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We revisit the problem of the stress distribution in a frictional sandpile under gravity, equipped
with a new numerical model of granular assemblies with both normal and tangential (frictional)
inter-granular forces. Numerical simulations allow a determination of the spatial dependence of all
the components of the stress field as a function of systems size, the coefficient of static friction and
the frictional interaction with the bottom surface. Our study clearly demonstrates that interaction
with the bottom surface plays a crucial role in the formation of a pressure dip under the apex of a
granular pile. Basic to the theory of sandpiles are assumptions about the form of scaling solutions
and constitutive relations for cohesive-less hard grains for which no typical scale is available. We
find that these constitutive relations must be modified; moreover for smaller friction coefficients and
smaller piles these scaling assumptions break down in the bulk of the sandpile due to the presence
of length scales that must be carefully identified. After identifying the crucial scale we provide a
predictive theory to when scaling solutions are expected to break down. At the bottom of the pile
the scaling assumption always breaks, due to the different interactions with the bottom surface. The
consequences for measurable quantities like the pressure distribution and shear stress at the bottom
of the pile are discussed. For example one can have a transition from no dip in the base-pressure to
a dip at the center of the pile as a function of the system size.

I. INTRODUCTION

Piles of granular matter are all around us, from ap-
ples in the market stalls to dunes near the beach. The
ubiquity of such aggregates that are typified by sand-
piles have raised the interest of scientists for a long time,
driven theoretically to understand the shape of such piles
(angle of repose) and the distribution of normal and shear
stresses. Needless to say these issues are also technologi-
cally of high interest from the engineering of silos to the
wind-induced migration of sand dunes. Indeed, exper-
imental knowledge has accumulated for over a century
[1–6]. Among the many findings relating to the angle
of repose and the stability of such piles, experiments in-
dicated the non-intuitive result that the pressure at the
bottom of the pile does not necessarily maximize at the
center. Rather, there may appear a dip in the pressure
at the center with a ring of maxima (for piles in 3 di-
mensions) some radius away from the center point. In
2-dimensional piles there may be two maxima in the pres-
sure some distance away from the dip in the center. The
existence of such a dip may depend on material param-
eters and growth protocols like the piling history[7], the
shape of the grains [8], and as we show below, also on
the size of the pile and coefficient of static friction µ.
Computational investigations corroborated these experi-
mental results [9, 10]. The explanation of the dip in the
pressure is still not fully settled; in a recent publication
[7] it was even questioned whether classical continuum
theories can predict such dips at all. Below we will show
that computer assisted continuum theories can indeed re-
sult in a dip in the pressure under the apex of the pile.

Modern theoretical developments began with Edwards’
and Oakeshott’s proposition of the concept of arching
[11]. This concept underlined the relevance of the di-

rectional properties of the field of principal axes of the
stress tensor. As pointed out in later contributions [12–
14] this concept requires an understanding of the spatial
solution of the stress tensor, a problem whose mechanics
is under-determined. Accordingly, a constitutive relation
has to be selected. Since this relation is not dictated by
equilibrium mechanics, this selection may be dangerous
as it may depend on details of the friction mechanism,
the shape of the particles, the protocol of growing the
sandpile [15] etc.

The advent of supercomputers allows us to revisit these
interesting issues equipped with a granular model where
the effects of friction coefficient, the protocol of growth
and the system size can be studied carefully, and where
the stress field can be measured accurately. As shown be-
low we find that generically the constitutive relations are
hard to guess a-priori, and moreover, they may change
with the growth of the pile. For example we will show
that a dip in the pressure at the bottom surface under
the apex of the pile may develop with the growth of the
pile [16].

A major theoretical assumption made in analyzing the
equations of static equilibrium [12–14] is the existence
of scaling solutions which for a two-dimensional sandpile
in (x, z) coordinates depend only on a scaling variable
S ≡ x tanφ/z where φ is the angle of repose. The co-
ordinates x and z are measured from the apex of the
pile with z in the direction of gravitational force. The
scaling solutions are only tenable when there is no typ-
ical length scale in the sandpile other than the system
size. We show below that this assumption is broken for
small friction coefficients and for small number of grains.
One of our tasks is to identify the most relevant length-
scale and correlate it with the breaking of scaling and its
inevitable consequences. More importantly, even when
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there exist scaling solutions they are not necessarily of
the type assumed in the literature as is shown below.
Interestingly, often scaling is only weakly broken in the
bulk of the pile, but strongly broken at the bottom where
interactions with the supporting surface may differ from
the bulk interactions. We will show that the appearance
of a pressure dip in the center may very well be related
to this strong breaking of scaling.
The structure of the paper is as follows: In Sect. II we

describe our numerical model and the results of numer-
ical simulations including the dependence of the angle
of repose on the static friction coefficients and the pro-
files of pressure and shear stresses everywhere in the pile.
In Sect. III we briefly review the theoretical background
available in the literature. In Sect IV we explain the
theoretical modification necessary to get a closer agree-
ment with the simulation results and to provide accurate
estimates of the stress and pressure profiles that are of
interest. Sect. V examines the observed breakdown in
scaling and the necessity for incorporating new length-
scales to account for the observed phenomena. Sect. VI
offers a summary, conclusions, and some remarks on the
road ahead.

II. THE MODEL AND SIMULATION RESULTS

A. The model

Many models of frictional amorphous materials use
time dependent dynamics. In our work we opt to de-
rive a model that can provide complete mechanical equi-
libration such that at rest the force and the torque
on each grain vanishes. To implement an amorphous
(non-crystalline) two-dimensional sandpile we construct
a model consisting of a 50:50 binary system of disks of
two sizes, one with a smaller radius σs = λ and the other
with a larger radius σℓ = 1.4λ. At every contact between
any two disks i and j we assign a normal and a tangen-
tial linear spring aligned in parallel and perpendicularly
to the radius vector connecting their center of masses.
The normal and tangential spring constants are KN and
KT , respectively. The position of the center of mass of
the ith disk is denoted as Ri while the vector distance
between the center of mass of two particles in contact is
denoted as rij . The unit vector in the direction of rij is
r̂ij .
The force law for the normal spring, f

ij
N = KNnij ,

responds to the amount of overlap between particles i
and j, nij = (σi + σj)r̂

ij − rij , as determined by the
system configuration. The tangential spring has an anal-
ogous force law, f ij

T = KT t
ij , however the value of tij

is not readily available from the system configuration.
The tangential spring elongation tij is dependent on the
system’s history and needs thus to be tracked along the
system’s path. Consider particles i and j; when this pair
of particles is coming into contact the tangential spring
is created and by definition is at its rest length, tij = 0.

