Available online at http://scik.org

Commun. Math. Biol. Neurosci. 2021, 2021:32
https://doi.org/10.28919/cmbn/5522

ISSN: 2052-2541

DYNAMICAL ANALYSIS OF POLLUTED PREY-PREDATOR SYSTEM WITH
INFECTED PREY

NAINA ARYA!, PALAK MRIG!, SUMIT KAUR BHATIA!*, SUDIPA CHAUHAN!, PUNEET SHARMA?

'Department of Mathematics, Amity Institute of Applied Sciences, Amity University, Uttar Pradesh, Noida, India

2Department of Mathematics, Indian Institute of Technology, Jodhpur, India

Copyright © 2021 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper, a prey-predator model in polluted environment with disease in prey has been proposed and
studied. It is assumed that only prey population is prone to disease whereas, both the populations are affected by
the pollutant. Boundedness of the solution of the system is discussed. Existence of all possible equilibrium points
has been established. Using Routh Hurwitz criterion, local stability of all the possible equilibrium points has been
obtained. Also, interior equilibrium point has been proved to be globally asymptotically stable using Lyapunov
function. Then time delay has been introduced in the system making the model more realistic. Existence and
direction of Hopf bifurcation in the delay model has been established using normal form theory and center manifold
theorem. By taking a set of hypothetical and biologically feasible parameters, model has been studied numerically
using MATLAB and the effect of pollutant on the system has been deduced.

Keywords: non-linear incidence rate; holling type-II functional response; equilibrium point; stability analysis;
hopf bifurcation.

2010 AMS Subject Classification: 92D05, 92D25, 92D40.

*Corresponding author
E-mail address: sumit2212@gmail.com

Received February 07, 2021



2 NAINA ARYA, PALAK MRIG, SUMIT KAUR BHATIA, SUDIPA CHAUHAN, PUNEET SHARMA

1. INTRODUCTION

The relation between the predators and their prey is the building block of ecosystems. Due to
its widespread existence and importance, this dynamic relation has always been an important
topic of study in ecology as well as mathematical ecology. When a number of prey-predator
interactions take place in the environment at different trophic levels, food chains and eventually
food webs are formed. There are many factors that influence these food webs such as climate,
natural disaster, other food chains etc., due to which species evolve and disperse in order to seek
resources for their survival and existence in the ecosystem. So, populations continuously move
away from one state to the other state.

There has been huge growth in industry, agriculture etc. which has taken the comfort of mankind
to the next level. All these developments including urbanization has helped people attaining a
better lifestyle. The byproducts of the processes are not just the products and services that we
purchase from the market, but also the waste products that are eliminated into the environment.
This waste is sometimes treated and is less harmful for the environment or sometimes untreated,
consumption of which by the organisms could be lethal. The different forms of waste could be
organic, inorganic, radioactive etc. In case of radioactive, organisms may suffer from harmful
diseases, birth defects or even gene mutation.

The incubation period is defined as the time period between exposure to an infection and ap-
pearance of the first symptom. There are very less mechanisms in this world that are instanta-
neous. For example, human body already contains cancer genes. The symptoms start occurring
only when those genes are exposed to the trigger. So, there is a time lag or delay which is
termed as the incubation period, after which the effect of infection could be seen. When we
consider delay while defining certain mechanism, it becomes more appropriate according to the
real life environment, making any study more reasonable. In recent decades many investigators
have proposed and analyzed mathematical models to study the effects of toxicants on biological
species.

In [14], it is assumed that the toxicant affects both prey and predator population where the
infected prey is more vulnerable to be affected by toxicant and predation as compared to the

susceptible prey population. In [15], the effect of only disease and the effect of disease as well
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as toxicant on a plant population has been studied. The problem of ratio-dependent predator-
prey model has been studied in [10]. In [9], a prey-predator model has been discussed where
prey has logistic growth and the model is modified to include parasitic infection in prey where
the infected prey becomes more vulnerable to predation. Four modifications of a predator prey
model are developed and analyzed in [11] including parasite infection. In [13], authors have
shown that the exposure to the pollutants can lead to immunosuppression and increased disease
susceptibility in juvenile salmon. [4] determines the direction of the Hopf bifurcation about the
equilibrium using center manifold theorem. Also, a settled modelling approach was proposed
to the problem of investigating the effects of a pollutant on an ecological system in [5, 6, 7, 8].
Delay differential equations are widely used in epidemiology and problems related to delay
have been studied by various authors [2, 3]. A prey-predator model with harvesting and dis-
eased prey, in absence and presence of time delay has been analysed in [16]. [1] talks about the
transmission and control of epidemics, where time delay is associated with the infected species.
The chaotic dynamics induced by a disease in an eco-epidemiological prey-predator model with
diseased prey and weak Allee in predator has been studied in [12].

Keeping in view the above discussion, in this paper, we have proposed a prey-predator system
with combined effect of disease and pollutant in section 2. In our model, we have incorporated
disease and pollutant and studied its effect on prey-predator dynamics. After formulating the
model, dynamical behavior of the system has been studied in section 3, in which existence of
all possible equilibrium point has been obtained and stability, local and global, of the system
has been analyzed. Dynamical analysis of the system with time delay has been done in section
4. Section 5 deals with the numerical simulations where a set of hypothetical and biologically
feasible parameters has been considered and effect of pollutant on the system has been deduced.

In section 6, the results obtained theoretically and numerically have been discussed.

2. MATHEMATICAL MODEL

The prey-predator model under the effect of pollutant is considered. The prey population, which
is susceptible and infected is denoted by S(7) and I(¢) respectively and the predator is denoted
by P(t). Also, C(t) is the environmental concentration of the pollutant and U () is the concen-

tration of the pollutant in the organisms. The assumptions adopted are:
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1. The reproduction in susceptible prey takes place according to constant growth rate. The

transmission of disease from infected to susceptible prey takes place by contact. This transmis-

sion occurs according to non linear incidence rate of the form {1—2, where ASI is the infection

force of disease and ILH measures the effect of inhibition from the susceptible prey. This inhi-

bition effect occurs due to behavioral change of susceptible population that includes increase in
number or crowding effect of infected prey.

2. The predators attack the susceptible and infected individuals with different rates. The con-

oS
B+S+ml

ol
B+S+ml>

sumption of susceptible prey is according to and infected prey is according to
which are known as modified Holling type-II functional response.

