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Abstract: In this article, we revisit the question of
analysing the efficiencies of partially entangled states
in three-qubit classes under real conditions. Our results
show some interesting observations regarding the efficien-
cies and correlations of partially entangled states. Surpris-
ingly, we find that the efficiencies of many three-qubit
partially entangled states exceed that of maximally entan-
gled three-qubit states under real noisy conditions and
applications of weak measurements. Our analysis, there-
fore, suggests that the efficiencies of partially entangled
states are much more robust to noise than those of maxi-
mally entangled states at least for the GHZ (Greenberger—
Horne—Zeilinger) class states, for certain protocols; i.e. less
correlations in the initially prepared state may also lead
to better efficiency and hence one need not always con-
sider starting with a maximally entangled state with max-
imum correlations between the qubits. For a set of partially
entangled states, we find that the efficiency is optimal,
independent of the decoherence and state parameters, if
the value of weak measurement parameter is very large.
For other values of the weak measurement parameter, the
robustness of the states depends on the decoherence and
state parameters. Moreover, we further show that one can
achieve higher efficiencies in a protocol by using non-
optimal weak measurement strengths instead of optimal
weak measurement strengths.
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1 Introduction

Quantum entanglement — shared between distant users —
is shown to be an efficient resource in comparison to
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its classical counterparts for many communication pro-
tocols such as quantum computing [1], quantum cryp-
tography [2], quantum teleportation [3], dense coding
[4], and quantum secret sharing [5]. The basic concept
behind the efficiency of quantum resources in comparison
to classical resources lies in the existence of long-range
nonlocal correlations existing between the qubits [6-10].
These correlations, however, are subjected to decoherence
due to the interaction of entangled qubits with the envi-
ronment during entanglement distribution [11-13]; this
leads to degradation of entanglement and non-violation
of the Bell-type inequality [13-17]. Interestingly, there are
instances where nonlocal correlations in a partially entan-
gled state are found to be more robust in comparison
to a maximally entangled state, leading to the anomaly
[18, 19] that maximal nonlocality may not coincide with
maximum entanglement [20—31]. These unavoidable cou-
plings further result in the decreased efficiency of entan-
gled resources in quantum information processing pro-
tocols. For example, in general, if an entangled resource
used for quantum teleportation is maximally entangled or
belongs to some specialised class, then one can achieve
perfect teleportation with unit fidelity [32-34]. However,
because of the interaction with the environment, a maxi-
mally entangled pure state may evolve into a mixed state,
resulting in decreased fidelity of quantum teleportation
[35]. Moreover, in comparison to a maximally entangled
multi-qubit state, if the users in a communication pro-
tocol share a multi-qubit partially entangled state, then
the fidelity of teleportation depends on the parameters
of the state to be teleported, even under ideal conditions
[33, 36, 37]. Clearly, the situation becomes much more
intricate when one considers a real experimental set-up
where the noise cannot be ignored any longer; hence, the
need to analyse the efficiency of partially entangled multi-
qubit states under real noisy conditions so that one can
take informed decisions whether to use a particular entan-
gled state under noisy conditions or not. One of the mea-
sures to compare the efficiencies of entangled states is
the fidelity of teleportation. For example, quantum tele-
portation is considered to be successful for fidelity > %
[38-40]. Since the channel capacity also depends on the
degree of entanglement between the qubits, states leading
to fidelity < % cannot be used as efficient resources for
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quantum teleportation. The influence of noisy channels
on the teleportation protocol using maximally and par-
tially entangled multi-qubit Greenberger—Horne-Zeilinger
(GHZ) and W states have been studied [35, 41, 42]. Thus,
noisy channels impact teleportation fidelity adversely so
that the fidelity may become < 2, and therefore one needs
to find other ways to protect quantum coherence between
qubits in a communication scenario under real conditions.
Similarly, in a dense coding protocol, the channel capac-
ity to transmit classical information can be considered as
a criterion for examining the usefulness of a state [43].
Although there are many decoherence models to protect
the required coherence [44-48], the one that is proved to
be very useful is weak measurement and its reversal oper-
ations [49-61]. This model is based on the fundamental
possibility of reversing partial measurement operations.
Recently, the strategy to use weak measurement and its
reversal operation was shown to be very useful in quan-
tum information and computation, theoretically as well
as experimentally [58-65]. For example, the teleportation
fidelity of a two-qubit shared state can be increased by the
applications of weak measurement and its reversal opera-
tion [66]. Such analysis for multi-qubit entangled systems
may provide a better insight into the complex nature of
nonlocal correlations as well as the usefulness and effi-
ciencies of these resources. Hence, it will be interesting to
analyse the robustness of efficiencies of partially entan-
gled three-qubit states under noisy conditions to under-
stand the range of different parameters involved in the
process for achieving maximum efficiency.