When grazing, the spring is loaded with respect to the
degree of grazing, ∆tij = σi∆Φij + σj∆Φji. Here ∆Φij

denotes change in angle of the contact point of disc i on
disc j. For computing the degree of relative rotation we
consider the radius to be invariant as long as the com-
pression is small. The expression σi∆Φij therefore cap-
tures the arc-length and direction along which the point
of contact with disc j has moved about particle i. During
the simulation the actual value of tij is obtained by sum-
ming up the incremental values ∆tij until the Coulomb
limit is reached. In order to fully define the behavior of
particle interaction at the contact it is necessary to dif-
ferentiate between two types of tangential motions which
are rolling and grazing. Two particles rolling on top of
each other do not load the spring, tij remains unchanged.
Both types of interaction are taken into account in the
present model. Finally, particles i and j share the same
springs and it therefore follows, by Newton’s third law,
that tij = −tji and nij = −nji.

The frictional slips are dominated by Coulomb’s law;
the maximal deviation of the tangential spring from its
rest length is defined by f ij

T,max = µf ij
N , where µ is the

friction coefficient. When f ij
T = f ij

T,max, then the contact
breaks and a slip event occurs, redefining the anchoring
point of the tangential spring on both particles i and j.
Following experimental evidence [17] we model the slip
event by giving up a fixed portion, chosen below as 20%,
of the tangential loading. In other words, upon reaching
the Coulomb limit we set tijnew = 0.8tijold (representing
the movement of the tangential spring’s anchor on the
surface of both particles i and j).

To construct a sandpile we start with a horizontal
“floor” at h = 0 along the x-direction, with one small
disk positioned at x = 0. We then add alternating small
and large disks always at x = 0 with some noise δx chosen
with a uniform distribution in the range [−0.1, 0.1]. The
particle is positioned at a small clearance in its height
that guarantees zero overlap with the highest disk in the
pile. After each addition of a disk, we perform conjugate
gradient minimization to reach mechanical equilibrium
where the forces and torques on each particle sum up to
zero. The interaction of the particles with the floor is at
our disposal, and we chose to have the same normal law
but with with a higher value ofKT . There is no reason to
assume that the grains interact with the floor as they do
among themselves. Most of the simulations described be-
low are done with a value of KT for the floor interaction
that is double the value in the bulk. We do however test
different ratios of the tangential force constants, and see
below for details. Finally, the acceleration due to gravity
was chosen in the following way: to get a realistic sand-
pile we should choose the gravitational energy mgλ of
one particle at height λ to be of the order of the elastic
energy 1

2KN(δλ)2 where δ is the amount of compression.
For m = 1 for the small particle (and m = 1.96 for the
large particle), KN = 0.1 and KT = 0.05 we expect δ
not to exceed, say 10−1, and thus g should be chosen of
the order of g = 0.001. With this value of g and all the
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FIG. 1. Typical sandpiles grown by the model which employs
circular “grains” of two sizes. The friction coefficients are
µ = 0.01 (upper panel), µ = 0.1 (middle panel) and µ = 1
(lower panel).

other choices of parameters we get sandpiles that appear
physical.

B. Results of simulations

Typical results for sandpiles are shown in Fig. 1 for
a number of values of the friction coefficient µ. Each of
these realizations can be used to define an angle of repose
φ̃ by best fitting to a triangular shape, but of course this
angle of repose is a random variable with fluctuations
that depend on N . We determine the average angle of
repose φ by averaging φ̃ overN realizations. For example
we created sandpiles with N = 718, 1123, 555 for µ =
0.01, 0.1, 1, respectively. The relation between the angle
of repose φ at a given size N and µ for given material
parameters KN ,KT and for the fixed circular disks in
this model is shown in Fig. 2. One sees that tanφ starts
as a linear function of µ for small µ, tanφ ≈ C1µ where
C1 ≈ 2.5. At larger values of µ, tanφ saturates with a
maximal angle of repose φmax ≈ 24◦. The function shown
in Fig. 2 can be fitted using a Padé approximation as

tanφ ≈ C1µ

1 + C2µ
,

C1

C2
= tanφmax . (1)

It should be noted that for systems sizes simulated
here the angle of repose is a weak function of the system
size N , decreasing approximately like N−0.12 for all the
values of µ. In other words, for different system sizes N
and different values of µ one can find a master curve for
which the angle of repose shows data collapse by plotting
tan θ × N0.12 vs. µ, see Fig. 2 lower panel. A similar
weak dependence of the angle of repose on system size for
small size sandpiles had been found numerically before,
cf. Ref. [10].
An interesting and often studied characteristic of gran-

ular compressed media is the geometry of force chains.
To present these one needs to choose a threshold for
the inter-particle forces fij at the contacts and plot only
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FIG. 2. Upper panel: tanφ as a function of the friction coeffi-
cient µ for a given system size N = 3000. The fitting function
in continuous blue line is tanφ ≈ C1µ/(1 + C2µ), cf. Eq. 1.
Lower panel: data collapse of tanφ for different values of sys-
tem size N as a function of µ. It is possible that for much
larger values of N the angle or repose reaches an asymptotic
value.