3. Food and the environment both are the sources of pollutant uptake by the populations. The
loss of pollutant from the organisms takes place due to metabolic processing and other causes.
If ¢ is the constant exogenous input rate of the pollutant into the environment, C(¢) is the envi-
ronmental concentration of the pollutant and the natural loss rate of pollutant from environment

can be due to biological transformation, hydrolysis, vitalization, microbial degradation, includ-

ing other processes then the model proposed is as follows:

ds ASI 04SP
1 @A P US—d
1 dr 151 Brsem NUSTAS

dI  ASI oIP
dt — 1+1 B+S+ml

(2) —rzUI—dQI

dP (eoclS + e(le)P
3 — = —r3UP —dsP
(3) 7 B+Stml r3 3

dc
4 — =—hC
4) 7 +4q
dU dno
5 — =aqiC+—L—(l1 +bL)U
5) it +a1 (Lh+Db)

Since we know from (4) and (5) that limsupC(¢) < C* and limsupU (t) < U*, thus, using the

t—>o0 {—>o0
corollary 1 in [7] in the model we get the limiting system as follows:

ds ASI 0 SP
6 Sy _ —rU'S—d;S
©) dr 1+1 B+S+ml !
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d[_ ASI onlP
dt  1+1 B+S+ml

(7) —Y‘QU*I—dQI

dP  (eayS+eal)P *
8 — = —nrU P —dsP
(®) 7 BrStml r3 3

All the parameters in the above defined systems are assumed to have positive values and are

described as follows:

Parameter | Description Parameter | Description
A growth rate constant n concentration of pollutant in resource
o predation rate of S o predation rate of I
B half saturation constant | ¢ average rate of food intake per

unit mass organism

eoy conversion rate of S d rate at which predator population

is decreasing due to pollutant

di natural death rate of S | r3 loss rate of pollutant from the environment

d3 natural death rate of P | rq rate at which susceptible population

is decreasing due to pollutant

h natural death rate of I | 7 rate at which infected

population is decreasing due to pollutant

e conversion rate of I ai environmental pollutant uptake

rate per unit mass organism

A infected rate d uptake rate of pollutant in

food per unit mass organism

m predator’s favorite rate | [1,/, organismal net ingestion and

depuration rates of pollutant respectively

TABLE 1. Description of the parameters

Since any infection takes time to get incubated into the organism, so we consider the sys-

tem defined by equations (6)-(8) with time delay, which is more appropriate according to real
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environment. Therefore, the system becomes:

ds ASI  oySP
— = A- — _ *S_d
©) dr 151 Brsem USTAS

dl  AS(t—1)I(t—1) onlP

(19) di —  1+1(t—1)  B+S+mi

- rzU*I—dzl

dP (EOCIS-I- e(X21>P
11 — = —rU*P —d3P
(h dt B+S+ml rsU 3

where, T > 0 is the time interval for the infection to get incubated into the prey species. Also,
5(0) = v1(0).1(6) = y2(6), P(6) = y3(6),
v;(0) >0, y;(0)>0,i=1,2,3, -t< 6 <0

where y(0) = (y1(0),y2(0),y3(0)) € C([—17,0],R3), the Banach space of continuous func-

tions mapping the interval [—7,0] into R3..

2.1. Basic Properties of the Model. The density of population cannot be negative, so the
state space of the system is R3 = {(S,I,P) € R*:§ > 0,7 >0,P > 0}. To support the positivity
and boundedness of the system, we start with lemmas given below:

Lemma 1: All the solutions of the system defined by equations (6)-(8) are positive V ¢ > 0.
Proof: Let (S(7),I(¢),P(t)) be any solution of the system defined by equations (6)-(8). We
assume that there exists a solution of the system that is at least not positive. Following cases
arise:

Case 1 3 ¢* such that
$(0)>0,8(*)=0,8(*)<0,1(t) >0,P(t) >0,0<t<t*
Case 2 37 such that
1(0)>0,1(f)=0,I'(f) < 0,8(t) >0, P(t) > 0,0 <t <7
Case 3 37 such that
P(0)>0,P(7)=0,P' (1) <0,5()>0,1(t) >0,0<r<7
If case 1 holds then §'(+*) = A > 0, that contradicts with §'(¢*) < 0.

If case 2 holds then I’ (7) = 0, that contradicts with I’ (f) < 0.

If case 3 holds then P'(f) = 0, that contradicts with P'(7) < 0.
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Since (S(t),1(t),P(t)) was arbitrary, all the solutions of the system are positive V ¢ > 0.
Lemma 2: All the solutions of the system that initiate in the state space Ri are uniformly
bounded.
Proof: Let (S(¢),1(z),P(t)) be any solution of the system with non-negative initial conditions.
Consider, W(r) = S(t) +1(t) + P(t), then

aw _ds  di_dP

dt dt dt dt
Since the constant of rate of conversion from prey population to predator population cannot ex-
ceed the maximum predation rate constant of predator population to prey population, therefore

eo; < o,i = 1,2. Also, take d = min {d],dz,d3}

— limsupW <
t—o0

&>

Thus, all the solutions are bounded. Hence Proved.

3. DYNAMICAL BEHAVIOR OF THE MODEL

3.1. Existence of Equilibrium Points. There is a possibility of the system to have five equi-

librium points: E; = (0,0,0), E; = (5,0,0), E3 = (5,0,P), E4 = (8,1,0), Es = (§*,I*, P¥)

(a) The equilibrium point E; = (0,0,0) obviously exists. Now to check the existence of other

equilibrium points.

(b) E; = (§,0,0) exists uniquely where S = ﬁ.

(¢) E3 = (8,0, P) is a disease free equilibrium and we can see that it always has a unique positive

value:
ds +r3U*
ed) —ds —r3U* ’

= (B (Ao -a)

o

S=

which exists provided that,
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eq; >ds+rU*

i.e. disease free equilibrium exists if pollution is under certain level.

d) Ey= (§,f ,0) is a predator free equilibrium and has a unique positive value:

N .
S:T(dz-i-rzU )

l/\—(r]U*—l—d])(dz—i—rzU*)

[=
(7L—|—I”1U*—|—d1)(d2—|—r2U*)

which exists provided that

AA > (rlU*+d1)(r2U*+d2)

(e) Es = (S*,I*, P*) has a unique existence

B(ds+r3U*)+S*(d3 +rU* —eoy)

I'=
ey —m(d3+r3U*)

= h;(S¥)

where §* € (O, %) represents a positive root of the equation

AShi(S) 01 Shy(S)

H(S) = A- 1+h((S)  B+S+mhi(S)

—rlU*S—d1S

We now prove the existence of S*. It can be easily verified that /1 (S) and A, (S) are positive for

all values of S € (O, %) under the following conditions:

(12) ea) <d3+nrU*

(13) eoy >m(dy+r3U")
AS*

14 ————>dr+nrU"

(14) Ty (S) )

We have, H(0) = A, which is greater than zero. Also,
H(A) Agm(3)  fou(R) A

)= U

dy L+hi(2) B+ o +mhi () d
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hl(dA) hz(dA) r1, dy and U* are all greater than zero. So, H( ) < 0. Moreover,

daH [(1+h1(5))(5h'( )+ hi(S)) = Shi(S >ha<s>]

S (14+h(S))?
(B +S+mhi(S))(Shy(S) + ha(S)) — Sha(S)(1 +mh(S)) .
‘“l{ (B+5+mhy(S))? 1 ]‘”U ‘dl
where,
h/l(S) _ d3+r3U*—ea1

ey —m(ds+r3U*)

A(14hi(S)—SH|(S)) AS
(1—|—h1(S))2 (1—|-h1(S)

hy(S) = aiz {([3 +S+ml)

—dy—rsU) (1 i (s>)}
Now, A1 (S) > Sh(S) holds true.

dH
- IS < 0 for all values of S € <0 ) Therefore, by Intermediate Value Theorem, there
exists $* € (07 d_Al) which is a unique root of H(S) equation and hence interior equilibrium point

Es5 exists uniquely in IntR3+ iff equations (12)-(14) are satisfied.