We, therefore, readdress the question of the useful-
ness and efficiency of multi-qubit, partially entangled
states under real noisy conditions using weak measure-
ment and its reversal operations. For this purpose, we
analyse and compare the efficiencies of three different sets
of three-qubit, partially entangled states from two inequiv-
alent classes, namely the GHZ class and the W class [67],
for teleportation and dense coding protocols. Our anal-
ysis shows some interesting observations regarding the
applications of weak measurement and its reversal opera-
tions for amplitude damping channels. For instance, using
a class of states (|@)) belonging to the GHZ class as a
resource for quantum teleportation, we find that fidelity
of teleportation is always close to unity for higher val-
ues of the weak measurement strength parameter irrespec-
tive of the strength of the noise parameter and the state
parameter 6. For GHZ and W classes of states, applica-
tions of weak measurements leads to an increase in the
fidelity of teleportation compared to that in the presence
of noise alone. A comparison of our results suggests that,
for lower values of the state parameter 6, the |®) states are
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much more robust to decoherence in comparison to other
generalised GHZ (GGHZ) states, whereas for higher values
of 0, the GGHZ states are more robust to decoherence in
comparison to the |®) states. In general, |®) and GGHZ
states are always more robust to noise in comparison to W
states. However, using the weak measurement technique,
our results suggest that for lower values of the weak mea-
surement parameter (say 0.2) and moderate noise (0.5),
the use of standard W states [0 = 35.2644°; (13)] leads
to better efficiency than the use of |®) or GHZ states at
the same 0. Similar to the anomaly shown in nonlocal-
ity characterisation [18, 19, 25, 27, 28], where maximal
nonlocality does not coincide with maximum entangle-
ment, our analysis further shows that the maximum effi-
ciency also does not coincide with the maximum entan-
glement; i.e. partially entangled states turn out to be more
efficient than a maximally entangled state at least in the
analysis of |®) and GGHZ states. The observations regard-
ing the efficiency of dense coding protocol are also in
agreement with the discussions regarding the efficiency
of teleportation in the presence of noise and weak mea-
surement. All the above description of efficiencies of par-
tially entangled three-qubit states is obtained using an
optimal relation between the weak measurement param-
eter, the weak measurement reversal parameter, and the
decoherence parameter. Interestingly, we find that, under
the application of non-optimal reversing weak measure-
ment, for a fixed value of the decoherence parameter,
the partially entangled GGHZ states are more efficient for
quantum information protocols than all other states of the
same class, for certain values of weak measurement oper-
ations. For example, at a decoherence parameter value of
0.5, if we fix the value of the weak measurement rever-
sal parameter as 0.99, then the use of partially entangled
GGHZ states as resources results in very high average tele-
portation fidelity at very small values of the state parame-
ter, 0 € [0.003, 0.4], for all values of weak measurement
strength below 0.98. Therefore, our results indicate that
states with less initial correlations may prove to be more
useful in comparison to states with higher initial correla-
tions under noisy conditions, confirming that higher ini-
tial correlations may not always guarantee higher success
in a communication protocol. Hence, the efficiency of a
set of states depends on different parameters, i.e. the state
parameter, the noise parameter, weak measurement, and
its reversal operations (optimal and non-optimal). The val-
ues of these parameters decide whether to use a |®) or
a GGHZ class state in real conditions. Thus, based on the
analysis presented in this article, one can use an appropri-
ate state as a resource in an actual protocol set-up to obtain
maximum efficiency. We believe that the study presented
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here will be useful to researchers working in theory as well
as experiments.

For characterizing the quantum correlations in the
finally shared three-qubit states, we use the three-qubit
Svetlichny inequality [68] whose violation is a necessary
and sufficient condition to confirm the presence of non-
local correlations in an underlying quantum state. Our
results indicate that, although the Svetlichny inequality
is not violated by three-qubit, partially entangled states
even for a small decoherence parameter, the fidelity of
teleportation is surprisingly greater than % A further com-
parison of the efficiencies of these states for dense coding
protocol under similar scenarios leads to similar results
as in the case of teleportation protocol, i.e. |®) states are
found to be more efficient in comparison to GGHZ states
for smaller values of the state parameter 8, and |®) and
GGHZ states are always more efficient than W states. For
understanding the reasons behind the efficiency of these
states for teleportation and dense coding even when the
Svetlichny inequality is not violated, we further analyse
the global quantum discord [69] to explain the robustness
of nonlocal correlations under the influence of noise.

In following sections, we first briefly discuss deco-
herence, weak measurement, its reversal operations,
and nonlocal correlations in three-qubit systems, and
then move ahead to analyse the efficiencies of three-
qubit, partially entangled states for quantum information
processing.

2 System-Environment
Interactions

In any communication protocol, system qubits always
interact with the environment, leading to unwanted cou-
pling and resulting in noise [11]. The coupling of system
qubits with the environment is described as the evolution
£(p) of the density operator p by the completely positive
trace-preserving evolution
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where Ey = (k|U|0) are single-qubit Kraus operators rep-
0

resented as
Ep = ! E, =
0 - 0 /1 _ d ’ 1 —

and d is the decoherence parameter (0 < d < 1). The oper-
ational elements Ej describe the interaction of the sys-
tem qubits with the environment and satisfy the relation
S« EXEx = I. Since decoherence affects the correlation
between qubits, it is evident that efficiency of teleportation
protocol also gets affected under noisy conditions [70, 71].
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3 Weak Measurement and
Quantum Measurement Reversal
Operations

In 2012, Kim et al. [59] proposed a scheme to protect entan-
glement from decoherence, based on the fact that weak
measurements can be reversed. The proposed scheme
makes use of weak measurement and the corresponding
quantum measurement reversal to avoid the effect of deco-
herence, as shown in Figure 1, where w is the weak mea-
surement strength, d is decoherence parameter, and wy is
the strength of the reversing measurement. For an ampli-
tude damping channel, the optimum value for the reversal
measurement is given as w, = w+ d(1 — w) [59]. The indi-
vidual qubits undergoing decoherence are first subjected
to weak measurement operations locally before being dis-
tributed through a decoherence channel and, then, after
the decoherence channel, quantum measurement rever-
sal operations are performed on the respective qubits. The
whole scenario allows one to protect quantum entangle-
ment and nonlocal correlations between the qubits and
hence is useful for many quantum information and com-
putation tasks.

