arXiv:1801.06461v1 [math.AP] 19 Jan 2018

EXISTENCE OF THREE POSITIVE SOLUTIONS FOR A
NONLOCAL SINGULAR DIRICHLET BOUNDARY PROBLEM

J. Giacomoni* T. Mukherjeel and K. Sreenadh?

Abstract

In this article, we prove the existence of at least three positive solutions for the fol-
lowing nonlocal singular problem

(=A)°u = )\M, u>0 in Q,
(Px) uf
u=0 in R"\Q
where (—A)* denotes the fractional Laplace operator for s € (0,1), n > 2s, ¢ € (0,1),
A > 0 and Q is smooth bounded domain in R™. Here f : [0,00) — [0,00) is a continuous

nondecreasing map satisfying lim j 532 = 0. We show that under certain additional
uU—r 00

assumptions on f, (Py) possesses at least three distinct solutions for a certain range of
A. We use the method of sub-supersolutions and a critical point theorem by Amann [3]
to prove our results. Moreover, we prove a new existence result for a suitable infinite
semipositone nonlocal problem which played a crucial role to obtain our main result and
is of independent interest.

Key words: Fractional Laplacian, singular nonlinearity, infinite semipositone problem,
sub-supersolutions, three positive solutions.
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1 Introduction

In the present paper, we consider the following nonlocal singular problem

(—A)°u = )\f(u)’ u>0 in €,
(Px) ud
u=0 in R"\ Q
where s € (0,1), ¢ € (0,1), A > 0 and 2 is smooth bounded domain in R™. We have the
following assumptions on f € C1([0, 00)):
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(f1) f(0) >0,
!

(f2) lim L8 =,

u—oo ¥

—

(f3) w+ f(u) is non decreasing in R,

(f4) There exist a 0 < 01 < o9 such that ffj) is non decreasing on (o1, 09).

Note that from (f1) we have lim0 % = 00.
U—

Remark 1.1 [t is easy to see that the function f defined as f(t) = eart for any t > 0 with
a > 4q satisfy assumptions (f1)-(f4).

The fractional Laplace operator (—A)?® is defined as
u(@) — uly)
—A)u(z) = 2ch.V./ d
(-2 u(z) e

n nt2s
where P.V. denotes the Cauchy principal value and C7' = 7T_5228_18FF((138)), I' being the

Gamma function. The fractional Laplacian is the infinitesimal generator of Lévy stable diffu-

sion processes and arises in anomalous diffusion in plasma, population dynamics, geophysical
fluid dynamics, flames propagation, chemical reactions in liquids and American options in
finance, see [5] for instance. Fractional Sobolev spaces were introduced mainly in the frame-
work of harmonic analysis in the middle part of last century and are the natural setting to
study weak solutions to problems involving the fractional Laplacian. In this regard, the paper
of Caffarelli and Silvestre [8] on the harmonic extension problem have subsequently motivated
many works on equations and systems involving the fractional Laplacian (—A)®, s € (0,1).
We also refer [29] to readers for a detailed study on variational methods for fractional elliptic
problems and for additional references.

In the local case , i.e. s = 1, the study of elliptic singular problems starts mainly with the
pioneering work of Crandal, Rabinowitz and Tartar [11]. This seminal work inspired a huge
list of articles where authors have investigated many different issues (existence/nonexistence,
uniqueness/multiplicity, regularity of solutions, etc.) about singular problems in the local
and more recently in the nonlocal set up. We cite here some related works with no intent
to furnish an exhaustive list. The multiplicity of solutions for singular problem with critical
nonlinearity has been studied in [23, 25, 26] while the exponential critical nonlinearity has
been dealt with in [14]. Semilinear elliptic and singular problems with convection term was
first studied in [19] whereas [15] brought existence results to elliptic equations involving a
singular absorption term. We refer the surveys [18] and [24] for further details on singular
elliptic equations in the local setting. In the nonlocal case, singular problem with critical
nonlinearity has been studied in [6, 20, 30]. Recently, Adimurthi, Giacomoni and Santra [2]

studied the following nonlocal singular problem:

(=AYu=ANEK(z)u + f(u), ©>0inQ, u=0inR"\Q (1.1)
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where 6, A > 0, K : Q — RT is a Hélder continuous function in  behaves like dist(z, 9Q)~?,
B €[0,2s) and f is a positive real valued C? function. They established existence, regularity
and bifurcation results using the framework of weighted spaces.

Recently, [16] has established the existence of three non-zero solutions for a Dirichlet type
boundary value problem involving the fractional Laplacian. But the study of three solutions
for singular nonlocal problems was completely open till now. Our work brings new results in
this regard. We use the method of sub and supersolution combined with a fix point theorem
due to Amann to achieve the objective. For the construction of the barrier functions, we have
taken some ideas from [28].

The salient feature of this work is the presence of the singular term «~¢ which is a primary
hindrance in making the operator monotone. We slightly transform the problem to a new one
and show that the operator associated with it becomes monotone increasing and compact.
This idea had been formerly used in [13] in the local case. But here itself we remark that their
approach can not be directly applied to the problem (Py) due to the presence of the nonlocal
operator (—A)*’ instead of A. Most substantially, Theorem 3.6 of [13] can not be adapted
here due to the lack of an explicit form of (—A)%%(z) where 6(x) = dist(z, 02) denotes the
distance function up to the boundary. To overcome this difficulty we construct a subsolution
v satisfying

(—A)°v + (5‘1& <0in Q,

(z)
where ¢ > 0 is constant and €2, C . To obtain this, we separately study, by bifurcation
arguments, a nonlocal infinite semipositone problem (Iy) in section 6. This leads naturally to a
solution of the required problem. In the local setting, we refer to readers [31, 27, 22] concerning
infinite semipositone problems. But we indicate that 'nonlocal’ infinite semipositone problem
has not been studied in the past. So our results are completely new in this regard. The main
result of our paper is accomplished by using a well known critical point theorem by Amann
[3]. Last but not the least, we additionally prove the uniqueness of solutions to (Py) when A
becomes sufficiently large under appropriate condition of ’f’. This result is motivated by the
paper [9] of Castro, Eunkyung and Shivaji. Nevertheless, we point out that their approach
can not be exactly applied here due to the presence of the nonlocal operator (—A)%’. We
still succeed to obtain the result by an appropriate application of the Hardy’s inequality for

fractional Laplacian (refer section 5). Now we state the main results of our paper as follows.

Theorem 1.2 There exists constants A1, Ao > 0 such that if X\ € [\, \2] then the problem
(Py\) has at least three solutions in C’;l ().

Remark 1.3 Theorem 1.2 still holds if (f3) is replaced by the weakened assumption (f3’):
There exists k > 0 such that u — f(u) + ku is non decreasing in RT.