3.2. Stability Analysis. In this section, stability analysis of all the five equilibrium points is
carried out using Routh Hurwitz criterion or Lyapunov function. The Jacobian matrix of the

system is given by V(E) = (a;;)3x3 and i, j = 1,2, 3; where

—Al" oy P B+m1* U*—d —AS* Hip % [3—|—ml*
aj|=——— —nU"—dyap=—"=
"Tarr Y Brsmr)? ! PR T2 T (B St ml)?
any = ———_,0a>1 =
BT Bt m ™ T 14 (B+S +ml)?
AS* oczP*(B —I—S*) " —opI*
az = — —dy—nU" a3 = —7F—
2T+ BASmr2 T BT e
P* p*
az] = +ml)eot) —eorl™],azp = +SM)eay — eoymS*
31 ([3+S*+ml*)2[(ﬁ Jeas —eanl™],az (ﬁ—I—S*-I—mI*)Z[(B Jeay — ea;mS*]
e S* +eonl” N

Theorem 1: The equilibrium point £; = (0,0,0) is locally asymptotically stable.

Proof: From the Jacobian matrix at E; = (0,0,0), the eigen values obtained are

—d| —nU* <0,—dy — rnU* <0,—d3s—rU* <0. So, E| is asymptotically stable.

Theorem 2: The equilibrium point E; = (S,0,0) of the system is locally asymptotically stable

provided that the following conditions are satisfied:

(15) AS <dy+nrU"
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60615 %
16 - < d3+nr3U
(16) [ 3413

Proof: The characteristic equation of the Jacobian matrix at E, is given by:

<)LS_—d2—I”QU*—’}/) (ealsi—d3—r3U*—}/) (—rlU*—dl—j/> =0

B+S
So, y=AS—dr —nU*, y= ;Oié —d3 —r3U" and Yy = —riU* —d;, which are all less than
zero provided that
AS < dy +1rU*
;O_ti, <ds+rU"

hold. Since all the eigen values are negative, therefore E; = (§,0,0) is locally asymptotically
stable if (15)-(16) hold.
Theorem 3 The equilibrium point E3 = (S, 0, P) of the system is locally asymptotically stable

provided that the following conditions are satisfied:

~ o P
17 AS < = +dr +rU*
(17) B+5 R)
60615 %
18 = <d3+nrU
(13) B 1S 3413

Proof: The characteristic equation of the Jacobian matrix V(E3) is given by:

- P .
(AS—BiS—dz—rzU —’)/)*
Otlﬁp % 60615 % —0615 [36061]3
—————d, —nU"— = —d3—nrU"—7v|— — = =0
[< B+ y)</3+s =" =) <B+S>((B+S>2)
So, Y= AS— E%FS —dy — U™ < 0 because of equation (17) and other two eigen values are the
roots of equation
Ollﬁp % €O£1§ % —(Xlg Bealf’
—————d; —nU" — = —d3—nrU"—v|— — = =0
[( B+ " y)<ﬁ+S =t ~7) <ﬁ+5)<(ﬁ+5)2)
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which is of the form y?> +Ay+ B = 0, where,

o P . S .
A= g U —  —ds— U
B+3) 1+ <[3+S 3—13 )

B= (—@“;—i’; i —”U*) (ﬁo—ti‘ b _“U*> " <ﬁaf§> ((gfg;)

Using the given conditions, we get that A > 0 and B > 0. Using Routh Hurwitz criteria, there

exist two roots of the polynomial > +Ay+ B = 0 i.e. the eigen values of V(E) at E3 with
negative real parts. Since all the eigen values are negative, therefore E3 = (5,0, P) is locally
asymptotically stable.

Theorem 4 Assume that the predator free equilibrium point E4 = (S ,1,0) exists. Then it is

locally asymptotically stable provided that the following conditions are satisfied:

AS
19 ——— < dr +rU*
(19) (Lfp ~ %2t
oS+ eonl
(20) CMI TN 1t 1l
B+S+ml

Proof: The characteristic equation of the Jacobian matrix V (E4) is given by:

(555iad 4
(27 )= ) (i) ()=

So, using the given condition,

_ eOClg + 6062i

= ~ ——d3—nU" <0
Y B+S+mi 3—13

and other two eigen values are the roots of equation

(Feimamrv =) (e =)= () (7)o
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which is of the form y> +Ay+B =0

where,

~

Al
A= ,\-I-I’lU*-I-dl—

A8
——— +dy +1U”
1+1 (1+h2 27

A~

B= <(1i%2> (;:_IAIA) + <%+r1U*—l—d1) <$+dz+rzU*>

Using (19) we get that A > 0 and B > 0. Using Routh Hurwitz criteria, all the eigen values
of V(E) at E4 with negative real parts. Since all the eigen values are negative, therefore £y =
($,1,0) is locally asymptotically stable.

Theorem 5 Assume that the interior equilibrium point E5 = (S*,I*, P*) of the system exists.

Let the following conditions are satisfied:

Al B+ mI*
21 oy P* U*+dy >0
D i+ T s e TNY T
nP*(B+S%) . AS*
22 d U'> ——
(22) B+s +mr)E 2T (1417)2
N eo;S* +eonl*

23 d Uur>—
(23) 3T B+ S*+ml*
(24) (B+S" o > o1 S*m

A OCIP*m
25 >
(26) (ﬁ —l—mI*)OCl > opl”

Then, Ej5 is locally asymptotically stable.
Proof: The characteristic equation of the Jacobian matrix V (Es) is given by > +Ay? +By+C =

0 where,
A= (—aj —axn—as3)
B=R;+R;+R3+R4+Rs5+Rg

C=C1+C+C3+C4+C5+Cq
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where,
Ry = axass Ry = —azxzaz, | R3 = —apan
Ry = —ay3a3; Rs = anass Rg = ayjaxn
Cy = —ananazz | Gy =ajaxaszy | C3 =azzapnay;
Cy = —aaziaz; | Cs = —apzaziaz; | G = axnajzas

From the given conditions we get that A > 0, R; > 0 where i = 1,2,3,4,5,6 and C; > 0 where
j=1,2,3,4,5,6. Therefore, A, B,C > 0.

Now applying Routh Hurwitz criterion, A= AB —C

2 2 2 2
AB—C =ajjaz3 +ajaxn +aiaxass — ajapaz — di1413a3) +apdy + ax»as;
2 2

—a22023032 — A12021A22 + A11433 1+ 411422033 + 422033 — 23332433

—ai2a21a33 —d13d31433 — a12a31a3 — d13d2143;
Using the given conditions, we get that A >0 = AB > C. Therefore, by Routh Hurwitz
criteria, all the roots of the polynomial y® +Ay?> + By+ C = 0 have negative real parts. Since

all the eigen values are negative, therefore Es = (S*,I*, P*) is locally asymptotically stable.