Quantum
measurement
reversal

0 |

/
.

—

Figure 1: Application of weak measurement and quantum measurement reversal in the decoherence channel.
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4 Nonlocal Correlations

Quantum theory allows correlations between spatially
separated particles, which are fundamentally different
from classical correlations. For example, the violation of
Bell-type inequalities in bipartite and multi-qubit entan-
gled systems confirms the presence of genuine quan-
tum correlations between the particles. These correlations,
when subjected to noisy quantum channels, degrade as
a result of decoherence, affecting the overall efficiency
of a protocol. In this article, we emphasise on analysing
such nonlocal correlations and efficiency of three-qubit
partially entangled states.

For three-qubit systems, the violation of the Svetlichny
inequality [68] is defined as follows:

S| = A(BC + BC’ + B'C + B'C))
+ A'(BC 4+ BC' + B'C + B'C') < 4, )

where A = d - 04 or A’ = @’ - 0 are measurements pet-
formed on the first sub-system; similarly, B = b - gy or
B =b'- opand C = ¢-0cor C’ = ¢ 0, are for second and
third sub-systems, respectively. Here, 0; = {0x, 0y, 0z}
(with i = a, b, ¢) are the spin projection operators, and
d, b, ¢, @, b’, & are unit vectors in R3, given as @ =
(Sin 84 Cos g, Sin B, Sin ¢q, Cos O4): similarly, b, ¢ with
angles corresponding to sub-systems b and c and a’, b,
with prime angles.

The Svetlichny inequality confirms the presence of
genuine tripartite correlations between the qubits. In gen-
eral, the violation of the Svetlichny inequality, therefore,
suggests that the underlying quantum state can be used
as an efficient resource in quantum information process-
ing. For example, the Svetlichny inequality is violated by
the state |®) = %[Cos 6(|000) + |011)) + Sin 6(|110) +
|101))] for the whole range of he parameter 6 or by the
set of GGHZ states, i.e. |GGHZ) = Cos 6/000) + Sin §|111)
for 6 > 0.4 rad, and hence |®) and GGHZ states can be
considered as useful resources for quantum information
and computation. However, as shown in Figure 2, the
inequality is not violated by the |®) states if the deco-
herence parameter is as small as 0.2. In fact, even for the
value d = 0.1, the inequality is violated only for a smaller
set of states. Figure 2 therefore suggests that, although
the |®) states always violate the Svetlichny inequality in
ideal conditions, the nonlocal correlations in these states
degrade very fast when exposed to real conditions. Sim-
ilar to the |®) states, the GGHZ states do not violate the
inequality if the decoherence parameter is greater than
0.2. Precisely, for the value of decoherence parameter as
small as 0.2 itself, only a fraction of states violate the
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Figure 2: Effect of decoherence on quantum correlations using the
Svetlichny inequality for |®), GGHZ, and W states.

Svetlichny inequality. Interestingly, for d = 0.1, the vio-
lation of the Svetlichny inequality by the GGHZ states is
more prominent than the |®) states; i.e. although |®)
states violate the Svetlichny inequality more in compari-
son to the GGHZ states under ideal conditions, the GGHZ
states exhibit more nonlocal correlations in comparison to
the |®) states under mild noisy conditions (see Fig. 2). In
comparison to the GGHZ and |®) states, the W states, i.e.
|W) = Sin 6]001)+Cos 6(]100)+|010))/+/2, do not reveal
the presence of nonlocal correlations even at d = 0.1. Con-
sidering the vulnerability of nonlocal correlations even
towards mild noise, the analysis of efficiency of such states
under real noisy conditions requires adequate attention.
Hence, in the next few sections we analyse the efficien-
cies of partially entangled three-qubit states under real
conditions.

5 Quantum Teleportation using
Quantum Gates

Quantum teleportation [3] is a process by which quan-
tum information can be transmitted from one location
to another, without travelling the distance physically,
with the help of previously shared entanglement between
a sender and a receiver. In order to facilitate the dis-
cussion regarding our results, we first briefly describe
quantum teleportation: Alice (sender) and Bob (receiver)
share an entangled state |i55), which acts as a quan-
tum channel for the teleportation protocol. Alice wants to
send an unknown information encoded in a state |Yy,) =
Cos(¢/2)[0) + €' Sin(¢/2)|1) to Bob, where ¢ and ¢ are
polar coordinates with 0 < ¢ < and 0 < ¢ < 27. For
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this, Alice first performs a two-qubit Bell-state measure-
ment on the joint state of her qubits, one from the shared
entangled pair and one defining the input state, and then
sends the measurement outcomes to Bob through a classi-
cal channel. Bob then performs a unitary transformation
to retrieve the unknown input state, which is destroyed at
Alice’s end.

As a criterion for successful teleportation, one can
compute the teleportation fidelity, which indicates the
degree of overlap between the input and output states.
For example, fidelity of quantum teleportation can be
expressed as the overlap of the input state |;,) and the
output state pout as

F= <lzbin |p0ut|¢in>- 3)

Since the initial state is unknown, the average fidelity

[72] can also be given as

2n m
1 .
Fas = - [ 4 [ Fsin(gas. (@)
0 0

5.1 Three-Qubit States as Quantum
Channels for Teleportation Under
Real Conditions

In order to analyse the efficiencies of partially entangled
multi-qubit states in terms of teleportation fidelity in a
noisy environment, we now proceed to study three differ-
ent sets of three-qubit states belonging to two inequivalent
classes. As discussed above, for our purpose we consider
three different sets of states, namely, |®) states, GGHZ
states, and W states.