Theorem 1.4 There exist a A\* > 0 such that (Py) has a unique solution when X > \*.
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Remark 1.5 Since f(0) > 0, it is not difficult to show that for A > 0 small enough, there
exists a unique solution with small norm. Then Theorem 1.2 and 1.4 entail that the bifurcation

curve of solutions to (Py) emanating from (0,0) is S-shaped.

The outline of this paper is as follows: In the second Section we give some useful preliminaries
about the main equation in (Py). In the third Section, we construct the sub and supersolutions
used to apply the fixed point theorem of Amann. In Section 4, we prove the main result of
our paper: Theorem 1.2. In Section 5, we prove our main uniqueness result: Theorem 1.4
and finally in Section 6, we investigate the fractional and singular semipositone problem (1)

used crucially for proving the strong increasingness of the operator 1" in Section 4.

2 Preliminaries

We start with defining the function spaces. Given any ¢ € Co(Q) such that ¢ > 0 in Q we
define
Cy(Q) :={u € Cp(Q2)| 3 ¢ > 0 such that |u(x)| < cp(x), Vo € Q}

and the associated positive cone. We define the following
L>(Q)
open convex subset of Cy(12) as

with the usual norm H%

C’;(Q) = {u € Cy(Q)] ;23% > 0}.

In particular, C(; contains all those functions u € Cy(Q2) with k1¢ < u < k¢ in Q for

some ki, ko > 0. We consider the following fractional Sobolev space

Q) = {u e HR") : u=0inR"\Q}

equipped with the norm

— 2 2
|lul| = (/Q % d:ndy) , where Q = R?"\ (CQ x CQ).

Definition 2.1 We say that u € H*(Q) is a weak solution to (Py) if i%fu > 0 for every
compact subset K C Q and for any ¢ € H*(Q),

[-arup—op [ ) uoele) e, i [ S0, o)
Q Q Q

|z — y[rt2s

Definition 2.2 By a subsolution of the problem (Py), we mean a function v € H*(Q) which

satisfies (weakly)
f()

vl

(—A)°v <A v>0inQ, v=0imR"\ Q. (2.2)

Whereas if the reverse inequality holds in (2.2), we call v to be a supersolution of (Py). Also

we call them strict sub and supersolution if the inequality in (2.2) is strict.
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We define the distance function as 6(z) := dist(z,09), x € Q. Let ¢; s denotes the first
positive eigenfunction of (—A)® in H*(Q) corresponding to its principal eigenvalue \; s such
that [|¢1,s]/ 1) = 1. We recall that ¢1 s € C*(R") and also ¢1 5 € C5(2) (see for instance
Proposition 1.1 and Theorem 1.2 of [32]).

3 Sub and Supersolutions of (P))

In this section we show the existence of two pairs of sub-supersolutions ((1,%1) and (2, ¥2)
such that (1 < (o <, G < o < ¥4 and (o ;{ 5. Moreover it holds that (o, are strict

sub and supersolutions of (Py). Let w denotes the unique solution of the problem

1
(—A)sw:—q, w>0inQ, w=0inR"\ Q. (3.1)

w
Then from the proof of Theorem 1.1 of [2], we know that w € H*(Q) N ( ) and w €
C*(R™). We construct our supersolution v; first. Since (f2) holds, we get h u(f ) = 0. This

implies that if we choose a constant M) > 1 sufficiently large such that

F(My|lw| g ) 1
(Mx||wl| oo (y) 7T A||w||‘1+1

ie MITH> \f(My[w]| (o))

then ¥ = Myw € H* (Q)OC’J1 . () forms a supersolution of (Py). Indeed using non decreasing

nature of f we get

M - f(MAHwHLoo(Q))> f(Myw)

A T 7 A s VA T N T

Now since lin%) % = 00, we can choose m) > 0 sufficiently small so that
uU—r

f(mA¢1,s)
/\1,sm)\¢1,s < )\ma

Now we define ¢; = my¢1s € H*(Q) N C;rl .(2) and it is easy to see that

flmagis) /\f(Cl)
(m)\gbl,s)q (i] ‘

Therefore (; is a subsolution of (Py). It is not hard to see that we always choose m) small

for each A > 0.

(_A)s<1 = m)\/\l,sgbl,s <A

enough so that (; < 1. This completes our construction of first pair of sub-supersolution.

Our next step is to construct the second pair of sub-supersolution of (Py). We first con-

struct our positive supersolution ¥z such that [[J2(z~) = o1(see (f4)). Let us define
o1 w 75 +
Uy = Tl € H* ()N Cy, . () and assume that
g+1
0< A a
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Then using the non decreasing nature of f we find that it satisfies

Capn e Jellie () o)
> > / 2).
27 Jwllee yu (o1w)7 (ppe )"
lwll Lo ()

Now we construct our second positive supersolution of (Py) which is one of the crucial part
of our paper. For this, we let o € (0,01] be such that f*(¢) = min @)

0<z<o x4
h € C([0,00)) such that

and also define

o), fu<o

) =93 f)

ud

,ifuZUl

so that h is a non decreasing function on (0,01 and h(u) < fgj) for all v > 0. With this

definition of h, we consider a non singular problem
(@ { (~A)u=h(w)in @, u=0inR"\ Q.

Let Gg(x,y) denote the Green function associated to (—A)® with homogeneous Dirichlet

boundary condition in 2. Then we have

5/mewmwd%ﬁxem
u(z) = Q
0, ifz e R"\ Q.

Let B(0) denotes the ball (centered at 0 where w.l.o.g. we assume that 0 € ) of largest
radius R that is inscribed in Q and also let R < R. Suppose K : L2(Q2) — L2(Q) be the linear

map defined as
K(g)(z) = /Q Gs(z,y)g(y) dy.
Let xr : 2 — R be the characteristic function defined as
1, if x € Br(0),
xale) = {o, if 2 € O\ Br(0).