Theorem 6: Assume that the interior equilibrium point Es = (S*,I*, P*) of the system defined

by equations (6)-(8) is locally asymptotically stable. Then it is globally asymptotically stable

in the sub region Q of Int]R3+ that satisfies the following conditions:

27) P* < min {APz(S,I) AS*Py(S,1) }

P; (S) (04} ’ armPy (1)

(28) (q12)% < 4q1192

Where, P/(I) = (1+1)(1+1*) =AA*, P,(S,I) = (B+S+ml)(B+S"+mI*) = BB*, P3(S) = SS*
and qgjs, i,j=1,2,3 are given in the proof.

Proof: Consider the following function:

V(S,I,P) = C||S —§ —Slnﬂ +c2{1_1 —Ilnl—*} +C3{P—P ~ Pl

where, C;,C,,C; are constants to be determined. It is easy to see that V(S,I,P) € C'(R3,R)

and V (S*,I*, P*) = 0 while V(S,1,P) > 0 for all (S,1,P) € R with (S,1,P) # (S*,1*, P*) then,
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Rl OB (G e T ) [
+lo (pj(/}r) + gl(";;) +C2(I/}l?;) + Pj‘(zﬁ))] (S—S)(I—TI)
+le (%) e _éfg)_ eaﬂ*)} (P—P*)(S—S$")

+| z(;z?;i;) (128 _;j?;?)_ AN Py -1
Now, choosing constants as C; = 1,
_ai(eoB+(eoy —eaym)S*)  oy(B+S*+ml)

2T o (eoclﬂ + (eoclm—eocz)l*) 3T ey B+ (ecym—eop)I*
which are all positive due to the local stability condition from theorem 5. Then applying the

Sylvester’s criterion we get that:

le—‘t/ = —qu(S—5)+q2(S—S)I—T") =g —T') +q13(S—S*)(P— P*) + g3 (- I*) (P — P*)
= —qu(S=S)V+qu(S—-S)VI-TI")—quI-T)
where,
A oy P* o (eoczﬂ + (ecy — ealm)S*) AS*  apmP*
M=p(s) B(s,1) 12~ (az (e + (coym — ea)I7) > <P1 0 P2(S,I)>’

—A oymP* (04 (e(Xzﬁ + (6062 — ealm)S*) AA* oL P*
Q12—<P + ) ( - )( + >,Q13=6123=0
(1) P(S,I) Otz(ealﬁ—i—(ealm—eaz)l ) Pi(I) P (S,I)
From the condition given in equation (27) we get that g;; > 0 and g2 > 0. Then from (28),
dv
we obtain that T < 0 is negative definite and hence V is a Lyapunov function with respect to

Es. So, Es is globally asymptotically stable in Q € IntRi that satisfies the given conditions.

4. DYNAMICAL ANALYSIS OF SYSTEM WITH DELAY

4.1. Existence of Hopf Bifurcation. In order to study the stability of the system with delay
at interior equilibrium point, we begin with linearizing the system defined by equations (9)-(11)

at E5 and obtain the following system:

das
E = anS(t) —|—a121(t) +a13P(t);
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dl
E:ale(t)+a221(t)—i—a13P(t)—|—b21S(t—’L')+b221(t—1);
dP
m =a31S(t) +aznl(t) +assP(t)
where,

—AI* B+ mI* —AS* B+ mI*
M T s e Y T T e T B s a2
G — - S* P o I* P* o — — OCQP*(ﬁ—I-S*) —dy— U

—opl* P*
ans 2 [(ﬁ +mI*)ea1 — 60621*]

T RS ml P T (Bt rmlr)?
* eo1S* +eonl*

B+ S* +ml*

azy = +SMeoy —eoymS*|, a3z = —d3—nr3U"
32 ([3+S*+ml*)2[(ﬁ Jeo, — eaymS*|,az3 3—13
Al* AS*
=——bn=""—713
I+1* (1+1%)
The characteristic equation of the system at the interior equilibrium point Es = (S*,I*, P*) is

boy

given by:

(29) f(p.T)=p’ +kap? +kip +ko+ (map® +mip +mg)e P”
where,

ko = —aj1axnaz; —anaxaz) +ajzaxasz; +ajjaxaz +apaasz — ajzazazn

ki = ay1ax +axpass +ajasz — ajzas) — axzaz — apas)
ko = —aj1 —axn —asz;z

moy = —ay1a33by +aizas1 by — ajzaznbr +anazzbay
my = ay1by +azzby —anby

my = —by

Now, two cases arise:

Case 1: 7 =0, then equation (29) becomes:
(30) P> + (k2 +m2)p® + (ki +m1)p +ko+mo =0

If (C3) ko +mg > 0,k; +my > 0,ky +my > 0 and (kp +my) (k) +my) > (ko +myg), then all roots
of (30) must have negative real parts (Using Routh-Hurwitz criteria).

Thus, if C3 holds then the interior equilibrium point E5 is locally asymptotically stable at 7 = 0.
Case2: 7#0
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Let p =ic (o > 0) be the root or solution of (29).
—> i0° — kyo? + ik1 G + ko + (—ma6” 4 im 6 4 mp) (cos6T — isinaT) =0
Now, we separate the imaginary and real parts and get

—o’+ kio= —mzdzsinGT —m10cosO T+ mysinoT,

—k262 + ko = mngccosGT —m0sincT — mycoso T
—> o0 satisfies the following equation:
(31) 60+ (k3 — 2k — m3)0* + (k3 — 2koky — m? 4 2momy) 62 + (k§ +m3) =0
Let @ = 62, (31) becomes
(32) @+ 5507 + 510 +59 =0

where
Sy = k% —2my — m2, = k2 2kokr — m% 4+ 2moma, So = k% +m3
Define a function f as:
flow)= ®° + 5,07 + 510 + 50

Thus, equation (32) has at least one positive root if so < 0; it has no positive roots if so > 0
and A = s2 351 <0; and if 5o > 0 and A = s2 3s; > 0, then it has positive roots <=
o= 2 ;— VA and f(w*) <0. In addition, it is assumed that the coefficients in f(®) satisfy
the condition (C4): 5o < 0 or sp > 0 and f(w*) < 0. If this condition holds then (32) has at least
one positive root. WLOG we have assumed that (32) has three positive roots, namely ®;, @,

and ws. Consequently, (31) has three positive roots o = /@, k = 1,2,3.

So, we get

yoo 1 — maky) 0} + (moka 4+ mako — miky) 6 — mok

g _ 1 arccos(ml ) 2)2 i T (moky +moko —miky) o —my 0 o,
Oy m36} + (m? —2momy) 6% + mj

k=1,2,3; j=0,1,2..., then pair of imaginary roots of (31) are =ic when 7 = r,{.

