Journal of Computational and Applied Mathematics 301 (2016) 161-177

Contents lists available at ScienceDirect

Journal of Computational and Applied
Mathematics

journal homepage: www.elsevier.com/locate/cam

Some results on majorization and their applications @ Coosshiark
Amarjit Kundu?, Shovan Chowdhury, Asok K. Nanda “*, Nil Kamal Hazra“

2 Department of Mathematics, Santipur College, West Bengal, India

b Quantitative Methods and Operations Management Area, Indian Institute of Management Kozhikode, Kerala, India

¢ Department of Mathematics and Statistics, IISER Kolkata, Mohanpur 741246, India

4 Department of Mathematical Statistics and Actuarial Science, University of the Free State, 339 Bloemfontein, 9300, South Africa

HIGHLIGHTS

e Some useful results on majorization are developed.

e This enriches the theory of majorization.

e As applications, some distributions have been studied.
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1. Introduction

The notion of a stochastic order based on majorization, called majorization order, is quite useful in establishing various
useful inequalities. The method of majorization which is used in finding some nice and applicable inequalities is also useful
in understanding the insight of the theory. This concept deals with the diversity of the components of vector in R". Let
X = (X1,X2,...,%,) andy = (¥1, Y2, ..., yn) be any two real vectors. We arrange the components of X and y in ascending
orderasxqy < Xp) < -+ < X and yqy < yp) < --- < Y respectively. The vector X is said to majorize the vector y

m . .
(writtenasx > y)if Y\ xq < D4 Ya,forj=1,2,...,n—1and } [, xs = > i, Y- In this case we also say that X is

more than y in majorization order. This is a partial order on R", and x g y tells that the components of x are more dispersed
compared to those of y (although average is the same for both the vectors). Majorization order and its variants are used for
the last couple of decades at an accelerated rate, in many diverse areas of mathematics, statistics, economics, physics and
so on. It has also been used in reliability viz. optimal component allocation in parallel-series as well as in series—parallel
systems, allocation of standby in series and parallel systems, and so on, see, for instance, [1]. It has also been used in the
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Table 1

Schur-convexity/concavity of ¢ (x) = ZL u;g (X;).
4 u, X

ueDLXED ue Dy,Xe€ ueé ,xed uecé,xeé

Increasing convex Schur-convex Inconclusive Inconclusive Schur-convex
Decreasing convex Inconclusive Schur-convex Schur-convex Inconclusive
Increasing concave Inconclusive Schur-concave Schur-concave Inconclusive
Decreasing concave Schur-concave Inconclusive Inconclusive Schur-concave

context of minimal repair of two-component parallel system with exponentially distributed lifetimes by Boland and El-
Neweihi [2]. Majorization is also used as a measure of income inequality, species diversity and bio-diversity. One may also
notice the usefulness of majorization ordering in pair comparisons, phase-type distributions, disease transmission, statistical
mechanics and so on. The details of these applications may be obtained in [3]. For an overview of majorization and some
more applications, one may refer to [4].

One question raised and also partially solved by Marshall et al. [4] on majorization is that what condition(s) a function
g : R" — Rshould satisfy such that, given a monotonic sequence of real numbers {uq, s, ..., u,}, the function¢p : R" — R,
defined by ¢p(x) = ZL u;g(x;) is Schur-convex/Schur-concave (for definition, see Section 2). They have shown that if
u; > up; > --- > u, > 0,and g(-) is increasing and convex, then ¢(x) is Schur-convex. They have also mentioned that
if u is decreasing, and g(-) is decreasing and convex, then ¢(x) is Schur-convex. However, in the last statement there is a
typographical error and the term ‘decreasing and convex’ should be ‘decreasing and concave’. The other questions related to
¢ could be: what can we say about ¢ when g is increasing and concave or decreasing and convex, and also u is in increasing
order,i.e.,, u; < u, < --- < u,? This paper deals with this type of questions. We have shown that in some cases the property
of ¢ can be explicitly mentioned whereas in some cases no conclusion on Schur-convexity or Schur-concavity of ¢ can be
made.