Then from Theorem 1.1 of [10], for each (z,y) € Q x Q we have that

0< Gy(z,y) < Cmin{(ss(x)és(y) (2) } . (3.2)

lr =yl 7z —y[ns

Therefore there exists a constant C7 > 0 depending in R such that
d
K(xr)(z) = / Gs(z,y) dy < Cés(az)/ 71/”_5 <y
Q Br(0) |z -y

-1
uniformly in z € Q. Let My = (migK(XR)(x)> > 0 and a € (01,02]. Also we define
e

v =ayxg in 2. Then if v; denotes a solution to the problem

(—=A)’v1 =h(v)inQ, vy =0inR"\Q, (3.3)
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then for each x € ) we get

o) = A /Q Gu(z, y)h(axs) () dy < Ah(a) /Q Gulz,y) dy

where we used the fact that h is non decreasing and xg < 1 in . Therefore v; < oy in Br(0)
if

A< M0,
= h(a)
Claim: v; > v in € for certain range of \.
Let z € Q\ Bgr(0) then since G4(x,y) > 0 for all z,y € Q and h(u) > 0 for all u > 0 we get
v(z) =0 <wvi(z). Now let z € Br(0) then

-1
, where M3 = <max/ Gs(x,y) dy> < 4o00.
e QO

or(z) = A /Q G, y)h(axr) () dy

) ( /B  Gelah) ay + /Q PRCACRII0 dy>

> )\h(a)/ Gs(z,y) dy, since h(0) = m > 0 and Gg(x,y) >0
Br(0) o4

o)

> A\
Mo

Msa
So if we assume that A > 2% then by definition of v we get

h(a)
vi(x) > a > v(x), forall x € Q. (3.4)
Hence we finally get that 0 < v < wv; < 09 in Q if

Mga < < M30'2‘
h(a) =7 h(a)

Since we assumed h to be non decreasing in (0, 02) (because of (f4)) we get h(v(x)) < h(v1(z)),
for z € . So v weakly satisfies the problem

(—=A)°v1 < Ah(v1)inQ, vy =0inR"\ Q

Since h(v) € L*>(2), using Theorem 1.2 of [32] we get that v; € C*(R™). This gives us that vy

forms a subsolution of (@Q)). Moreover (3.3) and the strong maximum principle implies that
f(u)

vy > 0 in Q. Therefore, using the fact that h(u) < 7
u

forms a positive subsolution of (Py).

for all v > 0 implies that (o = v

Therefore we got that if

g+1
AL = 2/[2a§>\§min{ 91 pm| ,]\}14302}:: A2
(a) f(Ul)HwHLoo(Q) (a)

then we obtain a positive subsolution (» and a positive supersolution ¥ of (Py) such that
(o f ¥9. Indeed, H’L92||Loo(Q) = 01 and ||<2||LOO(Q) >a > 0].
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4 Proof of main result

In this section we prove our main result after establishing some necessary results. We begin

by noticing that our problem (Py) can be rewritten as

(PA){(—A)Su f(O) fu), u>0nQ, u=0inR"\Q

where f(u) = A <w> We fix that A\ € [A1, Ag]. Since f € C'([0,00)) , by Mean

value theorem we get f(u) = Af/(v)u'~9 for some v € (0,u). Also this implies f(0) = 0

because }irr(l)| f'(t)] < oo and ¢ € (0,1). Therefore f can be considered as a continuous
%

function on [0, 00) such that f(0) = 0. We assume also the following-
(h1) There exists a constant k& > 0 such that f(t) + kt is increasing in [0, 00).

Definition 4.1 We say that z € H5(Q) is a weak solution of (Py) if i[n{fz > 0 for every
compact subset K C Q and for any ¢ € C°(Q),

n [ (@) = 2() (o) — o)) _
C /Q dzdy — A\f(0) | = Y dr = / f(2)e da. (4.1)

° ‘.Z' - y’n+2s Q 24

We remark that for any ¢ € H*(Q) and z(z) > k16°(z) in Q, Hardy’s inequality gives that

/QZ dz| < &y |;(é))|5s(1 D (x )dx§k1< |(‘;02(8 > (/ 5200 (5 )dx)l < Ol

where k1, C > 0 are constants. So now following the arguments of Lemma 3.2 of [20] we can
prove that a weak solution z € H*(2) of (Py) satisfies (4.1) for every p € H*(Q) if z > k16°(x)
in Q.

We extend the function f and f naturally as f(t) = f(0) and f(t) = f(0) for t < 0.
Because of the assumption in (hl), w.l.o.g. we can assume that f is increasing in R*. Now

we define a map T : Co(Q) — Cy, () as T'(u) = z if and only if z is a weak solution of

f(u), 2>0inQ, z=0inR"\ Q.

(Sx) { (—A)°z — /\@

By saying that z € H*(Q) is a weak solution of (Sy), we mean that it satisfies

n [ (@) = 2)(e(x) — oY) %
CS/Q dzdy — Af(0 / da:—/f Jdz. (4.2)

|z —y|"+>

for all ¢ € C°(9). But repeating the arguments as above for (Py) we can show that z € H*(Q)
of (Sy) satisfies (4) for every ¢ € H*(Q) if z > k16°(z) in Q.

Proposition 4.2 A function z € H*(Q) N Cs,.(Q) is a weak solution of (Sy) if and only if
z 18 a fized point of T'.
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Proof.  Suppose z € H*(Q) N Cy,.(Q) is a weak solution of (S)) then it is clear that z
forms a fixed point of the map 7. Conversely assume T'(z) = z for some z € Co(f2). Then it
satisfies (4) but it remains to show that z € C(j)'l .(22). Since z > 0 in Q and f(2) is locally

Holder continuous in €2, we can follow the arguments of Theorem 1.2 of [2] to obtain that
z € C;rl (). |

Proposition 4.3 The map T is well defined from Cy(2) to C;rl ().

Proof. Let u € Cy(Q) and define v = f o u then v € Cy(Q) and v > 0 in Q. To show that T
is a well defined map we need to show that (S)) has a unique solution corresponding to the

above u. We introduce the following approximated problem for ¢ > 0

f(0)
(z+e€)

(Sf\){(—A)sz— f(u), 2>0inQ, z=0inR"\ Q.

Then (S5) has a unique solution in H*(Q). Indeed, let H*(Q)* denote the positive cone of
H*(Q) and define the energy functional E, : H*(Q)t — R as

2|2 .
E(z) = ” 2H —Alf(—_ozz /Q(z+e)1_q d:z:—/ﬂf(u)z dz

where z € H5(Q)T. Then E, is weakly lower semi-continuous, strictly convex and coercive in

H*(Q)*. Therefore, E. admits a unique minimizer, say z # 0 in H*(Q)T. Since for small
t > 0 the term t'74 / (z + €)'77 dz dominates so E(tz) can be made small enough and we

Q
get inf FE. < 0. We choose m > 0 (independent of ¢) sufficiently small such that

He(Q)F
fo) .
< .
mA1sP1,s < U+ )\(mqus 1) in
Then we get that
s f(0 f(0 .
(_A) (mﬁbl,s) = mALsQSl,S é v+ A(’I’]’qul’(si—)i—l)q é v+ )\m in €. (43)

Claim (1): m¢; s < z, for each € > 0.
We define Z. := (m¢1 s — ze)" and assume that meas(Suppz) is non zero. Then n: [0,1] — R

defined by n(t) = E(z + tZ) is a convex function since E| 7. (@)+ is convex. Also