5.1.1 |®) State as a Quantum Channel Under Real
Conditions

First, we consider the partially entangled |®) states as a
channel for teleportation protocol, where

1

@)=

[Cos 6(]000) + [011)) + Sin 8(]110) + |101))].
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As a preliminary example, in Figure 3 we show a
quantum circuit for teleporting an unknown information
encoded in the state |Y);,) = a|0) + B|1), where a and 8
are real numbers, using the |®) state as a quantum chan-
nel under ideal conditions. Here H, X, and Z represent the
Hadamard, Pauli X, and Pauli Z operations, respectively,
and the two-qubit operations are Controlled-NOT (C-NOT)
and Controlled-Z operations.

Using the teleportation circuit diagram in Figure 3,
|out) can be evaluated as

|l/’(1)> 1 (Cos 6 + Sin 6)(a]0) + B|1))
out/ —
2v2 P
or
|lp(2)> 1 [ (Cos 6 — Sin 6)(a]0) + B|1))
out/ —

2v2 P2

for measurement outcomes corresponding to (000,
100, 011, 111);p3 or (001, 101, 010, 110);3, respectively.

Considering p(l/)gl)lt) as the probabilities of measure-

ment outcomes associated with the states |1/)§31t),

we have p(y}) = 1(Cos§+Sin6)? and p(yP) =

%(Cos@ — Sin 6)%. Therefore, using (3), fidelity can be
calculated as

FU _

1 ((az + BY)’(Cos 6 + Sin 9)2>
8 p(l/)glu)t)

and

o _ 1 <(a2 + B’ (Cos 6 — Sin 9)2)
8 P(l/)gl)t

Hence, the average fidelity Favg = > ; p(®)F®,

out
using the above teleportation circuit, can be given as

Favg = %[(Ce +86) + (Co — Sp)*1(@® + B*)°
_1, 6)

where Cy = Cos 8 and Sy = Sin 6. Clearly, the average tele-
portation fidelity in this case is found to be 1, indicating

(5)
v,)

EBy

[ i Y
|®) [H} .
[z

Figure 3: Teleportation using the |®) state as a quantum channel.
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perfect teleportation and showing that the fidelity of tele-
portation is independent of the state parameter 6. We now
proceed to discuss the main results of this article consid-
ering the actual teleportation protocol in a decoherence
environment, i.e. using amplitude damping channels. The
single-qubit amplitude damping Kraus operators, defined
in (1), operate on the individual qubits such that the state
now evolves as €(p). Since the initial state after opera-
tions of amplitude damping channels evolves as a mixed
state, the input state in Figure 3 is now a three-qubit mixed
state instead of a three-qubit pure state. Considering all
three qubits of the state |®) to suffer from decoherence,
the average fidelity can be expressed as

Favg = %{4 + 2\/&72\/2— d2a3 — d3al
+di(-d — 2\/d\/d5) + Qa1 35

+dyds + di(da — d3))Cag},s )

where d;, d>, and ds are the amplitude damping param-
eters associated with qubits 1, 2, and 3, respectively

DE GRUYTER

0<di1<1,0<dy;<1,and0<d; <1)andd; =1 —
d;. Equation (7) indicates that the teleportation fidelity
decreases with increasing values of the amplitude damp-
ing parameter (see Fig. 4a). Surprisingly, in this case,
the teleportation fidelity using the finally shared state is
always more if the initially prepared state is a partially
entangled state instead of a maximally entangled state.
Evidently, the lesser the entanglement of the initial state,
the more the teleportation fidelity. Therefore, the partially
entangled |®) states are more robust towards amplitude
damping noise in comparison to the maximally entan-
gled |@) state. The above observation is in correspon-
dence with the fact that maximally entangled states may
not give rise to maximum nonlocality for some seemingly
good nonlocality measures [18-26]. The results obtained
here therefore point towards the anomaly that maximal
nonlocality does not coincide with maximum entangle-
ment for the three-qubit Svetlichny inequality. In fact, for
very strong decoherence, the maximally entangled state
may not even lead to a fidelity > % as shown in Figure 4a
and b. Hence, more nonlocal correlations in the initial

a 1.0 b
O T e e e e e e e e
08}
0.95 09 | Classical
" — Original
X - 0.85 ‘_E - - d=0.01
S 08|
= 2
- & o d=03
04 S -2
it . S | — d=05
0.65 SR S B e Bl O d=07
02 T d=085
0.6 ’
0.0 0.2 04 0.6 0.8
0.0 { a
0.0 02 0.4 0.6 0.8
2]
cz.oo___'__ —————
0.95
Classical
L ——— — Original
£oss - e vy -w=02
2 - Y
= 0.80} -~~~ — — w=04
0.75 e | e | e w=06
T w=08
0.70 E
__________________________ — w=099
0.65
0.0 0.2 0.4 0.6 0.8
(2]