The application of these results has been studied for order statistics generated from heterogeneous generalized
exponential distributions. The usefulness of this distribution has been seen in different studies available in the literature,
see, for instance, Gupta and Kundu [5]. Further, it is well known that there is a one-to-one correspondence between an
order statistic and the lifetime of a k-out-of-n system, which has a lot of applications in statistics, reliability theory, applied
probability, and so on and so forth. A k-out-of-n system is a special kind of coherent system, which survives as long as at least
k of the n components of the system survive. For details of this kind of systems one may refer to [6]. It is to be mentioned here
that we denote by Xi.,, the kth order statistic formed from X1, X5, ..., X,,. Although different properties of order statistics
from homogeneous populations have been studied in detail in the literature, very less amount of work has been done so far
for order statistic from non-homogeneous populations, due to its complicated nature of expressions. For properties of order
statistics for independent and non-identically distributed random variables, one may refer to [7].

The applications of other majorization orders viz. different weak majorization orders (defined in Section 2) have been
discussed in connection with heterogeneous gamma populations for series systems.

The paper is organized as follows. Section 2 deals with different notations and definitions of different majorization orders
used in this paper. The interrelations among different orders are also given here. Section 3 deals with the main findings of
the paper. The details of the findings are given in Table 1. Section 4 deals with applications of different majorization orders.
This is discussed in connection with generalized exponential and gamma populations, whereas Section 5 concludes.

Throughout the paper, the word increasing (resp. decreasing) and nondecreasing (resp. nonincreasing) are used

interchangeably, and R denotes the set of real numbers {x : —o0o0 < x < 0o}. We also write a = b to mean that a and

b have the same sign. Further, by a &' we mean that b is defined as a. For any differentiable function k(-), we write k'(t) to
denote the first derivative of k(t) with respect to t. The random variables considered in this paper are all nonnegative.

2. Notations and preliminaries

For an absolutely continuous random variable X, we denote the probability density function by fx(-), the cumulative
distribution function by Fx(-), the hazard rate function by rx(-), and the reversed hazard rate function by 7x(-). The survival
or reliability function of the random variable X is written as Fx(-) = 1 — Fx(:).

The following definitions may be obtained in [4].

Definition 2.1. Let X = (X1, X3, ...,X%,) € R"andy = (y1,¥2, ..., Yn) € R" be any two vectors.

m
(i) The vector x is said to majorize the vector y (written as x > y) if

J J n n
Zx(i) SZY@), j=12,...,n—1, and Zx(i)=ZY(D-
i=1 i=1 i=1 i=1
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w
(ii) The vector X is said to weakly supermajorize the vector y (written as x > y) if

Jj
X(i) ZY(i) forj=1,2,....n

(iii) The vector x is said to weakly submajorize the vector y (written as X >, y) if
n n
ZX({) > ZY(,') fOI'j =1,2,...,n
i=j i=j
. . . . p .
(iv) The vector X is said to be p-larger than the vector y (written as x > y) if
J J
Hx@ < Hy(i) forj=1,2,...,n
i=1 i=1
m
(v) The vector X is said to reciprocally majorize the vector y (written as x > y) if

U U
Zfzzi. forj=1,2,...,n. O

T Ms.

p
It is not so difficult to show that x ; y=X ; y=>X>y=X ré“ y.
Definition 2.2. Let] C R. A function ¥ : I" — R is said to be Schur-convex (resp. Schur-concave) on I" if

X g y implies ¢ (x) > (resp. <) ¢ (y) forallx, yelI".

Notation 2.1. Let us include the following notations. The first and the third are borrowed from [4].

(i) D ={(x1.%2, ..., %) €ER" 1%y > X > -+ > X }.
(i) € ={(X1, %2, ..., Xp) ER" 1 %1 <X < -+ <X}
(iii) Dy ={(X1, %2, ..., %) €R" 1 X1 > X > -+ > X, > 0}
(iv) & = {(x1,%2, ..., %) ER":0 <X; <X <--- < Xp}.

In order to compare different order statistics, stochastic orders are used for fair and reasonable comparison. In the literature
many different kinds of stochastic orders have been developed and studied. Here we consider different stochastic orders.
For the definitions, motivations and usefulness of these stochastic orders, readers may see [8-10]. However, for the sake of
completeness and readers’ convenience we give the definitions below.

Definition 2.3. Let X and Y be two absolutely continuous random variables with respective supports (ly, ux) and (ly, uy),
where uy and uy may be positive infinity, and Ix and Iy may be negative infinity. Then, X is said to be smaller than Y in
(a) likelihood ratio (Ir) order, denoted as X <, Y, if

fr(©) .