11\ _ m ((2e + Ze)(x) = (2 + 2)(y)) (Ze(2) — Ze(y))
n(l)_CS/Q @ — |2 dwdy_A/(zﬁzﬁe /f B

n (0,1]. The fact that z is a minimizer of E, gives that lim+ n'(t) > 0and 0 < 7/(0) < 7/(1).
t—0

Let us recall the following inequality for any 1 being a convex Lipschitz function:

(=A)*p(u) < P (u)(—A)%u.
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Therefore using this with ¢(z) = max {z,0} and (4.3), we get /(1) < (E.(m¢1,5),2e) < 0
which is a contradiction. Hence supp(Z.) must have measure zero which establishes the claim
(1). Thus E is Gateaux differentiable at z. and z, satisfies (Sf) weakly. Since

; f(0)

fu) + /\(z ST € L>(Q), for each € > 0,

from Proposition 1.1 and Theorem 1.2 of [32] and claim (1) we get that z. € CS(}R")OC;{1 L(Q)
for each € > 0. Thus following the arguments in proof of Theorem 1.1(p.7) of [2] we can show
that {zc}es0 is a monotone increasing sequence as € | 0% that is for 0 < € < €, it must be

2zer < Ze in ). Thus we infer that z = hni Ze > mey 5. From z, satisfying (S5) we obtain
el0

2| = A/ —da +/f W)z da. (4.4)

We recall the function w € H*() N C;'H(Q) satisfying (3.1). Let Z = Mw for M > 1
(independent of €) sufficiently large so that

FREY0)
M <wq (M)

> > f(u) in Q.

Then 7 satisfies

arzadl M MO (L)

Z+e) wi  (Mw+e)d

wl  (Mw)4

> > f(u)in Q.

Now we prove that z. < Z by using a comparison argument, which we will refer as comparison

principle in future. We know that h = (2. — Z) € H*(Q) satisfies the equation

(A)*(ze —Z) < Af(0) <(25 j_ 9 &= i e)‘l> in Q. (4.5)

If we denote h™ = max{h,0} and h~ = —min{h,0} then h = h* —h~. Let Q) = {z € Q:
ze > 7z} and Qp = Q\ Q) then testing (4.5) with AT gives

n [ (W@) = hy) (R (@) = h(y) 11 * da
CS/Q & — s d dygAf(o)/QZ <(zg+e)q (2+6)q>h dz.

(4.6)
It is easy to see that (h(z) — h(y))(hT(z) — hT(y)) = h(z)hT(z) > 0 on Q x CQ and (h(z) —
h(y))(h*(x) — hT(y)) > 0 on Q) x Q. This gives

W) (A" (x) — h*(y)) (h(z) — h(y)) (W (x) — h* (y))
O</Q+ /Q+ da:dyg/Q dxdy.

‘x_y‘n—i-Zs ’x_y’n+2s

Therefore from (4.6) we obtain

<& /m /m r j(hrn(mi D qady < ar(0 /Q; ((ze eeTh o e)q> hdr 0.
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Hence it must be that ze < Z in Q for each ¢ > 0. Now we use this in (4.4) and Holder
inequality to get

lze]l* < Af(O)/Q?H dz + |[f()llz2 (@12l 2 (@) = mo < +o0

which implies lim sup || z|| < +00. Thus {z}e>o is a bounded sequence in H*() and so there
e>0

must exist a z € H*(Q) such that, up to a subsequence, z. — z weakly in H*(Q2) as ¢ — 0.
We already know that z. — z pointwise a.e. in (2. Moreover by Hardy’s inequality, for any
© € H*(Q) we get

¥ ¥
(ze + €)1 (mar,)1
Therefore we can use Lebesgue Dominated convergence theorem to pass through the limit as
e — 0% in (S5) to obtain

n [ (@) = 2(y)(e(@) —e(y)) 3 Care | Flulods
CS/Q 7 = g dxdy )\f(O)/Qqu —/Qf( Jedx.

0< c LY(Q).

that is z is a weak solution of (S)). Finally it remains to show that z € C’(;'l (). But it
easily following from z > z > z. > m¢1 s in 2. Thus, T" is well defined and this completes the
proof. [ |

Before proving our next result, we recall Theorem 1.2 from [12] as follows.

Theorem 4.4 Let c € L}, () be a non positive function and u € H*(S)) be a weak superso-
lution of
(—A)’u = ce(x)u in Q

then

1. If Q is bounded and u > 0 a.e. in CS) then either u > 0 a.e. in Q or u =0 a.e. in R".

2. If u >0 a.e. in R"™ then either u >0 a.e. in Q or u=0 a.e. in R".

Lemma 4.5 The map T is strictly monotone increasing from Co(2) to C;rl S(Q)

Proof. First we show that 7" is monotone increasing. For this, we let u;,us € Cy(£2) be such

that u; < ug. Then f(uy) < f(ug), since f is increasing. Now let z; = T'(u;) for i = 1,2, then

each z; satisfies

f(0)
q

2

(—A)Szi—)\ :f(ui), z; > 0in Q, z; = 0in Rn\Q
and % := (23 — 21) € H*(Q) satisfies

(“A) (23 — 21) — AF(0) (iq - iq) — F(us) — Fu) > 0in €. (47)

2y A
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Then testing (4.7) with 2~ gives

[ G =) g, g0
Q >

|:E - y|n+23 {z2<21}

(iq - iq> sde. (48)

2 A

It is easy to see that the right hand side of (4.8) is non positive and the left hand side can be
estimated as

(2(z) = 2(y) (2" (=) — 2~ (y)) a 27 (2) = 2~ (y)]? .
/Q dzdy < /{22<Z1} /{22<Z1} | dxdy < 0.

|l‘ _y|n+2s x_y|n+2s

Therefore it must be that z— = 0 in Q that is 29 > 27 in Q. Now we assume that us > u
and uy # uy then we show that z5 > z; in 2. We already know that z5 > z; and by Mean

value theorem we get that there exists a £ € (21, 22) such that (4.7) can be written as

(—A)*(z2 — 21) + Af(0) (5%) (22— 2) = fluz) = flun) 20in . (49)
Let c(z) = (D) then since £ € (z1,22) and z; € C’;LS(Q), for i = 1,2 we easily get that
c € L},.(2). Therefore from Theorem 4.4, we obtain that zo — 2y > 0 in . That is T is a
strictly monotone increasing map. [ |

The proof of our next result is motivated by the proof of Lemma 4.3 in [2].
Proposition 4.6 The map T : Cy, () — Cy, () is compact.
Proof. Let u € Cy, () and T'(u) = z € Cy, () then z solves (Sy). We can write z as

2= (A) (A%) +(=A)*(f(w)) in Q.