Let T = min{t}, 0’ = 0)|—v, (k=1,2,3). Let the root of equation (31) near 7= 17’ be p(7) =

v(t) +io(7) that satisfies y(7') = 0,06(7') = ¢’. To establish Hopf Bifurcation, we will show
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dRe(p) dRe(p)
drt drt

Consider equation (31) then derivative of p w.r.t. T, we get:

that if f'(@) > 0, then |.— and f’(®) have same sign and e > 0.

art 0

-1
dp\  _ (302 +2kp +k1)eP" +2mpp +my T
p(map? +mip +mo) p

Put p = io’ in the above equation, we get

my +i2myo’

+ Re
—I’)’l16/2 —i—i(—szB —i—m()G/)

—1 _ 7 . / ! ! F ! !
Re[dp} Re[( 36"+ i2ka0’ + ki) (coso't +isinc’T’)

dt |, . —my 0" +i(—myo” +myo’)

/

1
— _ﬁ{ (ki —306"%)cos6't' — 2ky06'sinc’t'|my 67
+ [(ki —36")sinc’t’ +2my6'cosc’t'] (my6” — myo’) —i—M}
612
= ﬁ{wg +2(k3 — 2ky —m3) 6" + (ki — 2koky — m + 2momy) }
f'(c?)

(m16’)2 + (m26’2 _ mo)z

where, [1= [(m10")? + (my6"? —mp)?| 6% and M = m36"* 4+ 2my 6’ (mr 6" — my ).

-1
) /} = sign{Re [fl_l‘)r] } = sign{f'(c3)}

dRe(p) Re(p)
dt dt
T < 7/, the characteristic equation will have roots with positive real parts. This is a contradiction

Re(p)| 0
T=T .

Therefore,

. ) dRe(p)
sign it

Since f'(6"?) # 0, therefore |c—z # 0. Let us assume that |;—z < 0. So, when

to the local stability of the interior equilibrium point £5. Hence,
Thus, based on this analysis we obtain, if (C3)-(C4) hold, then the system defined by equations
(9)-(11) at the interior equilibrium point Es is locally asymptotically stable when 7 € [0,7'] and
unstable when T > 7’ and the system undergoes a Hopf bifrcation at the interior equilibrium

point E5 when 7= 7.

4.2. Direction of Hopf Bifurcation. In the previous section, we obtained certain conditions
under which the given system of equations undergoes Hopf bifurcation, with time delay 7 = T

being the critical parameter. In this section, by taking into account the normal form theory and
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the center manifold theorem which were introduced by [12], we will be presenting the formula
determining the direction of Hopf bifurcation and will be obtaining conditions for the stability
of bifurcating periodic solutions, as well. Since Hopf bifurcation occurs at the critical value T
of 7, there exists a pair of pure imaginary roots :th(‘L'/) of the characteristic equation (29).
Nextlet, x; =S—S*, xo=1—-I", x3=P—P*. Wealsolett — 7¢, and T = 7 + w. Then, the
system finally takes the form of an FDE in C = C([—1,0],R? as :

(33) %(8) = L () + F (1, %)

where x(t) = (x1(¢),x2(¢),x3(¢))T € R®and L, : C — R3, F : C x R — R3 are given respectively
by :
Ly(w) = (T + w)L1y(0) + (¢ + )Ly (—1) and F (i, y) = (T + u)Fy
where,
aip ap a3
Li=|ay ax ax|:

asp azz ass

0 0O O
LZ = b21 b22 0
0 0 O

and
—Ay1(0)y2(0) — o y1 (0) w3(0)
Fi=1-ay(0)ys3(0) + Ay (—1)ya(-1)

ea y1(0)y3(0) — e y2(0) 3(0)
We also have that, ¥ = (1, y2, y3)" € C, and x,(0) = x(t + 6) for 6 € [—1,0].

By the Riesz Representation theorem, there exists a function ¢(0, 1) of bounded variation for

6 € [—1,0], such that

0
G4 Lu(w) = [ do(6.1)y(6)

for y € C.

Infact, we can take

(35) o(0,1) = (T +1)L18(0)+ (T +1)Lr8(6 +1)
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where, Li,L, have already been given above, and §(0) is Dirac delta function.

Next, for € C'([—1,0],R?), we define the following :

Apy=14 ¢
Joido(s,w)y(s), 6=0
and,
0, 6¢€[-1,0)
R(u)y =
F(.“'? W)? 60=0
Then, the system (34) is equivalent to,
(36) xt :A<‘u,)xt+R(‘u)xt

where, x;(0) = x(t + 0) for 8 € [—1,0].
Next, for ¢ € C!([0,1],R?), the adjoint operator A* of A can be defined as,

19

and hence for v € ([—1,0],R3), ¢ € ([0, 1],R?) a bilinear inner product , in order to normalize

the eigenvalues of A and A* can be defined as follows:

& (006).w(0)) = 90w0) - [ [ a(r-0ac(owina

where 6(0) = ¢(6,0), and ¢ is the complex conjugate of ¢. It can be verified that the oper-

ators A and A* are adjoint operators with respect to this bilinear form. Thus, since +16' 7' are

eigenvalues of A(0), they are the eigenvalues of A* as well.

We need to compute the eigenvectors of A(0) and A* corresponding to the eigenvalues 167

o .
and —10 T, respectively.

Let us suppose that ¢(6) = (1,0, B )T e'© 76 is the eigenvector of A(0) corresponding to 10 7.

Then, A(0)g(0) = Aq(0), that is,
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A(0)q(8) =16 7'¢(0) or [AI —A(0)]¢(0) = 0 which gives the following :

lG’—an —dain —ai3 1 0
i A / ! 7 ’
T | —ay —bry1e '°" 160 —axy —bype '*° —an3 oa| =10
/! !
—asz —az 16 —az| |B 0
or
lG/—all —dain —dai3 1 0
/A / ! ! ’
—ay] —br1e7 %" 10 —axy —bype 'O —an3 ol =10
/ i
—asz —az 16 —asx| |B 0
. I
(since T #0)
. . / !
And, on solving this we get, g(0) = (1, , )7, where,
/ -0’7 /
o — ar3(16" —ayy) —apzap(ax +bre ) az| +ana

/
a12a3 — apa13(16’ —axp — bype 107 andf = 16" —az;
Next, let us suppose that ¢*(6) = D(1, (o' )*, (ﬁ/)*)e“’/fle be the eigenvector of A* correspond-
ing to the eigenvalue —16'7, and hence in a similar manner we can obtain
(@) = — (16’ + ai1)azs + asi1a1naz +aziainbye®” _
ar1az +axa31 (167 +ax) + (ba1azy + bnaziazy e *

N« 413 —l—a23(0_6/)*
B =
From (37) we get,

and

(q"(s),4(0)) = D(1 (06_) (B (e BT

[ B0, (B O e) (1, ) e Hay
7=0

’ -

= Dl (a)e +(B)F (1), (B)) [ 0e oan(0)1,0 )

Now let y(0) = gelo 70

= y(0) =0, and y(—1) = 107

Thus, from (34) and the definition of y as taken above we finally get that,
(q"(s),q(6)) = D1+ () &'+ (B) B — 7' (I" + &'S") () Be T e 7]
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Hence,

D - 1 7 7 77
[1+(O‘/)*a'+(ﬁ’)*ﬁ'7f’(1*+a'S*)((x')*ﬁ€_hT e—10 7T }

such that (g*(s),q(0)) = 1, and (¢*(s),g(0)) = 0.