—— isincreasing int € (I, ux) U (ly, uy);

fx@®
(b) hazard rate (hr) order, denoted as X <, Y, if

Fy(t)

F isincreasing int € (—oo, max(uy, uy));
¥ (t

(c) up shifted hazard rate (hr 1) order, denoted as X <p;; Y, if X — x <, Y, forallx > 0;
(d) down shifted hazard rate (hr | ) order, denoted as X <y, Y, if X <j.[Y —x|Y > x], for allx > 0;
(e) reversed hazard rate (rhr) order, denoted as X <, Y, if

Fy (t)

Fx (t)
(f) up shifted reversed hazard rate (rhr 1) order, denoted as X <4 Y, if X — x <p,, Y, for all x > 0;
(g) dispersive (disp) order, denoted as X <, Y, if

Fy'(b) — Fy'(a) < F;'(b) —F;'(a) forall0 <a<b <1,

is increasing in t € (min(ly, ly), 00);

where, for any distribution function F, F~1 is the right continuous inverse of F;
(h) usual stochastic (st) order, denoted as X < Y, if Fx(t) < Fy(t) forallt e R. O



164 A. Kundu et al. / Journal of Computational and Applied Mathematics 301 (2016) 161-177

In the following diagram we present a chain of implications among the above mentioned stochastic orders.

X< Y = X < Y

/ l N\
X<mY X<V = X <4V
1 /

X SrhrT Y- X Srhr Y

Like stochastic orders, stochastic ageing is also another important concept which has many applications in reliability
theory. Different stochastic ageing properties describe how a system improves or deteriorates with age. Here, we particularly
consider increasing likelihood ratio (ILR), decreasing likelihood ratio (DLR), increasing failure rate in average (IFRA) and
decreasing failure rate in average (DFRA) classes. The definitions and usefulness of these ageing classes could be found in [6]
and [11].

Definition 2.4. A random variable X is said to be

1. increasing likelihood ratio (ILR) (resp. decreasing likelihood ratio (DLR)) if fx (t) is log-concave (resp. log-convex) in t;

2. increasing failure rate in average (IFRA) (resp. decreasing failure rate in average (DFRA)) if % fot rx (x) dx is increasing
(resp. decreasing)int. O

3. Some results on majorization
The following lemma may be obtained in [4, p. 83], where the parenthetical statement is not given.
Lemma 3.1. Let ¢ : D — R be a function, continuously differentiable on the interior of D. Then, for X,y € D,
X = y implies p(x) > (resp. <) p(y)
if, and only if,
@) (2) is decreasing (resp. increasing) ink=1,2,...,n,
where ¢, (z) = d¢(z)/9z, denotes the partial derivative of ¢ with respect to its kth argument. O

On using the above lemma, we have the following.

Lemma 3.2. Let ¢(x) = Z?:l gi(x;)) with x € D, where g; : R — R is differentiable, for alli = 1,2, ..., n. Then ¢(x) is
Schur-concave on D if, and only if,

gi(a) < g/ ,(b) whenever a > b, foralli=1,2,...,n—1,

whereg'(a) = 2| = O

Now, we are in a position to prove the following theorem.

Theorem 3.1. Let ¢(x) = Z?:l u;g(x;) withx € D, and let I C R be an interval. Consider a functiong : I — R.

() Ifu= (uy,uy,...,uy) € Oy and
(i) g(-) is increasing and convex then ¢(X) is Schur-convex on D;
(ii) g(-) is decreasing and concave then ¢(X) is Schur-concave on D.
(b) If u= (uq,uy, ..., u,) € & and
(i) g(-) is increasing and concave then ¢(X) is Schur-concave on D;
(ii) g(-) is decreasing and convex then ¢(X) is Schur-convex on D.

Proof. We give a proof for (i) only. The proof of (ii) follows by taking —g in place of g in (i).

(a) Let g; (x;)) = u;g (x;). If g(-) is increasing and convex then, for all a > b, g’(a) > g’(b) > 0. Again, ifu € D, then
u;g’(a) > u;1g’(b). Hence, by Proposition H.2 of Marshall et al. [4], (i) is proved.