Let {ugtren C Cg, ,(2) be a bounded sequence that is sup < +oo and T'(ug) =

5]

keN Il 6% 1120 ()
2 € Oy, () for each k. Then we have

s 0 s ¥ .
=@ (WL2) + o)<y mo
k

From the proof of Proposition 4.3 we infer that me; ; and Mw forms sub and supersolution
of (S)) respectively for appropriate choice of positive constants m and M (independent of k).

Then by weak comparison principle we get that
me1s < zp < Mw that is k16°(z) < zp(x) < kod®(x) in (4.10)

for some constants ki, ko > 0. In order to prove compactness of the map 7', we need to show

that the sequence {z;} is relatively compact in C’(;'l (22). Since {uy} is bounded in Cy, (£2)
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we get f(ug) € L®(Q) and sup ”f(Uk)HLoo(Q) < () for some constant C1 > 0. Therefore from
keN

Theorem 1.2 of [32] we obtain
HM < O f (up) || poo () < O (4.11)

” Coe(Q)

for some constant C,Cy > 0 (independent of k) and 0 < o < min{s, 1 — s}. Now for fix € > 0
we define the set

De:={xe€Q: d(x) > €}
and let xp. denote the corresponding characteristic function on D.. We also define the

following functions

b= (0 (W) 4 o)
k

g (1@ (MO0

k

zyszArf<ﬁﬁ%¥;ﬁﬁ>>ﬂ—me

2k

then clearly, z = Z;’E—Fz,z’e—kz,z”e. Therefore it is enough to prove that each {22’5} fori=1,2,3

is relatively compact in Cy,  (£2). Because of (4.10) we have

S Oxo, _ fOx0, _ | (0)

Z]Z - klésq(l’)_ kqe39

which implies

J(0)xp.

q
2k

A

< C3 = Cs(e)
L*>(Q)

sup
keN

for some constant C3 > 0. So from (4.11) and Theorem 1.2 of [32] we infer that

f(0)xp,

q
2k

(=)~ f (ur)
oS

_|_
L (Q)

<Ci=0Cule)  (412)
CO(Q)

<c|»

COe(Q)

for some constant Cy > 0. Thus for each fixed € > 0, {zi’g} is relatively compact in Cy, ().

Considering the sequence {Zz,5}7 for any z, 2’ € D3, we get

2@ @)
0% (x) 9% (")

_ /Q<Gs(:v7y) Gs($/7y)> O = xp) )

o) o5(a) 2 (y)

/ <Gs(w,y) Gs(w’w)) (1-xp)() dy‘
Q

<

6°(x)  o°(a’) k10%(y)

Gs(x,y)
9°(x)
is Holder continuous in Ds. uniformly with respect to y € '\ D, (but still depending on ¢).

for some constant C’ > 0. It has been proved in Lemma 4.3 of [2] that the map x —
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This implies that there exists C. > 0 constant such that ||Gs(z,y)|cs(p,) < Ce uniformly
with respect to y € Q\ D.. Therefore we finally get that

2(x) B 2 (')
0% (x) 9% (x")

~

~ 1
§C’Ex—x'5/ dy < Clz — 2'|°
=l S, ) =]

for some constant C¢, C. > 0. This clearly gives that {2,3’6} is relatively compact in Cy, _(€2).
Lastly we consider the sequence {22’6} and fix 8 € (sq,s). Recalling the estimate (3.2) for
Gs(z,y), for z € Q\ D3 we get

2% () f0) [ Gs(z,9)(1 = xp) ()
k _ €
(@) | 'Aasm / S B dy‘
Af(0) i (S @) (y)  6(2) 1 413
= 5w /R"\De < z =yl !w—y!"‘s> k16%(y) dy' )
6B—sq min 58(3/) 1 1 Eﬁ—sq
< A0) /]R"\Ds (!w —y* [z~ y\’”) k168 (y) dy < ().

Now we show that {;—Iz} is relatively compact in L>°(€2). Let 7 > 0 be small enough. Then
3¢
“k

< 7. For
Leo(Q)
each such € > 0 we can get a convergent subsequences {z,ijl} and {z,ifl} of {z,i’e} and {Z,z’6

because of (4.13) we can always choose e small enough such that

respectively in L°°(€2), since they are relatively compact in Cy,  (€2). Hence we have

1,e 176 2.€ 276
Z z z2;) z 2
H km _ km’ < km o km’ + km km’ + 2T S At
98 05 1L () s s 0% 0%
Le=(9) Le=(9)

when m,m’ > K for some K € N. This implies that {2, } is a Cauchy sequence in Cy, ,(9)
and hence convergent too. This proves that the sequence {z} is relatively compact in
C¢1,s Q). u

We seek help of solution to a nonlocal infinite semipositone problem (discussed in later
section) for proving our next result that is the map 7' is strongly increasing. By strongly
increasing, we mean that if u; < ug and uy # ug then T'(ug) — T'(u1) € C;FM(Q)

Theorem 4.7 The map T : Cy, [ (2) = Cy, () is strongly increasing.

Proof.  Let u; < ug such that u; # ug and T'(u;) = z; for ¢ = 1,2. Then from Lemma 4.5
we already know that z; > 29 in Q and 2z — 21 € C¢1,S(Q). So it remains to prove that there
exist a k1 > 0 such that k10%°(z) < (22 — z1)(z) in Q. We know that (22 — z;1) satisfies (4.9)
and since z1(z) < {(x) < z2(x) in Q and each z; € Cy, (), we can get a constant k > 0 such

q k
that )\f(o) fq+1 < 5s(q+1)(x)

in Q2. Therefore if we set Z = (22 — z1) then we obtain

£>0,2>0inQ, 2=0inR"\Q. (4.14)
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From Theorem 6.2, we know that for sufficiently small § > 0, there exists a v € C(j)'l L(Q)

which satisfies weakly
0 . .
(—A)sv:vp—ﬁ,v>01n§2, v=0inR"\ Q

where v € (¢,1) and p € (0,1). So there exist constants mqy,mg > 0 such that m;0°(x) <
v(z) < med®(z) in Q. From this we get

kv s, 0 kv <P my, 0 mok

+ §5(a+D) () =V v () + ostatl)(z) = 557 (x) + 0%4(x)

(—A)%v in Q. (4.15)

TTL29

Since v € (g,1), the term dominates near the boundary of Q. We define Q, = {z €

67 (x)
Q: d(z) < n} and choose n > 0 small enough so that (4.15) gives
(—A) M ) v 0inQ,, v=0mR"\ 0 (4.16)
— U+ 53([14‘71)(;1;) <0, v>01m 7 v=0VuU1n .
From (4.14) we have
(CAYE 4+ — S0 2500, Z=0mR"\Q (4.17)
— z+ m > U, 2z>01m 7 Z=Uln .