In the remaining part of this section, using the same ideas as in [12], we now compute the

coordinates in order to describe the center manifold Cy at u = 0. Let x; be the solution of (36)

when 1 =0.
Next, define
(38) Z(t) = (q", %), W(t,0) = x, — 2Re[Z(t)q(0)]

Now, on the center manifold C, we have

(39) W(t,0)=W((),5(1),0) = W20(9)§ Wi (0)Z+Won(8) 5 + v

o

where 7 and 7 are local coordinates for the center manifold C in the direction of ¢* and ¢*. We
note that W is real if x; is real and we will be considering the real solutions only.

From (38) we have,

2t) = {g" %)

= (q",A(1)x: + R(p)x;) (from (36))

= (A" (1)q"sx) +{q", R(w)x)
=10 T 2(t) + (¢*,R(1)x;) (since A*q* = Aq*)
=10 7 %(t) 4+ ¢*(0)F(0,x,) (from the definition of bilinear product, i.¢ (37) and taking 6 = 0)
—16'7%(t) + ¢* (0)F (0,W(Z,Z,0) + 2Re[Z¢(0)]) (from (38))
=10 75(t) + ¢*(0)Fy(2,%)
=16 7%(t)+2(2,3)
where,
= - . 22 . 2 i
(40) g(Z,2) = q*(0)Fo(2,2) = 8207 + g1122+g025 + 221 > +..

From (38) we have,

x:(0) = (x1,(0),x2:(0),x3,(0)) =W(£,0) +7q(0) +Z3G(0) and ¢(0) = (1, , )Teleo/rl
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And thus we can obtain that,

[}

x1(0) = Wio (0)5 + W, (0)Z+ W (0)5 +2+ 7+ 0(2,2P),

0 (0) =W (005 + WP (0)Z+ W2 (05 + a2+ a2+ 0()2,23),

13(0) = Wy (005 + W (0)FZ+ W (0)5 + B2+ BE+0(2.2P),
xe(=1) =Wa (-5 + W (~1)Z+ W (- 1DF +2+Z+0(22),

(1) =W ()5 + WD (—)Z+ WD (—1)E + 7197 + a2 +0(z5P),
x(—1) = Wi (- D5+ W (~DZE W) ()5 + BT + B2 +0(12. ).

From the definition of F(u,x;) we get,

—AXU(O)XQt (0) — 1 X1¢ (0))@,(0)
8(2.2) = 7D(1,()*,(B")*) | — otz (0)x3; (0) + Ay (—1)eae (1)
e0x1:(0)x3:(0) — eapxp; (0)x3,(0)

Simplifying and comparing the coefficients with (40), we get:
g20=27D| —Aa + 20! (') e 0% — oy B’ +ecu p'(B')* — crel' (o] )* B’ +ecrol B (B)*

811221'/D:—1Re{06}+( "V ARe{a'e T} + (—ay + (B')*ear)Re{B'}

+(— 0(@)" + (B ear)Re{o/ B}

goz:ZT/D:—/"to_c’—i—/l(oc_')*o_c’e“”f'—i—( o+ (B)*eon ) B! + (— az(a")m(ﬁ")*eaz)o‘aﬁf}
g21 = TD| = A (@Wyy)(0)+ W3 (0) + 2@ (a'e® Wy (1) + Wiy (~ 1)
+(—ou+(B)rear) (B'WY (0) + Wi (0))

+ (= (@) + (B en) (BW)(0)+ Wy (0)]

We can clearly see that in order to determine g, we will have to compute Wo(6) and W (80).

From (36) and (38) we have:

W = % —2Rel5(t)q(6)]
= A(W)x +R(W)x — 2Re[(16 T 2(t) + ¢* (0)Fo(2,2))(8)]

= A(W)x +R(W)x — 2Re[10 7 Z(t)q(8)] — 2Re[q* (0) Fo(2,2)q(6)]
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Therefore,
AW —2Re[q*(0)Fy(Z,2)q(0)], 6 €[—1,0)
AW —2Re[q*(0)Fy(Z,2)q(0)] + Fp, 6 =0

W=

(using the definition of AW and R(u)x;)

Therefore, let

41) W =AW +H(%,Z0)
where,

- N 2 L 2
(42) H(Z7Za 9) = HZO(G)E +H11(9)ZZ+H()2(9>5 4+ ...

On the other hand, on the center manifold Cy near the origin, W = W;Z + Wgzi

Using (41) to compare the coefficients, we finally arrive at the following,
43) (A—216'7 )W (8) = —Ho(8),AW11(68) = —Hi1(6)

From (41) we also have that H(%,Z,0) = —2Re[q*(0)Fy(%,Z)q(0)], for 8 € [~1,0). That is,

2 = 2z 2 5 2=
F4 - 7 77 _ = . 7z
= —(g20§+811ZZ+8025+g21—2 +---)Q(9)—(820§+g1121+g025 & )q(0)

Now equating this with (42), and comparing the coefficients, we have,

(44) Hy(8) = —£204(0) — §024(6), H11(8) = —g119(0) — 8114(6)
From (43), (44) and the definition of A for 8 € [—1,0), we get,

(45) Wao(6) = 26 T Wao () + £204(0) + £524(6)

Note that, ¢(0) = q(O)e“’lfle. Hence, putting this value in (45), and solving it((45) being a

linear differential equation), we get:

1820 16786 1802 _ 16760 , 5 21676
46 Wi (0) = —=—¢q(0 + —3(0)e +Eje
(46) 20() O"L'q( )e 36151() 1

where E£| = (El(l),Ef ,E1(3)) € R3 is a constant vector. Similarly we can get,

1811 w'ie , 1811 _ 1670 | g
(47) 11(0) Grq(k GTQ(F 2
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where £, = (Eél),Ez(z),Ef) ) € R? is a constant vector.
Further, we will be finding E; and E.