(b) Note that g(-) is increasing and concave implies that, for alla > b, g’(a) > 0, g’(b) > 0and g’(a) < g'(b). So, ifu € &,
then u;g’(a) < u;1g’(b). Hence, by Lemma 3.2, (i) is proved. 0O

The following counterexample shows that if g (-) is increasing and convex, and u € &, then ¢ (x) may not be Schur-
convex or Schur-concave on D.
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Counterexample 3.1. Let g(x) = €, x = (30,8,2) € D, andy = (18, 12,10) € D,. So, clearly g(x) is increasing and

convex, and X g y. Now, if u = (1, 2, 3) € &, is taken, then it can be easily checked that

3 3
> uig () — Y wig (i) = 1.068640854 x 10" > 0,
i=1 i=1

giving that ¢ (X) > ¢ (y). Again, if X = (4,3,1) € Dy andy = (3, 3, 2) € D, are taken then, for u = (1,2, 30) € &, and

for the same function g (-), it can be easily checked that, although x g Yy,

3 3
> uig () — Y wig () = —105.610615 < 0,

i=1 i=1
giving that ¢ (X) < ¢ (y). So, ¢ (X) is neither Schur-convex nor Schur-concave on D;. O

That nothing can be said about the Schur-convexity of ¢ (x) on £ when g (-) is increasing and concave, and u € D, is
shown in the next counterexample.

Counterexample 3.2. For x = (30,8,2) € D,,y = (18,12,10) € D, andu = (3,2, 1) € Dy, if g(x) = Inx is taken,
which is increasing and concave, then

3 3
> ug () — Y uig (vi) = —0.887891257 < 0,

i=1 i=1

giving that ¢ (X) < ¢ (y). Again, forx = (4,3,1) € D,y = (3,3,2) € D, andu = (30,2, 1) € D, and, for the same
function g (-), it can be seen that

3 3
> g (x) — Y uig (vi) = 7.937314993 > 0,
i=1 i

i=1
satisfying the claim. O
The counterexample given below shows that ¢ (x) is neither Schur-convex nor Schur-concave on 9 if the function g(-)
is decreasing and convex, andu € D, .

Counterexample 3.3. Let g(x) = e™*, which is decreasing and convex, and x = (4,3, 1) € D, andy = (3, 3, 2) € D4. Now,
if u=(3,2,1) € Dy is taken, then it can be easily verified that

3 3
> uig (x) — Y uig (i) = 0.138129869 > 0,
=1 =1

giving that ¢ (X) > ¢ (y). Again, ifwe takex = (3,2,1) € Dy andy = (2, 2, 2) € D, then, for u = (26, 2, 1) € D, and for

the same function g (-), it can be easily checked that, although x g \A

3 3
> wg () — > uig ) = —1.991709429 < 0,

i=1 i=1
giving that ¢ (X) < ¢ (y). So, ¢ (X) is neither Schur-convex nor Schur-concave on D;. O

The following counterexample shows that if g (-) is decreasing and concave and u € &, then ¢ (x) is neither Schur-
convex nor Schur-concave on D.

Counterexample 34. Let g(x) = 1 — e*9"70'4, which is decreasing and concave for all x € [0, 10]. Now, if we take x =

B8,4,3) e D, y=(7,4,4) € Dy andu = (10, 10.2, 10.4) € &,, then it can also be checked that although x ; \A

3 3
> uig () — Y uig () = —0.0108009 < 0,
i=1 i=1
giving that ¢ (X) < ¢ (y). Again, for the same function g (-) and for same X, y, if u = (1, 20, 30) € &, is taken then

3 3
> g (x) — Y uig (vi) = 0.0759684 > 0,
i=1 i

i=1

giving that ¢ (X) > ¢ (y). So, ¢ (X) is neither Schur-convex nor Schur-concave on D;. O
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From Counterexample 3.3, it is clear that there is a typographical error in the parenthetical statement of Proposition H.2.b
in [4]. This can also be verified by observing that the parenthetical statement of Proposition H.2.b with u; = 1 contradicts
Proposition C.1 of Marshall et al. [4, p. 92].

In all the above discussion we take x € ©. An immediate question that arises is—what will be the behaviour of ¢, under
different conditions on g, when x € &? In order to answer this question we take help of the following lemmas. The proof of
Lemma 3.3 is analogous to that of Theorem A.3 of Marshall et al. [4, p. 83], whereas that of Lemma 3.4 is based on Lemma 3.3.