Figure 4: Effect of decoherence and weak measurement on the |®) states: (a) and (b) represent the loss of teleportation fidelity when all
three qubits of the |®) states undergo decoherence (d; = d> = d3 = d); (c) represents improving teleportation fidelity in decoherence
environment (d = 0.5) using weak measurement on all three qubits of the |®) state (ws = w, = w3 = w); (d) represents the effect of

decoherence and weak measurement on the |®) state when 6 = £.
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state do not always guarantee more success in a given pro-
tocol. Another interesting observation is that, even though
the |®) states do not violate the three-qubit Svetlichny
inequality for d > 0.2, the fidelity of teleportation using
these states is still > % for d > 0.2. Even for strong deco-
herence parameter values, fidelity is still > % for certain
ranges of the parameter 8. We further analyse the effi-
ciency of the |®) states using the application of weak
measurement and its reversal operations as depicted in
Figure 1. The average teleportation fidelity after a sequence
of weak measurements, amplitude damping channels,
and quantum measurement reversal operations is evalu-
ated as

Favg -

6 + dsws(1 + diw1) + dawa(1 + d1wy + dsws)
2 —(d1w1(dawy + d3ws3) — dad3wow3)Cag

3| Q2+ dawa)2+ dsws) + diwi(2 + daws + d3ws)
—(d1w1(2 + dow + d3w3) — drd3waws)Cog

(8)

where wi, w,, w3 are the weak measurement parame-
ters on qubits 1, 2, and 3, respectively (0 < w; < 1,0 <
wy <1, and 0 <ws <1), and w; =1 — w;. Figure 4c
demonstrates the effect of weak measurement and its
reversal operations on the average fidelity of teleportation
under noisy conditions, considering d = 0.5. Comparison
of Figure 4b and c confirms the enhancement in telepor-
tation fidelity at d = 0.5 for the value of weak measure-
ment strength w > 0.2. Remarkably, for larger values of
the weak measurement strength parameter, the fidelity
approaches unity independent of the strengths of deco-
herence and the state parameters. Therefore, these states
can be used as efficient resources even in the presence of
very strong noise. Moreover, fidelity is always greater than
% even at higher decoherence values where the Svetlichny
inequality is not violated by the |®) states. From Figure 4c
and d, one can conclude that partially entangled states
|®) are still more robust to decoherence under the appli-
cations of weak measurement and its reversal operations.
In order to understand the reasons behind fidelity being
> 2 even at high decoherence where the |®) states fail
to violate the Svetlichny inequality, we use global quan-
tum discord [69] to capture nonlocal correlations in the
finally shared three-qubit mixed states. The quantum dis-
cord D(p) for an arbitrary three-qubit state p4pc under a
set of local measurements {I1¥} is defined as

D(p) = ming, [S(o| () — S(pallpalpa))
— S(pg||¢BeB)) — Sloc||Ppcloc))], )
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—d =0.01
—d=03
d=03
—d=07
—d =085

Discord

0.0 0.2 0.4 06 0.8

Figure 5: Effect of decoherence on quantum correlations using
discord for the |®) state.

where ¢;(p;) = 3, T¥p;I1* and S(p) is von-Neumann
entropy of the state p.

Figure 5 confirms that correlations in the |®) states
are much more robust in the presence of decoherence as
against the indication given by the Svetlichny inequality.
The characterisation of nonlocal correlations using dis-
cord, therefore, justifies the efficiency of the |®) states in
quantum teleportation under real conditions.

5.1.2 GGHZ State as a Quantum Channel Under Real
Conditions

In this section, we consider the GGHZ states given by

|GGHZ) = Cos 6|000) + Sin 0|111). (10)

The quantum circuit for teleporting a single qubit
using the GGHZ state as a quantum channel is shown
in Figure 6. Unlike the |®) states, the average teleporta-
tion fidelity using the GGHZ states as resources in ideal
conditions depends on the state parameter 0, i.e. Fayz =
3 [2 + Sin(26)], which is the same as in [32].

Similarly, the average teleportation fidelity under the
influence of amplitude damping noise and after the appli-
cation of weak measurement and its reversal operations
can be evaluated as

1
Favg - 6{4 - (dz + d3 - 2d2d3)(1 - CZB)

+ 2\/5171@\/?73529} (1)
and
_ (1 +diw1)2 + dswsdyw, (1 + 2d;w3))Sg
avg 3(C + (1 4 d1w1)(1 + daw2)(1 + d3W3)S3)
. 2C§ + Sy
3+ (L + diw)( + dowo)(1 + dsW3)S3)’
(12)
respectively.
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Figure 6: Teleportation using the GGHZ state as a quantum channel.

Figure 7a—d depict the effect of the amplitude damp-
ing channel and weak measurement and its reversal oper-
ations on teleportation fidelity. Similar to the previous
case, we observe that weak measurement and its reversal
operations increase the teleportation fidelity for a given
decoherence channel. In fact, for higher values of weak
measurement strength, one can achieve fidelity equal to
that in the ideal scenario. On the other hand, unlike the
previous case, the maximally entangled states are found
to be more robust under the influence of mild decoher-
ence in comparison to partially entangled states. Interest-
ingly, for higher decoherence, the robustness of partially
entangled states increases with increase in the degree of
entanglement and then decreases as one approaches the

B4

maximally entangled states, further suggesting the pres-
ence of the anomaly as discussed in the previous sub-
section. For a fixed noise parameter, similar observations
can be obtained as one decreases the value of weak mea-
surement strengths. Therefore, the behaviours of two sets
of states |®) and GGHZ towards noise and weak measure-
ments are different from each other. A comparison of our
results for efficiencies of the |®) and GGHZ states suggests
that, for lower values of the state parameter 6, the |®)
states are more robust to decoherence in comparison to the
GGHZ states. The GGHZ states, however, may prove to be a
better resource in terms of teleportation fidelity for higher
values of 6. The above analysis further receives support
from Figures 5 and 8, where the latter describes nonlocal

g o b
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0.8 0.95 | L
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0.9% 0.90
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0.6 0.85
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=
= Z 080} M B d=03
04 = 0.75 — d=05
0.70 - il PN d=07
o 0.65 f el e o ey - d=085
0.0 0.2 0.4 0.6 0.8
0.0 6
(2]
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00 — Ofigiml
2085 : w=02
3 ]
iZ 0.80 - w=04
| w=06
0.75 ==
] w=028
0.70 ]
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é