From the definition of A at 8 =0, and (43), we have,

O ! ~
(48) / 4o (6)Wa(6) = 2101 W (0) o 0)

O ~
(49) /_ldG(G)WH(Q) — _f,,(0)

where, 6(6) = (0, 0) (since u = 0)

Also, from(41) we have that for 8 =0, H(Z,Z,0) = —2Re[q*(0)Fy(Z,7)q(8)] + Fy. That is,

7 7 7?7 72 2
= —(go0=+gn1Z+gn—==+g1—+..)9(0) — (g20=+ 81122+ 80— + 821
2 2 2 2 2
+ Fy
where
—7Lx1t(0)x2,(0) — a1X1l(0)X3t (O)
FO = 7T —OCzth(O))@,,(O) —|—7Lx1,(—l)x2t(—1)
ealx”(O)xg,(O) — eOC2X2,(O)X3t (0)
—Aa' —ai —2ARe{0'} —2a;Re{B'}
= T |—dB +2ae 7 | 2+ | 20Re{c B} +2ARe{0 e O T )| ...
ea B +eoma B’ 2eqRe{B'} + 2earRe{cl B}

And thus, after comparing the coefficients, we get,
Ao — oy
(50) Ho(0) = —£209(0) — §23(0) +27 |00/ + ' 07
ea ' +emap’
and,
—2ARe{0} —2a;Re{B'}
(51) A11(0) = —£119(0) — g113(0) +27 —20pRe{a' B’} +2ARe{0/ e 10 T}
2eaRe{B'} +2eonRe{a B’}

=~
Q)
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Substituting (50) and (46) in (48), and noticing that, (1671 — [, dn(8)e'® T 9)g(0) = 0, and
(=16’ 71— [°,dn(0)e ™ T ?)g(0) = 0 (since 10 7 is the eigenvalue of A(0) and ¢(0) is the

corresponding eigenvector), we obtain,

—Aa —oyf
(27T~ [°an(0)e° 7)) =27 | —opa' B+ Acle 0

eoy B’ +eapa’ B’

which leads to,

!/ !/
216/—6111 —ap —ais —Aa —Ollﬁ
~ 1! / ! ’ ’ ’ !
Ey —ap; —br1e7 %" 216 —axy —bype 't —anjs =2 —0h ﬁ +Aoxe 07
/
—dasy —dasn 210 —azs 6061[3/+€(X2(X/ﬁ/

And, from Cramer’s rule for solving system of linear equations, we get,

!/ !/
—Aa — o —ap —ai3
(1) 2 -y s ! it
E1 = —Otzaﬁ +Aoe 216 —apx —bye —an3
/
eoclﬁ’+ea2a’[3’ —azy 210 — a3z
/ !
216/—6111 —Aa —(Xlﬁ —dai3
~(2) o 2 _ !/ / / I A
E™ = M, | 921 —by1e7°T  —ma B +Ace 0" —an3
/
—aszq ealﬁ’+ea2a’ﬁ’ 2160 —aszs
/ !
216'—a11 —ajpn —Ao —Otlﬁ
7 (3) 2 o't ! —ite Y 16T
E1 = M, | a2 —byie 210 —ay —bye —0620613 +Aae

—das3] —daz) eaIB’Jreazoc’B’



26 NAINA ARYA, PALAK MRIG, SUMIT KAUR BHATIA, SUDIPA CHAUHAN, PUNEET SHARMA

216/—(11] —ain —as
~ /7 / !/
where, M1 = | —ay; —by1e™'° " 216 —axy —bype 7 ° —an3
/
—asi —as) 210 —aszz

Next, substituting (51) and (47) in (49), and working in a similar pattern as above, we finally get,

—;LRE{OC,} — (X]Re{ﬁ/} ain aiz
~(1 /= ;I
= 1%2 —Re{a B} +ARe{a e " }+by an+byn ax
eOthe{B’} —l—eOtzRe{Otlgl} azn ass
ail —QLRe{OC/} — (XlRe{ﬁ,} ais
~ (2 = P
E§ ) = ]l% ar + bay —OtzRe{OC ﬁ }—f—lRe{Oﬂ e 07 } any
asi eaRe{B'} +eoc2Re{oc/[§’} ass
ary a —ARe{d'} — oyRe{B'}
~(3 1=, ro_
Eé ) = 1\% ar) +by ax+bx» —OtzRe{OC ﬁ }+lRe{OC e o7 }
asi asn eOClRe{ﬁ/}—l—eOCQRe{OC/[;/}
ari ann ais

where, My = |ay) + by axp+by ax

asy asn ass
Thus, we can determine W>o(6) and W;1(0) from (46) and (47), and hence, we can compute

821-

Therefore, the behaviour of bifurcating periodic solutions in the center manifold at the critical

value 7= 7 is computed by the following values:

N 1
C1(0) = =——(g20811 —2|gn|* —

20'7
__ Re{Ci(0)}

= Re{ dld(:/)} Y

\802’2
3

g

)+2’




DYNAMICAL ANALYSIS OF POLLUTED PREY-PREDATOR SYSTEM WITH INFECTED PREY 27

B = 2Re{C1(0)},
~ - A !
5 Im{Ci(0)} +//.L/21m{d \7)
o7

}

where,

e [ir determines the direction of Hopf bifurcation, for if fi; > 0, the Hopf bifurcation
will be supercritical, and if fi; < 0, the Hopf bifurcation will be subcritical, and the
bifurcating periodic solutions exist for 7 > Tort<rt.

° 32 determines the stability of the bifurcating periodic solutions, for if 32 < 0, the bifur-
cating periodic solutions will be stable, and if BZ > 0, the bifurcating periodic solutions
will be unstable.

e T, determines the period of the bifurcating periodic solutions, for if 75 > 0, the period

increases, and if 7> < 0, the period decreases.

5. NUMERICAL EXAMPLES

We investigate the dynamics of the system numerically. We consider a hypothetical and
biologically feasible set of parameters illustrated below:
A=50;1=0.05;; =0.1;0 =0.1; 3 =20;m = l;ea; =0.1;ea, =0.1;
d1 =0.075;d, = 0.05;d3 = 0.09;r1 =0.0001;r, = 0.001;r3 = 0.0002; 2 = 0.1;
a=0.07;n=0.05;¢ =0.3;/; =0.1;1, =0.1;g = 5;d = 0.02

: —s ' —=]
400 :‘Pl 350 :‘PI
350 | an0
300 \
~
g

\ 150
150
100 1 160

50 50

250

S 200
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0 500 1000 1500 0 500 1000 1500
Time The:

FIGURE 1. (a),(b) Trajectories in absence and presence of pollutant

Figure 1 (a) shows the solution of the system with above set of parameters in absence of pollu-

tant and the equilibrium point so obtained is (S*,I*, P*) = (151.4877,28.5114,413.4734). (b)
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8 3
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2} 500 1000 1500 2000 2} 500 1000 1600 2000 2500
Time Time

FIGURE 2. (c),(d) Trajectories in absence and presence of pollutant

shows the solution of the system with above set of parameters in presence of pollutant and the
equilibrium point comes out to be (S*,I*, P*) = (222.3478,65.8217,304.6972). We observe
that for the above set of parameters, due to presence of pollutant in the system, prey population
increases whereas predator population decreases. So, pollutant does not always have negative
effect on the populations as in this case prey population not only survives but also increases as
predator population decreases due to pollutant. Also, we can see from figure 1(a) and figure 2(c)
that the system in absence of pollutant approaches same interior equilibrium point starting from
different initial conditions and from figure 1(b) and figure 2(d) that the system in presence of
pollutant approaches same interior equilibrium point starting from different initial conditions.
So, for the above set of data, the system has a globally asymptotically stable interior equilibrium

point.