We choose m3 > 0 small enough such that mgzv < Z in Q \ Q,. Thus from (4.16) and (4.17)
gives

k(msv — 2)
§s(g+1) (gj)

By comparison principle we get m1m3é®(z) < mav < 2 in €. Since 0 < Z € Cy, (£2), we get

15121\fQ Z > 0. Hence there must exist a constant k; > 0 such that k1¢1 s(x) < Z in €. This
e n

proves that (29 — 21) € C;Z,S(Q) and the map 7' is strongly increasing on Cy, ,(€2). ]

(—A)*(mgv — 2) + <0inQy,, (m3v—2) <0inR"™\ Q,.

We recall a fixed point theorem by Amann [3] which will help us to get the desired result.

Theorem 4.8 Let X be a retract of some Banach space and f : X — X be a compact map.
Suppose that X1 and Xo are disjoint subsets of X and let Uy, k = 1,2 be open subsets of X
such that Uy, C Xi, k = 1,2. Moreover, suppose that f(X) C X and that f has no fized
points on Xy \ Ux, k = 1,2. Then f has at least three distinct fixed points xi,xo,xs with
rp € X, k=1,2 and x GX\(XlLJXQ).

We also recall Corollary 6.2 of [3].

Lemma 4.9 Let X be an ordered Banach space and [y1,ys2] be an ordered interval in X. Let
[ ly1,y2] = X is an increasing compact map such that f(y1) > y1 and f(y2) < y2. Then f
has a minimal fized point x and a mazximal fized point T.
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Now the proof of the main result goes as follows.

Proof of Theorem 1.2: To obtain solutions of (Py) or equivalently (Py), it is enough to
find fixed points of the map T, thanks to Proposition 4.2. We define the sets X = [(1, 4],
X1 = [(1,92] and Xy = [(2,71]. Since X and Xs for each i = 1,2 are non empty closed and
convex subsets of Cy, (€), they form retracts of Cy,  (2). By construction (done in section
2), we know that X; N Xs = () in X. Since (; and ¥; are ordered sub and supersolutions of

(Py) respectively and T is strictly increasing (Lemma 4.5), by comparison principle we obtain
G <T(G) <T(W1) <.

This implies that T(X) C X and similarly it also holds that T'(Xy) C Xj for k = 1,2.
Because of Proposition 4.6 and Theorem 4.7, we get that 7" : X — X is compact and a
strongly increasing map. It has been proved that 5 is a strict supersolution of (Py) and
T(¥2) < ¥9. So using Theorem 4.4 we infer that T'(V2) < Y2, T'(V1) < V1, T(¢1) > (1 and
T((2) < (2. Therefore Lemma 4.9 implies that 7" has a maximal fixed point u; € X; such
that uy € (¢1,72) and a minimal fixed point uy € X5 such that ug € ((2,91). Now repeating

the arguments in Theorem 4.7, we can prove that there exist constants ai,as > 0 such that

up > a1¢1,s + 1, U2 —uy > a1dy s, uz +az01s <91 and ug — (o > asdpy s in Q.

We define the open ball B in X as

P
qbl,s

B:=Xn {gp € Cy, () : ‘ < a} with @ = min(ay, az).

Lo ()
Then for each i = 1,2, u; + B C X; and thus X;’s have non empty interior. We construct
open balls around each fixed point of 1" in X; for each ¢ = 1,2 and take U; as the largest
open set in X; containing all these open balls and such that X; \ U; contains no fixed point
of T'. Now applying Theorem 4.8, we get the existence of third fixed point uz of T lying in
X \ (X1 N X3). This completes the proof. ]

5 Uniqueness for large A

In this section, we prove that (Py) admits a unique solution when \ is sufficiently large. We
assume only that f € C1([0,00)) satisfies (f1)-(f3) and

(f5) there exists a o > 0 such that f(u

is decreasing for u > a.

Theorem 5.1 The problem (Py) admits a solution for each \ > 0.

Proof. We recall the first pair of sub-supersolution ((y,71) of (Py) constructed in section

2. Without loss of generality, we can assume that f is non decreasing in [(y,v1]. As in the
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proof of Theorem 1.2, we can show that if X = [(1,%;] then T : X — X is strictly increasing,
compact map and 7T'(X) C X. Therefore we can apply Lemma 4.9 to conclude that 7" has a
fixed point uy in X. Then Proposition 4.2 gives us that uy € Cé;,s(Q) is a solution of (Py)
which completes the proof. [ |

Lemma 5.2 Any positive solution uy in C;rl Q) of (Py) satisfies uyx > ©\w in Q where

O, = ()\f(O))ﬁ and w is the solution to (3.1).

Proof. Let uy solves (Py). Since f is nondecreasing, we get

M (ux(z)) _ Af(0)
—A)uy(x) = > in
and AF(0)
AP (Ow)(z) = in Q.
(—A)*(O\w)(z) (©r0)i()
Therefore by weak comparison principle (see Lemma 4.5), we conclude that uy — © w > 0 in
R™ . ]

Corollary 5.3 There exist a minimal solution of (Py) in C(;;’S(Q), for each A > 0.
Proof. From Theorem 5.1 we know that (Py) has a solution u) € C’;LS(Q) such that
¢ <uy<vin
where both (;,7; € C(;’LS(Q). Now the result follows from Lemma 5.2 and Lemma 4.9. m
Theorem 5.4 There exist a \* > 0 such that (Py) has a unique solution when A > \*.

Proof. Let uy and uy be two distinct positive solutions of (P)) in C’;l _(2) such that uy is

the minimal solution as obtained from Corollary 5.3. So it holds that uy < ) in 2. We have
U U _

<f( ) Lﬁ) (ur—@) de (5.1)

q
L L

/Q(—A)S(UA — @y (uy — @y) do = )\/

Q

which gives

_ 1
C;LH(U)\—?])\)‘P = )\/ <L7f1)\) — f(_,L;)\)> (U)\—ﬂ)\) dz = )\/ </ f(l)(U)\ + t(ﬂ)\ — U)\)) dt> (U)\—ﬂ)\)2 dz
Q Uy Uy Q 0
(5.2)
where fo(u) = LZ). From Lemma 5.2 we know that uy > ©\w > ©,k16°(x) in 2 for some
k1 > 0. So if we define

Qo= {z e fl(:n)ZO}C{ﬂfeﬁi 58(33)3@;:1}
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where f1(z / foluy + t(ay —wy)) dt, then uy(x) > « in Qy. From (5.2) we obtain

O™ (u — )| = A ( / (@) (ux — an)? do + / Fr(@) (us — 13)? dw) .
Qo Q\Qo
Since f; <0 in Q\Qo,
O™ (un — )| < A / Fr(@) (ux — 32)? da (5.3)
Qo

We also notice that /\hrf d(x) = 0 for x € Qy and since by (f5) uy + t(uy — uy)(x) < « for
— 400
z € Q, there exists a My > 0 such that |f'((uy + t(ux — uy))(x))] < My for all € Q.