FIG. 3. Typical appearance of the force chains in a sandpile
of size N = 600 and µ = 0.35.

those forces that exceed the threshold. This is somewhat
arbitrary and is in the eyes of the beholder. Choosing
the force chains to be system spanning [19] we get typi-
cal results as shown in Fig. 3. This figure underlines the
existence of a typical scale that will be discussed below,
i.e. the typical distance between bifurcations of the force
chains.
Fig. 4 shows the pressure distribution along the bot-

tom (base pressure) of the pile. The base pressure is
defined to be the amplitude of the force acting on each
grain fixed on the bottom and averaged in symmetric
cells of dimension 4.0λ. The base pressure is normalized
byMg/(2xmax) whereM is the total mass of the pile and
xmax is the maximum horizontal spread from the center
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FIG. 4. Base pressure distribution normalized by
Mg/(2xmax). Upper panel: systems consisting of 4000 grains
with different µ. Lower panel: µ = 1 but with different num-
ber of grains, N .

of the pile. In the upper panel of Fig. 4 we show that
there is a transition from no-dip to dip as µ is increased.
The number of grainsN is fixed at 4000 for all the curves.
In the lower panel of Fig. 4 we show that even for a fixed
µ (= 1 in the plot) the dip-height reduces very sharply
with decreasing N . For µ = 1 we see pressure dip even
for very small piles N = 500. However, for lower µ we
observe a no-dip to dip transition as N is increased. In
Fig. 5 we plot the critical number of grains Nc below
which no pressure dip is observed at the corresponding
µ.
Another striking observation is that the dip in the

base-pressure depends strongly on the floor to particle
friction coefficient. The dip height increases with the in-
crease in the floor-particle friction coefficient which we
denote by µf . This is shown in Fig. 6 where we plot the
distribution of normalized base pressure for three differ-
ent floor-particle friction coefficient viz µf = 1.0, 2.0, 4.0,
particle-particle friction coefficient µ = 1 and the num-
ber of grains being N = 4000 for all the cases. In all the
simulations in which we do not report a different value
we have used µf = 2µ.
A quantity of crucial theoretical interest which is used

below in the context of constitutive relations is the direc-
tion of the principal axis of the stress tensor in the pile.
We define Ψ(x, z) as the angle between the principal axis
and the z-axis. To obtain our numerical calculation of
Ψ we consider the aforementioned N copies of sandpiles
with a given value of µ, and system size N . For each
realization we compute the stress field on plaquettes of
sizes 2.4λ× 2.4λ using the standard algorithms [20]. We

0.2 0.5 1
µ

10

100

1000

10000

N
c

FIG. 5. Number of grains below which no pressure dip has
been observed, as a function of µ.
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FIG. 6. Base pressure distribution normalized by
Mg/(2xmax) for three different particle-floor friction coeffi-
cient viz µf = 1.0, 2.0, 4.0. The particle-particle friction coef-
ficient µ = 1.
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FIG. 7. Direction of the principal axis Ψ(x, z) of the stress in
the sandpile for two different values of the friction coefficient.
Upper panel: µ = 0.1 Lower panel µ = 1. A similar figure for
µ = 0.01 is not shown since it does not display well.
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average the obtained stress field in each plaquette over all
the realizations. Finally, we determine the principal axis
Ψ(x, z) using Eqs. (4) below. Typical results for µ = 0.1
and 1 are shown in Fig 7. The image for µ = 0.01 does
not display well. The reader should note the very strong
fluctuations, even after averaging on many independent
samples of Ψ(x, z) on the surface of the sand piles. We
will argue below that these fluctuation are responsible in
part for destroying the scaling assumptions.

III. THEORETICAL BACKGROUND

An extremely useful and important review is provided
by Ref. [14]. For the two-dimensional sandpile (which
corresponds to our simulations) the fundamental equa-
tions for the stress field at equilibrium read

∂xσxx + ∂zσxz = 0

∂xσxz + ∂zσzz = mg/λ2 , (2)

where mg is the gravity force on a grain of mass m and
area λ2. The coordinate z is measured from the apex of
the pile and x is measured from the symmetry axis. Note
that these equations are under-determined since there are
two equations for the three independent components of
the stress tensor σxx, σxz = σzx and σzz . Using the trace
and determinant of the stress tensor as invariants one can
find the angle of inclination Ψ between the principal axis
of the stress and the z axis. Defining the invariants

P ≡ 1

2
(σxx + σzz)

R2 ≡ 1

4
(σzz − σxx)

2 + σ2
zx , (3)

one can then write

σxx = P −R cos(2Ψ) ,

σzz = P +R cos(2Ψ) ,

σxz = R sin(2Ψ) . (4)

The maps of principal axes shown in Sect. II were com-
puted with the help of these equations.
Discussing the stability of the sand pile, we recall that

the simulations employ three independent material pa-
rameters, i.e. KN , KT and µ. It is customary to in-
troduce a phenomenological material constant, sometime
denoted as tanφ∗ which is referred to as the angle of in-
ternal friction and used in the limit of stability

|σnt| ≤ tanφ∗σnn , (5)

where σnn and σnt are the normal and tangential com-
ponents of the stress on any chosen plane. We find in
our simulations that φ∗ is equal to the angle of repose φ.
Eq. (5) can be recast, using the invariants P and R into
a stability condition of the form

Y ≡ R

P sinφ
≤ 1 , (6)

everywhere in the sandpile. Specifically on the surface
of the pile we expect marginal stability such that the
inequalities (5) and (6) are saturated.
Although Eqs. (2) are under-determined, they do allow

seeking scaling solutions in the form

σxx =
mgz

λ2
sxx(S) ,

σxz = σzx =
mgz

λ2
sxz(S) ,

σzz =
mgz

λ2
szz(S) , (7)

where S ≡ x tanφ/z. Plugging this ansatz into Eqs. (2)
results in the scaled equations

tanφ s′xx + sxz − Ss′xz = 0 ,

tanφ s′xz + szz − Ss′zz = 1. (8)

where s′ ≡ ds/dS.
To close these equations one needs a constitutive rela-

tion. Using Eq. (4), dividing σxx by σxz and rearranging
we can derive the following relation

sxx(S) = szz(S)− 2 cot
(

2Ψ(S)
)

szx(S) . (9)

This equation is of course useless as long as we do not
know Ψ(S). In general we are not even guaranteed that
Ψ(S) exists as function of one variable. In the general
case we should use instead of Ψ(S) a function of two vari-
ables Ψ(S, z). The dependence on one variable S means
that as the pile grows S is changing and with it so does
Ψ(S). The strategy is therefore to determine the func-
tion Ψ(S) from the numerics, and then to use Eq. (9) as
the constitutive relation that will close the problem and
will allow us to determine the stress field everywhere in
the pile.