Figure 7: Effect of decoherence and weak measurement on GGHZ states: (a) and (b) represent the loss of teleportation fidelity when all
three qubits of GGHZ states undergo decoherence (d1 = d> = d3 = d); () represents improving teleportation fidelity in decoherence
environment (d = 0.5) using weak measurement on all three qubits of the GGHZ state (w; = w> = w3 = w); (d) represents the effect of
decoherence and weak measurement on the GGHZ state when 6 = g.
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Figure 8: Effect of decoherence on quantum correlations using
discord for the GGHZ state.

correlations in the originally prepared GGHZ states under
different values of the noise parameter.

5.1.3 W state as a Quantum Channel Under Real
Conditions

Finally, we consider another important class of three-qubit
states as a quantum channel for teleportation, namely

|W) = Sin 6001) + Cos 6(|100) + [010))/v/2,  (13)

where, if 8 = 35.2644°, the state |W) is a standard W
state. In this case, Figure 9 describes the quantum circuit
used for evaluating the average teleportation fidelity.

The quantum circuit in Figure 9 [35] is distinctly dif-
ferent from those used for the |®) and GGHZ states. The
unitary operation U is a three-qubit joint unitary opera-
tion and cannot be expressed in terms of the usual Pauli,
Hadamard, and C-NOT operations, where U can be repre-
sented as

[0 1 1 0+vV2 0 0 0]
0 0 0 2 0 0 0 O
0 0 00 O O O 2
y_llv20 0 0 0 1 10
“2/0 1 1 0-v20 0 O
0 vV2-v20 0 0 0 O
0 0 0 0 0 V2-V20
V2 0 0 0 0 -1 -1 0]

Similar to the case of the GGHZ states, teleportation
fidelity in this case also depends on the state parameter 0,

J. Faujdar and A. Kumar: Partially Entangled Three-Qubit States for Quantum Information Processing =— 9

and can be given as % [2+Sin(26)]. As earlier, using the cir-
cuit diagram in Figure 9, the average teleportation fidelity
under noisy conditions and after the application of weak
measurement operations are

Favg = 1—12{(6 —di—dy + 2\/;1\/;2)C5
a2+ d)S) 4 20/ + /)5S, (10)

and
Foo_ 8+ diWi+dows + 2d3Ws + 4S5
8T 6((2 + diwy + daWw2)C2 + 2(1 + d3w3)S?)
n (diwq + dowy — 2d3‘/_V3)C20
6((2 + d1w1 + daw2)Cj + 2(1 + d3W3)Sp)’
(15)
respectively.

In contrast to the cases of the |®) and GGHZ states,
teleportation fidelity of the initially prepared standard W
state is always more than that of other initially prepared
partially entangled states, as shown in Figure 10a and b,
irrespective of the value of the noise parameter. Moreover,
for d > 0.5, the set of W states are not useful for quan-
tum teleportation. However, as depicted in Figure 10c,
fidelity at d = 0.5 can definitely be increased by the appli-
cation of weak measurement and its reversal operations
to achieve Fayg > % for certain ranges of the state param-
eter 8 depending on the value of the weak measurement
parameter. Moreover, our results clearly demonstrate that
the |®) and GGHZ states are always more robust to noise
as against the use of W states in absence of weak measure-
ment and its reversal operations. However, for small val-
ues of the weak measurement parameter, we surprisingly
find that the standard W state is more efficient than the |®)
and GGHZ states for the same value of the state parame-
ter, i.e. at 0= 35.2644°. Although the range of 6 and weak
measurement parameter is not very large for W states to be
more efficient in comparison to the |®) and GGHZ states,
the result, nevertheless, is of high significance.

Figure 11 shows that the correlations identified by the
discord (9) in the W states are much more robust in pres-
ence of decoherence as against the indication given by
the Svetlichny inequality, which further rationalises the

|wm> ?
u
w) °

Figure 9: Teleportation using the W state as a quantum channel.
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Figure 10: Effect of decoherence and weak measurement on W states: (a) and (b) represent the loss of teleportation fidelity when all three
qubits of W states undergo decoherence (di = d2 = d3 = d); () represents improving teleportation fidelity in decoherence environment
(d = 0.5) using weak measurement on all three qubits of the W state (w1 = w, = w3 = w);(d) represents effect of decoherence and weak
measurement on the standard W state (i.e. 8 = 35.2644° or 0.6155 rad).
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Figure 11: Effect of decoherence on quantum correlations using
discord for the W state.

efficiency of the W states in quantum teleportation under

noisy conditions.

6 Quantum Dense Coding

Bennett and Wiesner [4] realised one of the simplest
applications of quantum entanglement in the form of a

dense coding protocol. In general, one can send one bit
information classically from a sender to a receiver using a
qubit. However, if the sender and receiver share a maxi-
mally entangled state of two qubits, then the sender can
send two bits of classical message to the receiver using
his/her one qubit. Therefore, the use of N pairs of max-
imally entangled two-qubit states results in the trans-
mission of 2N bits of information, thereby doubling the
classical information capacity of a channel. In the super-
dense coding protocol, an entangled state is distributed
between a sender and a receiver. The sender performs one
of the four single-qubit unitary operations, i.e. I, ox, 0y,
and o3, corresponding to a prior agreed encoding infor-
mation and then sends his/her qubit to the receiver, who
in turn performs a two-qubit Bell-state measurement to
decode the message.