Therefore we also have the following estimate using Hardy’s inequality

< P ((ua + t(ay — uy)(2))
(ux +t(ux —uy))(z)

A A (@) de < )\/ dt> (ur — 1y)(x) da

Qo
<angy [ BSE)
Qo u)\(ﬂj)

— i )? (2—q)

< )\Mz((a,\/ﬂ)_q/ (= i) (2)0 (z) dz, since uy > O, w

Qo 628( )
2—q = \2
g (ux — ux)*(x)
< AM. k1) ATA A\
AM3(© k1) (@,\k1> /Qo 5% (1) dx

< CN)(ux — )|

(1=q)
where C(\) = O(A™ g ). This gives a contradiction for A large enough since ¢ € (0,1).

Therefore we state that uy = u) when \ is sufficiently large and this completes the proof. m

6 A fractional and singular semipositone problem

We devote this section to prove the existence of weak solution for the following nonlocal
infinite semipositone problem

(Ip) :  (—A)v=0P — v>0,inQ, v=0inR"\Q

Ha
where p € (0,1), 0 is a positive parameter and v € (g, 1). Before this we consider the following

problem
(Ip):  (—A)Y’v=2", v>0,inQ, v=0InR"\Q

for p € (0,1). The energy functional Ey : H5(Q) — R associated to (Iy) is given by

||U||2 1 / 1
E =C" - P+l g
O(U) s 2 p + 1 o |U| €

for v € H*(R2). Then Ej is weakly lower semicontinuous and coercive which implies that F

possesses a global minimizer say vg € H%(Q). Since inf Ey < 0 and Eo(|vo]) < Eo(vo), we
H#(Q)
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get vg Z 0 and we can assume that vg > 0 in 2. Now it is easy to see that vy solves the
problem (Ip) weakly. From Proposition 2.2 of [7], we say that vyp € L*°(€2) and then using
Theorem 1.2 of [32] we conclude that vg € C*(R") N Cy, (). Now by strong maximum
principle it follows that vy > 0 in Q. For n > 0 small enough, n¢; , forms a subsolution
of (Ip) and then it is easy to show by weak comparison principle that vy € Cd:,s(Q)‘ The
uniqueness of vy as a solution of (Iy) follows by using the Picone identity (Lemma 6.2 of [4])
and following the arguments in Theorem 5.2 in [21].

For fix p# > 0, let us consider the solution operator G(0,v) : {|0] < u} x Be(vo) — Cg, ()

defined as 9
GO,v) :=v—(—-A)"*° <vp - —>

vY

for (6,v) € {|0| < u} x Be(vo), where B.(vg) denotes the open ball in C;Z,S(Q) with center vy

and radius € > 0. We point out that for € > 0 small enough, B.(vg) C C(;_l,s (). Furthermore,

G(0,u) = 0 if and only if u solves (Ip). Let (6,v) € {|0] < pu} x Be(vg) then (—A)™%vP €

Cy, (), by Theorem 1.2 of [32]. Since v € L*>(Q2), we have that (—A)™%P € Cy, ().
0

Moreover (—A)™* <v7> € Cy, () follows from Theorem 1.2 in [2] and the fact that v €
C’;l _(22). Thus the map G(-,-) is well defined.

Lemma 6.1 The map G is continuously Fréchet differentiable.

Proof. 'We begin with showing that G is continuous. Let v, v, € Be(vp), || < p and 7 € R"
be such that (|lvg — U”Cm (@ *I7]) = 0as k — oo, then

|G(0 + T,v,) — G(0,v)| =

(or = v) = (=A) (v — ") + (=4) 7 (9# . ) ‘

oo
< (e = v)lle,, @P1s + Cill(v] — vDlle,, @91
_ (v — v) T
0|(—A)"* —
#olea (o=t )
< l(ve = 0)lle,,  @@1s(@) + Cull(vk = 0)llc,, (@)P1.s

(e =)y, @ .
o ( e *aswx))

+ Cs0

for appropriate constants C; > 0, i = 1,2,3. Now Proposition 1.2.9 of [1] gives that
G0 + 7,01) = G(0,0)] < Ol = vlic,, (@) +[T)e1s

which implies that G is continuous on {|f] < u} x Be(vp). Following similar arguments we
can show that

lim G0,v+tp) — G(0,v)

t—0+ t

=6 —p(=A) (W ¢) = 9(=A) ()



Nonlocal singular equations 20

for v, ¢ € Be(vp). This implies that G(0, ) is Gatéaux differentiable and
DyG(0,0)(¢) = ¢ —p(=A) (WP 719) — O(=A) (w7 1g).
Next, to prove that G is Fréchet differentiable we first consider
G0, v+ ¢) = G(6,v) — D,G(0,0)(¢)|
— ‘_(—A)—S (v + )P — P — prP~1g) +0(—A)~* ( L1, fla ) ‘ .

(V@) vyt

Since v € C;l () and ¢ € Cy, (), we get ‘%‘ < K for some constant K > 0. This along

with Taylor series expansion gives for some 6, € (0, 1)

_ p(p — 1)¢*
(v + @) — P — po? 1¢ = 2(v + Oyp)2 P

< CH¢H20¢1,S(Q)-
So applying Theorem 1.2 of [32], we get that

[(=A)™* ((v+ @)P — P —prPlg) | <O (H¢II%¢LS(9)> :

Also similar idea gives, for some & € (0,1)

I 1 v 79 v s (v+ &)t — 7t
(+e) w7t (v ettt (v(v +&19))7H
112, ()
SO

for appropriate constant Cy > 0. So again using Proposition 1.2.9 of [1] we get

o (- =+ 25| <0 (112, o).

Therefore we get
[G (0.0 + 6) — G(0.0) — DuG(O.0)(D)c,, (@) = 085 [Bllcy, (@) — 0.

Now we prove continuity of D,,G(#,v). Consider {vy }reny C Be(vg) such that HUk_UHC¢1 @ —
0 as k — oo then 7
I(DuG(6, ) - DG, 0)dllc, (o)
|’DUG(67 Uk) - DvG(67 U)H - sup : .