A. Numerical Integration of the Scaling Solutions

Eqs. (8) and (9) together with the boundary conditions
sxz(S = 1) = 0 and szz(S = 1) = 0 admit solutions close
to the free surface S = 1 that are linear in (1−S). These
linear solutions as S → 1 demand that cot(2Ψ(S = 1)) =
tanφ or, equivalently [12–14], that

Ψ(S = 1) =
π − 2φ

4
. (10)

There is less information about Ψ(S = 0) but simulations
suggest (see below) that Ψ(S = 0) = 0. In other words
the principal axis ends up pointing in the direction of the
gravity field as S = 0 under the apex of the sandpile.
As a first attempt in solving the problem we will use

a fit to the numerical data that satisfies the boundary
condition (10). We will see that this solution does not
predict a dip in the pressure at S = 0. Examining our
numerical estimate of Ψ(S), see Fig. 8, we choose a global
parameterized fit of the form

Ψfit(S) =
(π − 2φ)

4

tanh(βS)

tanhβ
. (11)
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FIG. 8. The fitting function Ψfit(S) compared to the actual
data for µ = 1.

We find that with β = 3 (cf. Fig. 8) we get a reasonable
fit to the data that obeys Eq. (10). A consequence of the
agreement of our parameterized Ψfit(S) with the theoret-
ical limit Ψ(S = 1) = (π − 2φ)/4 as in Eq. (11) is that
the solution becomes marginally stable on the surface of
the pile. This is physically pleasing since one expects the
outer surface to be just marginally stable and ready to
avalanche with every addition of a new particle. If we
allowed the function Ψfit(S) to asymptote to the correct
limit found in the simulations, which is higher than the
expected theoretical value, it would lead to the loss of
marginal stability at the surface. The solutions would
become either stable or unstable at the surface of the
sandpile.

The ordinary differential equations that should be
solved are derived in the next subsection. Here we show
that the strategy of integrating them from the outer
boundary does not yield acceptable results. Starting
from the given boundary condition we can solve numeri-
cally the linear coupled inhomogeneous ode’s (13) start-
ing at the surface of the sand pile and integrating inward.
In Fig. 9 we present solution for the three independent
components of the stress tensor for different values of the
angle of repose. The result is disappointing, there is no
tendency to form a dip in any of the stress components at
the center of the pile. Should we believe these solutions?

To see that these results are in fact untenable we should
examine the stability of these continuum solutions. To
this aim we return to Eq. (6) and plot in Fig. 10 the
value of Y 2(S) for different values of the angle of repose.
We immediately note that deep in the sandpile, exactly
where the peak to dip transitions can be expected to oc-
cur these scaling solutions become unstable, cf. Eq. (6).

We conclude that the scaling solutions become unsta-
ble deep in the sandpile (see Fig. 10), especially near the
center of the sandpile. It is just here, however, that the
very interesting transitions in the pressure at the bot-
tom of the sandpile from showing a peak to showing a
dip appear. We thus need to forsake the straightforward

FIG. 9. The numerical results for the functions sxx(S), sxz(S)
and szz(S) for sandpiles with different angle of repose found
by solving Eqs. 8 inwards from S = 1 where the boundary
conditions are known.

FIG. 10. The test of stability of the scaling solutions using
Y 2(S) for the same values of φ as in Fig. 9.
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scaling solutions and examine the situation with greater
scrutiny.

IV. COMPUTER ASSISTED THEORY

A. Numerical evidence for the breaking of scaling

Having extracted the stress tensor in the pile as a func-
tion of (x, z) we can compute the theoretically relevant
tensors sxx(S, z), sxz(S, z) and szz(S, z). These are plot-
ted for µ = 1 and φ ≈ 0.36 = π/8.73 for different values
of z, in the three panels of Fig. 11. In comparing the
plots in Fig. 9 and Fig. 11 one should observe that the
model simulations are not precisely scaling and depend
explicitly on z. This should not be confused with the the-
oretical curves in Fig. 9 that pertain to different angles
of repose but that show perfect scaling.
Clearly, scaling appears to be broken and the ”scaling”

solutions sxx(S), sxz(S) and szz(S) are actually functions
of both (S, z). The same problem exists with the function
Ψ(S) as discussed in the next subsection.

B. The Direction Of the Principal Stress Axis

Solving Eqs. (8) is impossible without adding an ex-
plicit form for the principal stress axis Ψ into the consti-
tutive relation Eq. (9) to close the mathematical problem.
A number of constitutive relations have been proposed;
we find the so-called “Fixed Principal Axis” quite plau-
sible, since it is based on the physical assumption that
once the principal axis of the stress was determined near
the surface, it gets buried unchanged with the growth of
the sandpile. Note that this makes no assumption about
the magnitude of the principal stresses, only about their
directions. Nevertheless our simulations are not in full
agreement with this assumption, neither near the sur-
face nor deep in the pile. We therefore turn now to the
analysis of the principal axis of the stress field as seen in
simulations.
When the scaling assumptions discussed above are

valid, Ψ should be a function of S only, Ψ(S). If scal-
ing breaks down this function depends on both S and
z. The numerical evidence is shown in Fig. 12. The
three panels present Ψ(S, z) at different heights z in the
sandpile. If the scaling assumption were corroborated
by the simulation we would expect that all these curves
would collapse on a single function Ψ(S). We learn that
for large values of the friction coefficient µ, which corre-
spond to large angle of repose, the scaling assumption is
reasonably obeyed. The scaling assumption deteriorates
when µ and the angle of repose decrease, until eventually
it breaks down entirely. Notice however that the actual
function Ψ(S), even when the scaling assumption is rel-

atively acceptable does not agree with many constitutive
relations that were assumed in the literature, which are
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FIG. 11. The simulation results for the functions szz(S, z),
sxz(S, z) and sxx(S, z) for one angle of repose, φ ≈ π/8.73
which pertains to µ = 1. The different curves are now due
to the fact that the scaling assumption is broken, and the
functions are shown at different heights z. The reader should
not confuse these figures with Fig. 9 where the different color
represent different angles of repose. The color code here refers
to the following values of z as measured from the apex: red
: z = 32.35, green: z = 27.55, blue: z = 22.75, magenta:
z = 17.95, black: z = 13.15, cyan: z = 8.35.