Lemma 3.3. Let ¢ : & — R be a function, continuously differentiable on the interior of &. Then, for X,y € &,

X > y implies p(x) > (resp. <) ¢(y)
if, and only if,
@) (2) is increasing (resp. decreasing) ink=1,2,...,n,
where @) (z) = 0¢(z)/0z denotes the partial derivative of ¢ with respect to its kth argument.
Lemma 3.4. Let ¢(x) = Zf:1 gi(x;)) with x € &, where g; : R — R is differentiable, for alli = 1,2, ..., n. Then ¢p(X) is
Schur-convex (resp. Schur-concave) on & if, and only if,
gi,1(a) > (resp. <) g{(b) whenever a>b, foralli=1,2,...,n—1,
where g'(a) = %W O

dx lx=a

Below we give a theorem whose proof, with the help of Lemma 3.4, follows in the same line as in Theorem 3.1.

Theorem 3.2. Let ¢ (X) = Z?Zl u;g(x;) withx € &, and let I C R be an interval. Consider a functiong : I — R.

(@) If u= (uy,uy, ..., uy) € Dy and
(i) g(-) is increasing and concave then ¢(X) is Schur-concave on &;
(ii) g(-) is decreasing and convex then ¢(X) is Schur-convex on &.
(b) If u= (uy,uy,...,uy) € & and
(i) g(-) is increasing and convex then ¢(X) is Schur-convex on &;
(ii) g(-) is decreasing and concave then ¢(X) is Schur-concaveon §. O

The following counterexample shows that if g (-) is increasing and convex, and u € D, then ¢ (x) may not be Schur-
convex or Schur-concave on €.

Counterexample 3.5. Let g(x) = X, x = (3,7,10) € &, andy = (4,7,9) € &,.So, clearly g(x) is increasing and convex and
X g y. Now, if u = (3, 2, 1) € D, is taken, then it can be easily checked that

3 3
> uig () — Y uig (v) = 13819.8 > 0,
i=1

i=1
giving that ¢ (X) > ¢ (y). Again, if x = (1,2,3) € &, andy = (1.5, 1.5, 3) € &, are taken then, for u = (30, 3,2) € D,
and for the same function g (-), it can be easily checked that, although x g y,

3 3
> uig () — > uig () = —44.1801 < 0,
i=1 =1

giving that ¢ (X) < ¢ (y). So, ¢ (X) is neither Schur-convex nor Schur-concave on §,. O

That nothing can be said about the Schur-convexity of ¢ (x) on & when g (-) is increasing and concave, and u € &, is
shown in the next counterexample.

Counterexample 3.6. For x = (4,5,6) € &,y = (5,5,5) € &, andu = (2,3,5) € &, if g(x) = Inx is taken, which is

increasing and concave, then

3 3
> uig ) — Y uig (v) = 0.465321 > 0,

i=1 i=1

giving that ¢ (X) > ¢ (y). Again, forx = (7,8,10) € &,y = (7,9,9) € §, andu = (2,11, 11.1) € &, and for the same
function g (-), it can be seen that

3 3
Y g () — Y wg () = —0.126112 < 0,
i=1 i=1

satisfying the claim. O
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The counterexample given below shows that ¢ (x) is neither Schur-convex nor Schur-concave on & if the function g(-)
is decreasing and convex, and u € &;.

Counterexample 3.7. Let g(x) = e, which is decreasing and convex, and X = (4,6,8) € &, andy = (4,7,7) € &,. Now,
if u= (1, 12, 12.1) € &, is taken, then it can be easily verified that

3 3
> uig () — Y g (v) = 0.0118278 > 0,
i=1 i=1
giving that ¢ (X) > ¢ (y). Again, if we takex = (7,9, 11) € §, andy = (8,9, 10) € &, then, for u = (1, 3, 150) € &, and

for the same function g (-), it can be easily checked that, although x g Yy,

3 3
D uig (x) — Y uwig (y) = —0.00372823 < 0,

i=1 i=1
giving that ¢ (X) < ¢ (y). So, ¢ (X) is neither Schur-convex nor Schur-concave on &,.. [0