0£6ECs, () olle,, @

We have that

(DLG(6, v1) = DuG(8,0))6 = —p(—=A) (] — o7~ 1)g) — 76(—A) " (% S )

7+1
4 v

But using ¢ € Cy, () and again using similar arguments as before we get

(DG (8, 0k) = DuG(0,0))8] < O (Ibllcy, @ (I = 0" e, o + v = vllcy, @)
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which implies that D,G(6,v) is continuous. Similarly we can prove that Dy(6,v) exists and

is continuous where Dy(0,v) = (—A)~% (£). ]

The linearisation of the map G with respect to the second variable at (0,v) € {|0] <
p} X Be(vg) given by 9,G(0,v) : C;rl [(Q2) = Cy, () is defined as

0vh

8,G(0,0)h = h — (—A)~* <pvp_1h + > , for h € Cy, ().

Since vg solves (Iy), clearly G(0,v9) = 0. Now we will show that the map h — 9,G(0,v0)h is

invertible. To do this, we will be studying an eigenvalue problem. Let us define

2 p—1, 2 d
Nim g (LEoplorh wodr) <Hu||2—p/vg_1u2 d:z:>
0Zuc Hs () Jqu? dz 5 0

where S = {u € JZIS(Q),fQ u? dr = 1}. Then by Hardy’s inequality and vy € C(;S(Q) it
follows that

2
p—1 2 U s(p+1)
v udazgkg/—é dr < +o00.
f 0 95 (2)
So the functional
Too(u) = |jul? —p/ vg_luz dx
Q

is well defined on H*® (©). Following standard minimization arguments and using compact
embedding of H*(Q) in L?(Q), it is easy to show that inf Ing(S) = Ipo(¢)) = A for some
¥ € S. Also since Ipg(|Y)]) < Ipo(t0), by minimality of ¢) we assert that without loss of
generality we may assume that ¢ > 0. Then ¢ satisfies

(A =AY +pub 'PinQ, v =0inR"\Q (6.1)

which implies that 1 is an eigenfunction corresponding to the eigenvalue A for the operator
(—A)*— pvg_l with homogenous Dirichlet boundary condition in 2. We obtain ¢ € L>°(Q2) by
following the arguments in Theorem 3.2 (p. 379) of [17]. So local regularity results assert that
e Cf (Q). We claim that ¢ > 0 in  because if is not true, then there exist a zg € K € Q
such that 1 (z9) = 0. But this gives

0> 2C§‘/ Wizo) — ¥(y)) dy = Ay +pv*g_1(xo)1/1(xo) =0in K

|z — y["+2e

which is a contradiction. Therefore ¢¥» > 0 in 2.

Claim(1): A is a principal eigenvalue.

We have to show that any eigenfunction (say 1) associated to it does not change sign. Assume
by contradiction that )™ 2 0 and )~ # 0. Then

o [ PRV @ 0 g,
Q

S o =y

_(m W7 (2) = W)W (@) =) 4 g PT@PTY) 4
= (! </Q [ — g2 dyd +2/Q o — g2 dyd >

_ + p—1 +
—A/Qzﬁqb dx+p/gv0 Yy de.
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Now if 1,1~ # 0 then
, [ @t

[0t = p [ 7w = A [ (@) do - S dydo < A [ () da
Q Q o |l —y[nr2s Q
but this contradicts the definition of A. This proves the claim.
Claim(2): A is the unique principal eigenvalue.
Suppose not, that is let Ag is another principal eigenvalue of (—A)* — pvg_l and vy € H ()

denotes the corresponding eigenfunction. Then 1y > 0 in 2 and satisfies
(=A% = Aot + pvf "o in 2, 1y =0 in R™\ Q. (6.2)

Testing (6.1) with 1y and (6.2) with 1 gives

A/wao dszo/ﬂwOw dz.

Since 1,19 > 0 in , we get A = Ayg.

Claim(3): Any nonnegative eigenfunction v € C’;LS(Q).

For sufficiently small n > 0, using Theorem 4.4 and Hopf Lemma, it is easy to show that
Y > neo1,s. Assume fisrt that A > 0 then

b= A(—A)"5 + p(—A)~* <1i_p> in Q.

Yo
Since ¢ € L>(2) we get (—A)7%Y € Cy, ,(22). Also since vy € C;l () we get that

(0 c

~ in O
e ST

Y
vy P
with s(1 — p) < s. Therefore ¢ € C’(j)'l .(©2) when A > 0. In the other case, if A < 0 then v

satisfies

for some C' > 0. So (—A)~* ( > € C’(;'l .(92), follows from Proposition 1.2.9 of [1] together

(—A)s¢+(—A)¢=p< L4 > ¢ > 0 in Q.

w ) @)

So by using Theorem 1.5(1) of [12] and Theorem 1.2 of [32], we infer that ¢ € C;rl .(Q2). This
proves the claim.
Claim(4): A > 0.

First we show that A is non zero. Suppose it is equal to zero then (6.1) reduces to
s p—1 , .
(=A)°Y = pui ¢ in Q.

Using vy as a test function in the expression above gives

/ (Ao dr =p /Q o da.
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But we know that vy is a unique solution of (Iy). Therefore we get

p/fugwdx:/fugwdx
Q Q

which gives p = 1 since 1, vg > 01in €. This gives a contradiction, thus A # 0. Now we assume
by contradiction that A < 0. For € > 0 small enough, we consider the function vg — ep. Then
since A < 0 and p — 1 < 0, we get that in Q

(—A)*(vg — ep) = vl — eAp — epvg_lw > vh — epfug_lw > (vg — ep)P.

This implies that vg— ey forms a strict supersolution of (Iy). It is already known that n¢, s for
sufficiently small choice of i forms a subsolution of (Iy). Therefore there must be a function
& € H*(Q) such that n¢; s < & < (vg — eb) which is a solution of (Iy). But this contradicts

the uniqueness of vy due to ey > 0 in 2. Hence A > 0.
Theorem 6.2 For a small range of 0, the problem (Iy) admits a solution.

Proof. We have already proved that G is a continuously Fréchet differentiable map. Now we

consider the problem
(—A)°u — pv‘g_lu =Y, u>0inQ, u=0inR"\ Q. (6.3)

By defining the energy functional corresponding to it and minimization arguments, it is easy
to show that the above problem has a solution u € H*(Q). Now suppose u1,us € H*(2) be
two distinct solutions of (6.3) then

0= /n(—A)S(ul ) (1 — uz) da —p/

v*g_l(ul —up)? dz > A/ (w1 — ug)? dz > 0
Q Q

since A > 0. This implies that the solution must be unique. Also using similar argument as
in Claim(3) gives u € Cy,  (€2). All this along with previous claims guarantees that the map
0yG(0,v9) : Cg, (2) — Cy, (2) is invertible. Hence we apply implicit function theorem to
get that there exist a subset {|0| < p'} X Be(vg) C {|0] < u} x Be(vg) for p/ < pand € < e
and a C'-map h : {|8] < ¢/} — Be(vg) such that G(6,v) = 0in {|0| < '} x Be(vo) coincides
with the graph of h. This completes the proof. [ |
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