often piece-wise linear, cf. Refs. [12–14] and reference
therein.
For large of values of µ, Ψ(S, z) does indeed approach

a scaling function Ψ(S) except for coordinates at the bot-
tom of the pile, cf. the curve shown in red in lower panel
of Fig. 12. Note that even in those cases limS→1 Ψ(S) is
not very close the theoretical expectation Eq. (10), which
for µ = 1 and φ = 0.36 predicts Ψ(S = 1) ≈ 0.61. We
propose that this discrepancy stems from the large fluc-
tuations in the surface geometry which manifests itself in
the large fluctuations in Ψ seen in Fig. 7 at the surface,
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FIG. 12. The angle Ψ(S, z) as a function of S computed
for sandpiles created with µ = 0.01 (upper panel), µ = 0.1
(middle panel) and µ = 1 (lower panel). The different colors
correspond to different heights z. If the scaling assumption
prevailed all these plots should collapse. Note that for µ = 1
the scaling assumption is close to being obeyed but it breaks
totally for µ = 0.01. The color code refers to different values
of z as measured from the apex which are: upper panel; red
: z = 8.28, green: z = 5.88, blue: z = 3.48. Middle panel;
red : z = 23.42, green: z = 18.62, blue: z = 13.82, magenta:
z = 9.02, black: z = 4.22. Lower panel; red : z = 32.35,
green: z = 27.55, blue: z = 22.75, magenta: z = 17.95, black:
z = 13.15, cyan: z = 8.35.

and see below for more details.

C. Analytic solutions Valid Near The Center Of
The Sandpile

When we integrate the scaled equations (8) from the
surface of the sandpile using the boundary conditions
sxz(S = 1) = 0 and szz(S = 1) = 0 the solutions become

unstable deep in the sandpile. We therefore change our
approach here and attempt to supplement our numerical
integration of Eqs. (8) and Eq. (9) with analytical ap-
proaches valid deep in the sandpile. Thus substituting
Eq. (9) in Eqs. (8) and rearranging we find for

s(S) =

(

sxz(S)
szz(S)

)

. (12)

the set of coupled linear inhomogeneous ordinary differ-
ential equations

A(S)s′(S) +D(S)s(S) =

(

0
1

)

. (13)

Here

A(S) ≡
(

−
(

2 tanφ cot
(

2Ψ(S)
)

+ S
)

tanφ

tanφ −S

)

. (14)

and

D(S) ≡
(

1 + 4 tanφ

sin2
(

2Ψ(S)
)Ψ′(S) 0

0 1

)

. (15)

We cannot simply integrate from the center of the
sandpile (S = 0) towards the surface, however, as we
do not possess the required boundary value for szz(0).
We will therefore take another approach.
Eq. (13) is in principal exactly soluble as it is a linear

inhomogenous equation, and we also have a good knowl-
edge of the symmetry properties of all the relevant vari-
ables near the center of the sandpile. We can therefore
find a solution that is valid order by order in S for small
S near the center of the sandpile.
First we will write the general solution of Eqs (13)

as the sum of a particular solution and a complemen-
tary solution of the associated homogeneous equation as
s(S) = sp(S) + shom(S) where the particular solution is

sp(S) =

(

0
1

)

. (16)

and the complementary solution obeys (using from now
on the notation t ≡ tanφ)

dshom(S)/dS +B(t, S)shom(S) =

(

0
0

)

. (17)

Here B = A−1D or

B(t, S) ≡ −detA−1 (18)






S
(

1 + 4t

sin2
(

2Ψ(S)
)Ψ′(S)

)

t

t
(

1 + 4t

sin2
(

2Ψ(S)
)Ψ′(S)

)

(

2t cot
(

2Ψ(S)
)

+ S
)






.

where detA(t, S) = S(2t cot(2Ψ(S)
)

+ S)− t2.
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Eq. (17) can be integrated exactly from S = 0 to S = 1
and using the boundary outer boundary conditions

shom(1) =

(

0
−1

)

. (19)

we can find an explicit equation for s(S) in the form

s(t, S) = (I −M−1(t, S)M(t, 1))

(

0
1

)

. (20)

where

M(t, S) = exp

∫ S

0

B(t, S′)dS′. (21)

Eq. 21 is a 2 × 2 matrix that depends explicitly on the
scaling variable S and the angle of repose φ through the
variable t ≡ tanφ. It is a global function of S. For
example, we can find an explicit expression for szz(t, 0) =
1−M(t) at the center of the sand pile and consequently

an expression for the pressure at the center of the sandpile
in terms of a global integral over the whole sandpile

M(t) =
(

exp

∫ 1

0

B(t, S′)dS′
)

22
. (22)

We are especially interested in the behavior of the scal-
ing variables near the center of the sandpile (small S) as
this will allow us to see any peak to dip transitions tran-
sitions in the stress. We shall now expand the angle of
the principal axis near the center of the sandpile as