The dense coding capacity [73] for a quantum system
pap can be used as a measure of its efficiency to transmit
classical information, and is given by

C =log,(D4) + S(pg) — S(PaB), (16)
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where D, is the dimension of Alice’s sub-system, S(p) is
the von-Neumann entropy of the state p, and qubit A is
with Alice and B is with Bob.

6.1 Three-Qubit States as Quantum
Channels for Dense Coding

For analysing the efficiencies of partially entangled three-
qubit states for dense coding protocol, we assume that the
first two qubits are with Alice and the last qubit is with
Bob. For a maximally entangled |®) or GHZ state, Alice
can send three bits of classical information, as she can in
principle generate eight distinct orthogonal basis states by
performing eight different operations on her two qubits.
However, for the standard W state as a quantum chan-
nel, Alice can only send 2.91831 bits of information to Bob.
We now proceed to analyse how the efficiencies of differ-
ent partially entangled states stand for the dense coding
protocol.

6.1.1 |®) State as a Quantum Channel

The dense coding capacity given by (16) using a |®) state
as a quantum channel is evaluated to be 3. This indi-
cates that, under ideal conditions, one can use any |®)
state for maximum information transfer. For actual evalua-
tion, considering decoherence similar to the teleportation
case, the dense coding capacity of the |®) states decreases
under noisy conditions (see Fig. 12a). For example, the | D)
states are not useful for dense coding protocol ford > 0.2.

Figure 12b demonstrates the effect of weak measure-
ment and its reversal operations on the dense coding
capacity, considering d = 0.5. Clearly, the dense coding
capacity exceeds the classical bound whenever w > 0.6
for a given range of parameters. At higher values of w,
the dense coding capacity is always better than that of
the classical one. The increase in dense coding capacity,
however, decreases with the value of the state parameter,
indicating that, if the originally prepared states are less
entangled, one will obtain better results in dense coding
protocol under noisy conditions.

6.1.2 GGHZ State as a Quantum Channel
The dense coding capacity of GGHZ states as resources in
ideal condition is given as
C = log,(4) — Cos leogz(Cos 6%)
— Sin Gzlogz(Sin 6%). (17)

Figure 13a and b describe the effect of the amplitude
damping channel and weak measurement and its reversal

Dense coding capacity

Dense coding capacity
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Figure 12: Effect of decoherence and weak measurement on

the |®) state: (a) represents the loss of dense coding capac-

ity when all three qubits of the |®) state undergo decoherence

(d; = d> = d3 = d); (b) represents improving dense coding capac-
ity in decoherence environment (d = 0.5) using weak measurement
on all three qubits of the |®) state (w1 = w, = w3 = w).
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Figure 13: Effect of decoherence and weak measurement on the
GGHZ state: (a) represents the loss of dense coding capacity

when all three qubits of the GGHZ state undergo decoherence

(d1 = d> = d3 = d); (b) represents improving dense coding capac-
ity in decoherence environment (d = 0.5) using weak measurement
on all three qubits of the GGHZ state (w; = wy = w3 = w).
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operations on dense coding capacity, respectively. Sim-
ilar to the |®) states, in the decoherence environment,
the dense coding capacity falls below the classical limit
for d > 0.2. On application of weak measurement and its
reversal operations, the dense coding capacity regains its
quantum advantages for w > 0.6. Like the teleportation
scenario, in this case also the dense coding capacity above
the classical bound increases with the state parameter,
attains a maximum value, and then decreases again. Simi-
larly, if we compare the efficiencies of |®) and GGHZ states
under noisy conditions, we find that for lower (higher) val-
ues of the state parameter 6, |®) (GGHZ) states are more
robust in comparison to the GGHZ (|®)) states. For exam-
ple, if we consider the decoherence parameter d = 0.5,
then for 6 < 0.54, the |®) states are better resources than
the GGHZ states, whereas for 8 > 0.54, the GGHZ states are
better resources than the |®) states.

6.1.3 W state as a Quantum Channel

In this case, the dense coding capacity is given by

C = log,(4) — Cos Gzlogz(COS 6%)

— Sin Gzlogz(Sin 6°). (18)
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Figure 14: Effect of decoherence and weak measurement on the W
state: (a) represents loss of dense coding capacity when all three
qubits of the W state undergo decoherence (d; = d> = d; = d);
(b) represents improving dense coding capacity in decoherence
environment (d = 0.5) using weak measurement on all three qubits
of the W state (w1 = w2 = w3 = w).
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Figure 14a and b describe the effect of amplitude
damping decoherence and weak measurement and its
reversal operations on the dense coding capacity using
W states as a quantum channel. A comparison of dense
coding efficiencies for the three states indicates that |D)
and GGHZ states are more robust towards noise for the
dense coding protocol in comparison to W states. Within
the class of W states, weak measurements and its rever-
sal operations enhance the dense coding capacity, which
increases with the state parameter as well. Similar to tele-
portation, at 6= 35.2644°, the standard W states are
more efficient than the |®) and GGHZ states for cer-
tain values of the weak measurement parameter (say
w = 0.6).