D=
o
=]
=3
’;"_0"_

400 400

AN ™
h N

Q 500 1000 1500 Q 500 1000 1500
Time Time

Populations
[
[=]
=}
Populations
[
[=]
=]

FIGURE 3. (e),(f) Trajectories in absence and presence of pollutant when 8 = 1
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Further the effect of varying half saturation constant $ on the dynamics of the system is in-
vestigated. Figure 3 (e) shows the solution of the system when 3 = 1 in absence of pollutant
and the equilibrium point so obtained is (S*,I*, P*) = (9.0000,0.0000, 548.0556). (f) shows the
solution of the system with B = 1 in presence of pollutant and the equilibrium point comes out
to be (§*,I*, P*) = (14.3948,0.0000,522.9190). Thus, keeping 8 under some threshold, level
system becomes disease free. Also, due to pollutant, predator population decreases and prey
population increases. Now taking 8 = 190, we obtain figure 4. Figure 4 (g) Shows the solution
of the system in absence of pollutant that approaches asymptotically to the point (S*,I*,P*) =
(400.3761,399.4159,0.0000) and (h) shows the solution of the system in presence of pollutant
and the equilibrium point comes out to be (S*,I*, P*) = (394.9940,291.5103,0.0000). Thus,
on increasing the value of 3, system becomes predator free. Thus, when we take the half
saturation constant 3 < 1, the solution of the system approaches equilibrium point E3, which
is locally asymptotically stable and due to pollutant, the susceptible population increases and
predator population decreases. When 1 < 8 < 190, the system approaches interior equilibrium
point as shown in Figure 1. When we take 8 > 190, it leads to extinction of the predator popu-

lation and due to presence of pollutant, prey population decreases.

Now take ea; = 0.16,e0 = 0.16. Figure 5 (i) shows the solution of the system in absence of
pollutant that approaches asymptotically to the point (S*,I*, P*) = (25.7254,0.0000, 854.5850)
and (j) shows the solution of the system in presence of pollutant and the equilibrium point

comes out to be (S*,7*,P*) = (28.1243,0.0000,818.6385). So, on increasing the conversion
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FIGURE 6. (k),(1) Trajectories in absence and presence of pollutant when ec;; = 0.08, e, = 0.08

rates, infection is getting eliminated from the system. Take ec; = 0.08,e0p = 0.08. Fig-
ure 6 (k) shows the solution of the system in absence of pollutant that approaches asymptot-
ically to the point (S*,I*,P*) = (400.3659,399.4227,0.0000) and (1) shows the solution of
the system in presence of pollutant and the equilibrium point comes out to be (S*,I*,P*) =
(394.9921,291.5119,0.0000). Here, predator is getting extinct on decreasing conversion rates
simultaneously. We observe that when the conversion rates e, e < 0.08, system approaches
predator free equilibrium E4, which is locally asymptotically stable and pollutant leads to de-
crease in prey population. When 0.08 < e, e < 0.16, system approaches interior equilib-
rium point as shown in Figure 1. When eq;,eaq; > 0.16 the system approaches infective free
equilibrium point E3 which is locally asymptotically stable and due to presence of pollutant

susceptible prey increases as predator population decreases.
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When we take A = 1, we obtain figure 7, where (m) shows the solution of the system in absence
of pollutant that approaches asymptotically to the point (S*,7*, P*) = (8.4001,7.3999,0.0000)
and (n) show the solution of the system in presence of pollutant that approaches asymptotically
to the point (S*,I*,P*) = (8.4221,5.2366,0.0000). We observe that taking A < 1 leads to
extinction of predator population. Also, due to presence of pollutant susceptible prey population

increases and infective prey population decreases.
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When we take A = 0.001 and ¢ = 1, we obtain figure 8, where (0) shows the solution of
the system in absence of pollutant and approaches asymptotically to the point (S*,I*,P*) =
(174.1301,5.8694,407.1852) and (p) shows the solution of the system in presence of pollutant
that approaches asymptotically to the point (S*,7*, P*) = (195.1533,0.0000,389.1198). We ob-

serve that keeping infection and pollutant under some limit not only eliminates infection from
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the system but also increases susceptible prey population and decreases the predator population,

which is in sync with real life scenario.

FIGURE 9. (q):t=5.5,U* =0.0001, (r):t = 5.9,U* = 0.0001, (s):7 = 5.9,U* = 0.001

When we consider, A =500,4 =0.9103, o} =0.959241, 0, = 0.56585, 8 = 30,m = 0.005,¢ =
0.12,d; = 0.0534,d, = 00.0010,d3 = 0.50259,r; = 0.937,r, =0.91,r3 = 0.090001 and U* =
0.0001; we obtain that the periodic solution is locally asymptotically stable when 7 < 79 =
5.9(Figure 9(q)) and at T = 79 = 5.9, Hopf Bifurcation occurs(Figure 9(r)). It can be seen from
figure 9(s) that if pollution is increased to U* = 0.001 then the periodic solution is stable. Thus,

we can say that increase in pollution upto a certain level has stabilizing effect on the system.

6. CONCLUSION

In this paper, a polluted prey-predator model with disease in prey has been proposed and stud-
ied. It is assumed that the pollutant affects both the populations while only prey population is
vulnerable to disease. First thing discussed was positivity and boundedness of the solutions of

the system. Then we performed stability analysis i.e. local and global stability of the solutions
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were analyzed. Then we introduced delay in the model to make it more realistic and studied
the stability of the delayed system at interior equilibrium point. The existence and direction of
Hopf bifurcation was established i.e. Hopf bifurcation occurs at the interior equilibrium point
after the delay crosses certain value 7’. Further, numerical simulations are carried out in order
to investigate that which set of parameters control the dynamic behavior of the system. The
parameters chosen were hypothetical and biologically feasible. For the set of data chosen, it
is observed that pollutant may not always have negative effect on existence of species, rather
it could help the species to survive. On varying the half saturation parameter, if we take half
saturation constant below a specific value, disease gets eliminated from the system. The so-
lution of the system in absence of pollutant and in presence of pollutant approaches infective
free equilibrium point which is locally asymptotically stable and due to presence of pollutant,
the susceptible prey population increases and predator population decreases. If we take half
saturation constant above a specific value it leads to extinction of predator population and due
to presence of pollutant, the prey population decreases. Varying the conversion rates simultane-
ously, we get that increasing conversion rates above a specific value, system becomes disease
free. The solution of the system in absence of pollutant and in presence of pollutant approaches
an infective free equilibrium which is locally asymptotically stable. Also, in this case, due to
presence of pollutant, prey population increases and predator population decreases. Decreasing
conversion rates below a specific value, predator population extincts and prey population de-
creases. On decreasing the growth rate constant of the susceptible prey below a specific value,
the system approaches predator free equilibrium i.e. it leads to the extinction of predator pop-
ulation. Above that specific value of growth rate constant, the system approaches to interior
equilibrium point as shown in figure 1. If we take the infection rate A and exogenous input rate
q of pollutant into the environment below a specific value simultaneously, the pollutant helps
in eliminating disease from the prey population and thus increasing the number of healthy prey
in the system. Whereas, predator population decreases due to presence of pollutant, which is in

sync with real life scenario.
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