Ψ(S) = αS − βS3 + γS5 + · · · , (23)

using the fact that this angle is an odd function of S (see
Fig. 12). We will assume that α and β are dimensionless
parameters dependent on the material properties of the
sandpile.
We are now in a position to calculate the series expan-

sion of the complete stress tensor as a series expansion
in S. Using the symmetry properties of the scaled stress
tensor components we write

sxz(t, α, S) = sxz1(t, α)S + sxz3(t, α)S
3 + sxz5(t, α)S

5 + · · ·
szz(t, α, S) = szz0(t, α) + szz2(t, α)S

2 + szz4(t, α)S
4 + szz6(t, α)S

6 + · · ·
sxx(t, α, S) = sxx0(t, α) + sxx2(t, α)S

2 + sxx4(t, α)S
4 + sxx6(t, α)S

6 + · · ·
(24)

Substituting expressions (24) into the scaled continuum
Eq. (8b), we can expand order by order in S and in this
manner get explicit expressions for the following coeffi-
cients of the stress tensor:

sxz1(t) =
1− szz0

t

sxz3(t, α) =
szz2
3t

sxz5(t, α) =
3szz4
5t

sxz7(t, α) =
5szz6
7t

. (25)

Now, substituting expressions (24) into Eq. (8a), we can
again expand order by order in S and get the following
relations:

sxx2(t) = 0

sxx4(t, α) =
sxz3
2t

=
szz2
6t2

sxx6(t, α) =
2sxz5
3t

=
2szz4
5t2

sxz7(t, α) = 0, (26)

Finally, we substitute expressions (24) into the consti-
tutive equation Eq. (9) and obtain the following expres-

sions:

sxx0(t, α) = szz0 −
sxz1
α

sxx2(t, α) = szz2 −
sxz3
α

+
4αsxz1

3
− βsxz1

α2

sxx4(t, α) = szz4 −
sxz5
α

+
4αsxz3

3
− βsxz3

α2
+

16α3sxz1
45

− 4βsxz1
3

− β2sxz1
α3

+
γsxz1
α2

sxx6(t, α) = szz6 +
128α5sxz1

945
− β3sxz1

α4
− 16α2βsxz1

15

+
4γsxz1

3
+

2βγsxz1
α3

− β2sxz3
α3

+
16α3sxz3

45

− 4βsxz3
3

+
γsxz3
α2

− βsxz5
α2

+
4αsxz5

3
. (27)

Using szz0(t) = 1 − M(t), we can further simplify the
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above expressions to obtain

szz0(t) = 1−M(t)

sxz1(t) = M(t)/t

sxx0(t, α) = 1−M(t)(1 +
1

αt
)

szz2(t, α) =
M(t)(4α3 − 3β)

α(1 − 3tα)
)

sxz3(t, α) =
M(t)(4α3 − 3β)

3tα(1− 3tα)

sxx2(t, α) = 0 , (28)

szz4(t, α) =
M(t)(−4α4(5 + 8tα(−2 + tα)) + 15α(1 + 8tα(−1 + tα))β + 90t2β2 + 30tγ(1− 3tα))

6tα(−1 + 3tα)(−3 + 5tα)

sxz5(t, α) =
M(t)(−4α4(5 + 8tα(−2 + tα)) + 15α(1 + 8tα(−1 + tα))β + 90t2β2 + 30tγ(1− 3tα))

10t2α(−1 + 3tα)(−3 + 5tα)

sxx4(t, α) =
M(t)(4α3 − 3β)

6t2α(1 − 3tα)

szz6(t, α) = 0

sxx6(t, α) =
M(t)(−4α4(5 + 8tα(−2 + tα)) + 15α(1 + 8tα(−1 + tα))β + 90t2β2 + 30tγ(1− 3tα))

15t3α(−1 + 3tα)(−3 + 5tα)
(29)

Let us analyze szz2(t, α) = [M(t)/α)(4α3−3β)/(1−3tα)]
more closely. We first note that if (4α3 − 3β) = 0 the
coefficient goes through zero. Thus a critical value of the
principal axis gradient exists, given by

αc = (3β/4)1/3. (30)

This will create the well known peak to dip transition in
sand pile pressure at the center of the sandpile. There
is also a second transition apparent in the coefficients.
We can also see that at lower values of α a singularity
develops in the coefficients when (1 − 3tα) = 0. Or

αsing =
1

3t
. (31)

A fitting of principal stress direction Ψ(S) near the
center of the pile using Eq. (23) is shown in Fig. 13.
Now, using these fitted values of β and γ, we compute
szz(α, S) and sxx(α, S) for t = π/9.0, which corresponds
to the angle of repose for µ = 1. These functions are
shown in Fig. 14. We see that there is a transition in
szz(α, S) from a peak (szz2 < 0) to a dip (szz2 > 0) as
α decreases. This is in accordance with our simulation
results as smaller values of α will correspond to a higher
µ. A similar but less prominent dip is also observed in
sxx(α, S) in the same range of α. Furthermore, we also
find a singularity in the second and higher order coeffi-
cients at α = 1/(3t) ≈ 0.955, but it is not clear at present
whether this is an observable singularity. The reason be-

-0.8
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-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

-0.4 -0.2  0  0.2  0.4

Ψ

S

data
fit

FIG. 13. A plot of principal stress direction Ψ(S) near the
center of the pile. Red circles are the raw data obtained
from the simulation and the blue curve is a fit (Eq. (23))
to the data. The fitting parameters are α = 1.64052, β =
2.77268, γ = 3.872.

ing that Eq. (30) depends on the parameter β and for real
materials this may lead to αcrit ≫ αsing for sandpiles.

We can conclude that the theory proposed here is in
agreement with the observed phenomenology concerning
the creation of a dip in the base pressure. What remains
is to consider some of the physical reasons why a break-
down in scaling may exist in sandpiles, and how this phe-
nomenon is related to the value of µ, or equivalently to
the value of the angle of repose.
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FIG. 14. Plots of szz (upper panel) and sxx (lower panel) as a
function of S and α near the center of the sandpile. Note the
transition from a peak to a dip as the principal axis gradient
α decreases. We have chosen φ = π/9.0, β = 2.77268 and
γ = 3.872 for these plots.