7 Efficiency of Partially Entangled
States in Noisy Conditions Using
Non-optimum Weak
Measurement Operations

The optimum value of the weak measurement reversal
strength that leads to the effective enhancement in the
efficiencies of quantum information processing protocols,
as discussed above, is given by w, = w + d(1 — w) [59].
In this section, we raise the question of using non-optimal
weak measurement reversal operations: namely is it pos-
sible to obtain better efficiency in a protocol using non-
optimal reversal operations in comparison to the use
of optimal reversal operations? Interestingly, our results
show that for a given decoherence parameter, fixing the
value of the weak measurement parameter (or wy) results
in the fidelity or dense coding capacity to be equal to
the fidelity or dense coding capacity that can be obtained
using a maximally entangled pure state. For example,
using the GGHZ state as a quantum channel, at d = 0.5
and w = 0.8, one can achieve fidelity close to unity for
the values of w, = 0.99 and 6 = 0.029 (Figs. 15a and 16a).
In addition, if we first fix w, = 0.99, then for the value
of decoherence parameter d = 0.5, the use of partially
entangled GGHZ states as resources results in very high
average teleportation fidelity at very small values of the
state parameter (0 € [0.003, 0.4]), for all values of the
weak measurement strength below w = 0.98. Similarly,
for dense coding protocol also one can transfer 2.87 bits of
message using Alice’s 2 qubits for the same values of the
parameters (Figs. 15b and 16b).
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Figure 15: (a) Average teleportation fidelity, (b) dense coding

capacity, and (c) negativity for the GGHZ state when the deco-
herence parameter d = 0.5 and weak measurement strength
w = 0.8.

For studying the efficiencies of mixed states evolving
from the initially prepared GGHZ states for non-optimal
weak measurement strengths at different values of state
parameters, we characterise the degree of entanglement
in these states using tripartite negativity [74] as a mea-
sure of entanglement for mixed states, which is defined
as

N(pasc) = {/NGINQTNGT),  (19)

where N(pT) = —2Aneg, Aneg is sum of negative eigenval-
uesof pTi, and pT is partial transpose of p4 ¢ with respect
to sub-system i. Clearly for 8 = 0.029, the value for tri-
partite negativity is very high (see Figs. 15c and 16c), and
therefore the degree of entanglement of the finally shared
state justifies the efficiency of these states at the lower
value of the state parameter.
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Figure 16: (a) Average teleportation fidelity, (b) dense coding
capacity, and (c) negativity for the GGHZ state when decoher-
ence parameter d = 0.5 and reversal weak measurement strength
w, = 0.99.

8 Summary and Conclusion

In any quantum information processing protocol, it is
imperative to analyse the efficacy of entangled resources
under real conditions. In fact, in any actual set-up avoid-
ing the interaction of qubits with the environment may
not be feasible, and hence one needs to study models
that lead to real conditions such that maximum efficiency
can be achieved and the associated parameters and their
effects on the protocol can be understood. Therefore, in
the present study, we have analysed the efficiency of three-
qubit partially entangled states in two inequivalent classes
of three-qubit entangled states in presence of noise and
applications of weak measurement and its reversal opera-
tions. Our results indicate that, for teleportation protocol,
the | @) states are more robust to decoherence for smaller
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values of the parameter 6 in comparison to the GGHZ
states. However, efficiency of the GGHZ states exceeds
that of the |®) states once 6 exceeds a certain value. For
example, when decoherence is 0.5 and the state param-
eter 6 < g(: 0.35), the states |®) are more efficient for
teleportation in comparison to the GGHZ states, whereas
for 6 > g, the GGHZ states are more efficient. Moreover,
the efficiencies of |®) and GGHZ states are found to be
more robust in comparison to W states in the presence
of noise. Interestingly, standard W states are found to be
more efficient in comparison to |®) and GGHZ states for
small values of the weak measurement strength param-
eter. In all three cases, we found that fidelity of telepor-
tation increases with the strength of weak measurement
and its reversal operations irrespective of the value of
decoherence parameter. For very high values of the weak
measurement strength parameter, the |®) states lead to
unit fidelity irrespective of the values of noise and state
parameters. For dense coding protocol, we found similar
results as in the case of quantum teleportation. Further,
we observed degradation in dense coding capacity with
increase in decoherence and enhancement in capacity
with the application of weak measurement and its rever-
sal operations. We further characterised the efficiencies of
these states in terms of quantum correlations originating
from the Svetlichny inequality and global quantum dis-
cord. Our analysis raises a question regarding the effec-
tiveness of the Svetlichny inequality in capturing quan-
tum correlations in an underlying quantum state. Inter-
estingly, or rather surprisingly, although the geometric
discord of the finally shared states under decoherence is
more if the initially prepared |®) or GGHZ state is max-
imally entangled, the efficiency of the initially prepared
partially entangled |®) or GGHZ states for teleportation
and dense coding is found to be better than the efficiency
of maximally entangled states. Therefore, in contrast to
the general belief that more correlations may lead to bet-
ter efficiency, in this study we found that less correla-
tions can be more useful for certain protocols as well,
provides another proof for the complex nature of multi-
qubit entanglement. We also found that when we apply
non-optimum reversing weak measurement, for a specific
value of the state parameter 6, the partially entangled
GGHZ state is more efficient for quantum protocols than all
other states of the same class. Hence, the study presented
here provides an efficient method to select appropriate
entangled resources for quantum information processing
protocols depending on the decoherence parameter as
well as the weak measurement and its reversal strength
parameter.
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