$+](M—1)x1 [*$+](M—1)x1 [0](M—1)x1 [O}(M—l)xl F(m)

where the notation [z],xp represent a matrix of order a x b whose every element is , where

- <1i(_1)m) (B.11)

we have defined:

2
and F(m) is a square matrix of order (M — 1) whose elements are given as:
1 [ cos (2ram — =) — cos (2mb — ﬂﬁb) + cos (%}) — cos (Tam)
Fop = B > — , (B.12)
cos (F7) — cos (T41)

where a and b label the rows and columns and take values from 1 to (M — 1). The other
two non-isomorphic centralizers are Zops and Zy X Z3. We have already given the matrix
Y (m) for the Zx group in eq. (B.6). Thus we can now construct the matrix X (m) which
is a block diagonal matrix given as:

XDQM = diag {YDQJM’ YZQM’ SRR YZQ]VI’ YDQ}VI’ YZz ® YZ2} ’ (B.13)

where there are (M — 1) copies of Yz,,, and ® is the Kronecker product.
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Similarly we can also obtain these matrices for the odd dihedral group Dsjs11. This
group has (M + 2) conjugacy classes and the corresponding centralizers are isomorphic to
the groups: Dapry1, Zop+1 and Zs. Thus we only need to compute Yp,,, . For the group
Dopy1, the characters of powers of various elements can be compactly written as:

O™ =1, 6a(r™) = 1, 6:(r™) = 2 cos (;ﬁ”ﬂ)
01(s7') =1, Oa(sy") = (=), ¢j(sy) =14+ (=1)", (B.14)

where m is any integer and j takes values from 1 to M. Thus we can now obtain:

1 0 [0]ixm
YD2M+1 = Ty T— [0]1><M . (B15)
F(m) G(m) H(m)

Here F(m) and G(m) are single column matrices whose rows labeled by « taking values
from 1 to M are given as:

Fo=x4+ x4, Gy =24 — Ty, (B.16)
where we have defined
_m(meelim) 0 ey o
To = AM + 2 b 2 ' ‘

Similarly the matrix H(m) is a square matrix of order M whose elements are given as,

sin (PG ese (SR + s (FUGHFE) e (i) +2

H =
ab AM + 2 )
(B.18)

where a and b label the rows and columns respectively with each taking values from 1 to

M. The matrix X (m) therefore can now be written as:

XD2M+1 = diag {YD2M+1’ YZZM+1’ B YZzM+1 YZz} ’ (B‘19)

where there are M copies of Yz,,, . As a consistency check, one can compute X (m) for
m = 1 for any dihedral group, which will turn out to be the identity matrix as expected.

B.3 For Sy group

The group S; is a trivial group. The groups S» and S3 are isomorphic to Zs and Ds
respectively for which we have already studied the Adams operation. For the Sy group,
there are five conjugacy classes denoted as ccy, cco, ccs, ccyq, ccs with the same ordering as
given in its character table. The associated centralizers with these conjugacy classes are
respectively Si,Zo X Z3,Dy,73,24. We already know the coefficients Y,g(m) for all the
groups except Sy, so let us compute them for S; group. First we will need the various
irreducible characters for the m™ power of various elements of S;. We find that for a fixed
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value of m, the m*™ power of all the elements of a particular conjugacy class will belong
to a single conjugacy class (maybe different from the original class). Thus the characters
x(g™) of m*™ power of elements belonging to a particular conjugacy class (g € cc;) will be
the same. Thus we can write a character table for the characters of m™ power of various
elements of S4 which is given in table (B.20).

gEcc) | gEccy | gEccy | g € cey g € ccs
x(g™) | x(g™) | x(g™) | x(g™) x(g™)
X1 1 1 1 1 1
Yol 3 |2hoa+1|4hgs—1]| 3hos dhoy — 1 (B.20)
il 2 2hos 2 |3hpz—1 2hon
X4 3 4dhog — 1| 4ho2 — 1| 3ho3 | 3hos + hig — hog + h3y
sl 1 [2mpe—1] 1 1 2oy — 1

In this table, m can be any integer and we have defined hap = dg, [, With [m]p denoting
the value of m modulo b. The Adams coefficients are thus given as,

5
Vaplm) = 5. (Z e m(gm)m(g—l)) , (B.21)

=1

where the sum is over various conjugacy classes. Since the characters of m™ powers of
all elements belonging to a class are same, the element g can be taken as any element
belonging to that particular class in the above summation and we put the counting factor
|cc;| which is the number of elements in the i*" class. These coefficients can be arranged
in a matrix with a and § labeling its rows and columns:

1 0 0 0 0
ho2 + ho3 + hoa 1 — hoa ho2 — ho3  hoa — ho2  hos — hos
Yg, = ho2 + hos 0 1— hgs 0 hos — ho2 , (B.22)
hoa +hos — f1 fo hoz—hoz 1 —ho2 — fo f1+ hos
hos 0 0 0 1— hge

where we have defined:

_ 1—2hp2—3hos —h1a+hos—h3s e 14-2ho2 —3hos —h1a+hos—h3a

fl 4 ) 4

(B.23)

Thus the block diagonal matrix X (m) containing the Adams coefficients for various cen-
tralizers will be:

Xg, = diag{Ys,, Yz,x25, YDu» Y75, Y2, } - (B.24)

Next, we go to the S5 group. There are seven conjugacy classes which we shall denote as
cc1, CCa, CC3, CC4, CC5, CCq, cC7 With the same ordering as given in its character table. The as-
sociated centralizers with these conjugacy classes are respectively S5, Dg, D4, Zg,Z¢, 24, Z5.
We only need to compute coefficients Y,g(m) for S5 group. The characters for m power
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of various elements of S5 is given in table (B.25).

96001 geCCQ QECC3 geCC4 gECC5 gGCCG gECC7
x(g™) | x(g™) | x(g™) | x(g™) x(9™) x(g™) x(g™)
X1 1 1 1 1 1 1 1
X2| 4 |2ho2+2| 4ho2 |3ho3+1 I3 4hoy 5hos—1
x3| 5 |4hoa+1|4hoe+1 | 6ho3—1 fa 6hos+2hos—1| bBhos | (B.25)
X4 6 6hoo | 8hpa—2| 6hos 6hog 6hos —2hos | Bhos+1
X5 9 6ho2—1 | 4hoa+1 | 6hg3—1 6hos—1 4hps+1 5hos
X6 4 6hoo—2 | 4hge | 3hoz+1|3hog—3h3e+1 4hoa S5hos—1
X7 1 2hpo—1 1 1 2hgo—1 2hos+2hoy—1 1

where we have defined,
f3 = 4hos — hi6 + hos + 2h3e + hag — hse ,  fa = Bhoe + hi6 — hos + hag — has + hse . (B.26)

The Adams coefficients are thus given as,

7
Vaslm) = 13 (Z eci] Xa(g™) Xﬁ(g_l)> - (B27)
=1

These coefficients can be arranged in a order 7 matrix Y, with o and 3 labeling its rows and
columns, which we will not present here. Thus the block diagonal matrix X (m) containing
the Adams coefficients for various centralizers will be:

Xgy = diag {Ys;, Yps, YDy, Y76, Y26, Y74, Y75} - (B.28)
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