V. NEW LENGTH SCALES

It appears that there exists a clear transition at some
critical angle of repose, say φcrit, below which scaling so-

lutions stop being stable inside the sandpile. This does
not mean that there cannot exist stable solutions to the
mechanical equilibrium problem, but rather, as we see in
the simulations, scaling is broken and the solutions be-
come heterogeneous, dependent on both x and z. Thus
in some sense the theory predicts its own demise as is
corroborated by the simulations. This is not a trivial
remark. We have taken a “reasonable” constitutive rela-
tion fitted to the case µ = 1 where the scaling assump-
tion seems to be approximately obeyed. We find that this
constitutive relation predicts its own irrelevance for lower
values of µ as the predicted scaling solutions become me-
chanically unstable. Here we explore several reasons why
broken scaling may be expected.
We need to stress at this point that the whole for-

malism we have developed thus far can only be accepted
when the gravity g acting on cohesion-less particles pro-
vides the only length scale in the problem. There are,
however, at least three potential length scales that may
interfere with these assumptions: (i) there are elastic
length scales which will involve the bulk and shear mod-
uli, (ii) there exist a bifurcation length scales that de-
termines the distance between bifurcations in the force
chains as seen in the simulations, and (iii) a length scale
associated with surface roughening or height fluctuations
on the surface due to ever-existing avalanches. Here we
examine how this modifies the theory presented above.

A. The effect of surface fluctuations

Obviously in our model with the chosen parameters
the scaling assumption can be broken. As said above,
this can stem from the existence of a number of unre-
lated typical length scales. In softer systems one could
expect buckling to introduce an important scale which we
do not expect and do not observe in the present model.
A second typical scale can stem from the bifurcations of
the force chains, cf. Fig. 3. This length had been studied
in Ref. [16]. If the number density of bifurcation points
is n per unit area, then the probability p that a parti-
cle lies at a bifurcation point scales like p ∼ nλ2, and
the bifurcation length ξb ∼ λ/p ∼ 1/(nλ). But in our
opinion it is not the relevant length scale responsible for
the breaking of scaling because it is not growing with the
system size. Thus it can renormalize the elastic proper-
ties of the medium but for large enough piles we do not
expect it to destroy the scaling behavior. On the other
hand, the height fluctuations on the surface of the pile
do grow with the system size (albeit sub-extensively) and
can be responsible for destroying the scaling solutions
also for large piles. The scaling exponents characterizing
this scale were discussed in the literature, cf. Ref [18]
and references there in. We can however measure the
height fluctuations over an edge of length L with grow-
ing sandpile sizes. We find that as a result of the surface
growth and re-construction the rms height fluctuations
W (L) scale like

W (L) ∼ λ

(

L

λ

)α

. (32)

As can be seen from Fig. 15, the value of the exponent α
depends on the friction coefficient µ, tending to α ≈ 0.5
for small values of µ. For larger values of µ the exponent
α decreases, reaching a value α ≈ 0.39 for µ = 1.
For a sandpile with N disks and angle of repose φ

the sandpile is approximately a triangle with zmax =
xmax tanφ. Elementary trigonometry then results in the
estimate

zmax ≈ λ
√

N tanφ , L ≈ λ

√

2N

sin 2φ
. (33)

The ratio R of W (L) to the height of the sandpile zmax

will give us an estimate for the importance of the surface
fluctuation relative to the size of the sandpile. This ratio
is

R =
W (L)

zmax
≈ 2α/2N

(α−1)
2

(sin 2φ)α/2
√
tanφ

. (34)

We now note that for small values of µ the angle of repose
φ → 0 and for α ≈ 1/2,

R ∼ N−1/4φ−3/4 , (35)
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FIG. 15. Upper and middle panels: log-log plots of the width
W as a function of the length L on the boundary of the
sandpile. For different values of µ the scaling exponent α
in Eq. (32) changes. In the lower panel we show the values of
α obtained for different values of µ. The exponent α appears
to extrapolate to α = 1/2 for µ → 0.

which becomes of the order of unity when the angle of
repose reaches a critical value φc where

φc ∼ N−1/3 . (36)

The meaning of this result is that for a fixed angle of
repose there will be a value of N below which scaling is
broken since R > 1. For small values of φ this can be a
very large value of N .
The same conclusion can be reached from a different

point of view. Fluctuations in the surface height will

lead to fluctuations in the angle of repose of standard
deviation δφ where

δφ ∼ W

L
∼
(

L

λ

)(α−1)

∼
(

2N

sin 2φ

)

−1/4

. (37)

For small angle of repose the fluctuation in the angle
of repose approach the magnitude of the angle of re-
pose itself, when the angle of repose φc is of the order
φc ∼ N−1/3 as had been previously estimated in Eq. (36).
Note that for larger values of µ similar estimates can be
made, but the angle φ is no longer small, so nonlinear
corrections are called for.

B. Consequences of breaking of scaling at the
bottom

Let us discuss the dip in pressure under the apex of the
pile further. To do so we need to focus on the function
Ψ(S, z = h). At the bottom when S → 1 one always en-
counters an edge of the pile with newly added grains that
are highly susceptible to height fluctuations. Therefore
the form of Ψ(S → 1, z = h) is no longer given by the
form Eq. (10). Since the particles at the edge are mostly
subject to gravity rather than the whole weight of a pile
on their shoulders, we expect

Ψ(1, z = h) = 0 (38)

to hold. This dramatic change in the form of Ψ(S, z = h)
is plotted in Fig. 12. Specifically, while Ψ(S → 0, z =
h) → 0 for both scaling and broken scaling solutions, the
behavior for Ψ(S → 1, z = h) is very different for the
scaling and broken scaling principal axis directions. This
difference in the functional form of Ψ is probably due
to both the interaction of the sandpile with the surface
on which it lies, as well as fluctuations of the sandpile
surface.
Note also that Ψ(S → 1, z = h), as can be also seen di-

rectly in the simulation results in Figs. 7 and 12, that at
some value of S, say Sm, inside the pile, this function has
a maximum which is of the order of the value given by
the scaling solution Eq. (10). The value of Sm can be es-
timated as follows. Remembering that S ≡ x tanφ/z we
now use the shift ∆x towards the maximum and estimate

Sm = 1− ∆x tanφ

h
∼ 1− W

L
, (39)

where we have used ∆x = W cosφ and h = L sinφ. Using
now Eq. (37) we end up with the estimate

Sm = 1−
(

2N

sin 2φ

)

−1/4

. (40)

In our simulations with N of the order of 1000 Sm ≈ 0.8
in very good agreement with the numerical results.
Accordingly we present in Fig. 16 the positive branch

of an anti-symmetric function Ψ(S, z = h) that begins
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FIG. 16. A model function Ψ(S, z = h) which mimics the be-
havior of the function found in the numerics near the bottom
of the pile, as shown in Fig. 12.

FIG. 17. The pressure at the bottom of the pile obtained by
integrating the continuum equations starting from the edge.
The different curves are for for the same values of φ as in
Fig. 9. For larger angles of repose a dip in the pressure is
developing naturally.

at zero and ends up at zero with a maximum at the ex-
pected value of Sm. This function is simply a fourth or-
der polynomial with coefficients chosen to respect all the
wanted properties. The reader should compare this func-
tion with “bottom” function shown in the lower panel of
Fig. 12. Plugging this function as the constitutive rela-
tion into Eqs. (8), (9), we can integrate the equations
starting from the outer edge. Solving for the pressure
P ≡ sxx+ syy as a function of the angle of repose we get
the curves shown in Fig. 17.

Note that we do not need to match two solutions start-
ing from the edge and from the center. The conclusion
is that when the angle of repose is small, the pressure is
expected to maximize under the apex of the pile. For in-
creasing angles of repose (equivalently increasing µ) there
is an increasing tendency for the pressure to dip under the
apex with a maximum away from the center. The results
indicate that the reason for the dip within the classical
continuum theory is actually the breaking of the scaling
assumption by the existence of a bottom boundary to the
sand-pile. Note that this breaking of scaling is different
from the one discussed in the previous subsection where
surface fluctuations introduced a typical length-scale.

VI. SUMMARY AND DISCUSSION

In this paper we have examined sandpiles that were
grown using a new quasi-static model which allows a de-
tailed computation of the characteristics of the sandpile,
including its angle of repose, the stress field, the ori-
entation of the principal axis of the stress etc., all as
a function of the coefficient of friction and the system
size. We can compare these results with the predictions
of a theory based on continuum equilibrium mechanics.
As explained, the equations of equilibrium mechanics are
under-determined and their solution requires and input
of constitute relations. In addition, seeking scaling so-
lutions leads to a very elegant formalism, which appears
however to be challenged by the numerical simulations.
Note that even when scaling is obeyed, the fact that Ψ
is a function of S implies memory in the growth of the
sandpile. Further, our sandpiles have stress fields which
do not agree with the scaling assumption in all detail, re-
sulting in the function Ψ depending on both S and z and
not only on S. Fortunately, for larger values of the fric-
tion coefficient and for larger system sizes the breaking of
scaling is weak in the bulk, allowing an approximate ana-
lytic theory which agrees well with the observations. On
the other hand, scaling is strongly broken even for large
N and for large µ at the bottom of the pile near the floor.
Interestingly enough, when we input the data for Ψ found
in the numerics into the analytic theory, we find the of-
ten observed dip in the pressure at the center of the pile,
without needing to match two piece-wise linear solutions

as was necessary in previous publications, [13, 14]. We
propose that our model provides evidence that the dip
in the pressure results from the broken scaling solution
which presumably is generic due to the special interac-
tions of the particles with the substrate support.

The mechanism proposed here for the appearance of a
typical scale that breaks the scaling solutions is not the
only one possible. Another interesting proposition was
offered in Ref. [16] where the length-scale associated with
the bifurcations of the force chains leads to a convective-
diffusive equation for the stress field. Solution of this
equation predict a dip in the pressure at the bottom of
the pile. It is possible that there exist other mechanisms.
In fact, one should stress that the particular properties
of the numerical model employed in this paper may very
well affect the solution. Changing the dissipation mecha-
nism associated with frictional slips, replacing the quasi-
static growth of the sandpile with continuous additions
of grains before mechanical equilibrium is restored, and
other such details, may result in very different profiles of
Ψ(S, z). Thus one cannot judge agreement or disagree-
ment with other models [7, 21]of the sandpile without
comparing the profiles of Ψ(S, z). In the present case
discussed above the appearance of non-scaling solutions
is strongly supported by the numerics, and the agreement
with their shape as discussed in Sect. VB gives credence
to the mechanism proposed here. It is not impossible that
details of the grains shapes, their interactions between
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themselves and also with the floor may require different
approaches to explain the observed characteristics of the
sand pile. What should remain invariant is the approach
proposed here to expand the solutions near the center of
the pile in accordance with the measured profile of Ψ to
find what the theory predicts.

ACKNOWLEDGMENTS

This work had been supported by the Minerva founda-
tion with funding from the Federal German Ministry for

Education and Research. PKJ is grateful to the VATAT
fellowship from the Council of Higher Education, Israel.

[1] F.H. Hummel and E.J. Finnan, Minutes of Proc. Inst.
Civil Eng., Session 1920-1921, Part II, Selected papers
212, 369 (1920).

[2] B.K. Hough, Trans. ASCE 103, 1414 (1938).
[3] D.H. Trollope, “The Stability of Wedges of Granular Ma-

terials”, PhD thesis, University of Melbourne, 1956.
[4] J. Smid and J. Novosad, Proc. Powtech D3/V, 1, (1981).
[5] L. Vanel, D. Howell, D. Clark, R. P. Behringer, and E.

Clment, Phys. Rev. E 60, R5040 (1999).
[6] J. Ai, J.Y. Ooi, J.-F. Chen, J.M. Rotter and Z. Zhong,

Mech. of Mat., 66, 160 (2013).
[7] Q. Zheng and A. Yu, Phys. Rev. Lett. 113, 068001

(2014).
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