The following counterexample shows that if g (-) is decreasing and concave and u € D, then ¢ (x) is neither Schur-
convex nor Schur-concave on §.

ox~0

Counterexample 3.8. Let g(x) = 1 — e~ ‘4, which is decreasing and concave for all x € [0, 10]. Now, if we take x =

(3,6,8) €&, y=(5,5,7) € & andu = (15, 3, 2) € Dy, then it can also be checked that although x § \A
3 3
> g (x) — Y uig (i) = 0.0690984 > 0,
i=1 i=1

giving that ¢ (X) > ¢ (y). Again, for the same function g (-) and for x = (3,4,5) € &,y = (3,45,45) € &, if
u = (16, 15, 14.9) € D, is taken then

3 3
Y g (x) — Y g () = —0.00135098 < 0,
i=1 i

i=1
giving that ¢ (X) < ¢ (y). So, ¢ (X) is neither Schur-convex nor Schur-concaveon &,.. 0O

The observations, from Theorems 3.1 and 3.2, and the counterexamples, are reported in Table 1. The statements in the
body of the table are regarding the function given by ¢ (x) = Zle u;g (x;).

4. Applications of majorization

In this section, we give two applications of majorization in the context of stochastic comparison of parallel/series systems
of components. The first one deals with parallel systems of heterogeneous generalized exponential (GE) components and
the other does the same with series systems of heterogeneous gamma components. Different orderings between parallel
systems of heterogeneous exponential components through majorization was first studied, to the best of our knowledge,
by Dykstra et al. [12]. Later, [13] extended the results for the multiple outlier heterogeneous exponential model. Similar
problem for parallel systems of heterogeneous gamma components was addressed by Zhao [ 14].

4.1. Application with generalized exponential model

Arandom variable X is said to have GE distribution with parameters (A, ), written as GE(A, 8), if the distribution function
of X is given by

@) =(1-e™)", x>0,1>0,0>0,

where 6 is the shape parameter and A is the scale parameter. Clearly, this distribution is a generalization of exponential
distribution in the sense that one can obtain exponential distribution from this distribution by taking 6 = 1. Unlike
exponential distribution, this distribution has increasing (decreasing) failure rate for 6 > (<)1 for any fixed A. Therefore, if
it is known that the data are from a regular maintenance environment, it may make more sense to fit GE distribution than
exponential distribution.

Now, suppose X; (resp.Y;),i = 1, 2, ..., n,be nindependent random variables following GE distribution with parameters
(Ai, 6)) (resp. (8;, 0;)). Write A = (A1, A2, ..., An), 8 = (81,82,...,8,) and @ = (04, 6,, ..., 6,). Then the distribution
functions of X,,., and Y., can be written respectively as

Fxn *) = l_[in x) = l_[ (] _ e—kix)gi 7
i=1 1

i=
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and

Fyn:n (X) = l_IFYi (X) = l_[ (1 _ 6*5,')()91' .
i=1 1

i=
It is to be mentioned here that Theorem 4.1 given below gives comparison of two parallel systems under p-larger order
(which is weaker than majorization order). But before that we give a lemma, which is similar to the one in [15].

Lemma 4.1. Let ¢ : &, (resp. D) — R be a function. Then, for X,y € &, (resp. X,y € D),

XZy= X > Y

if, and only if,

(i) ¥ (e", ..., e")is Schur-convexin (ay, ..., a,) € & (resp. (ay, ..., a,) € D),
(ii) ¥ (e, ..., e"™) isdecreasingina; fori=1,...,n,

wherea; = Inx;, fori=1,...,n. O

In the following theorem we show that, if A is p-larger than § then X,,., is superior to Y,., in the usual stochastic order.

Theorem 4.1. Let X; and Y; follow GE distributions with parameters (X;, 6;) and (§;, 6;) respectively, fori = 1, 2, ..., n. Further,
let X;’s and Y;’s be independent. Suppose that the set of conditions {A € §&;,8 € §;,0 € Dy} or {A e D;,8€ D1, 0 €&y}
holds. Then

A g d implies Xi.n >t Ynn-

Proof. Let the set of conditions {A € &,, 8 € &, 0 € D, } hold. Further, let Fz(-) and 7 (-) be the distribution function and
the reversed hazard rate function of the standard exponential distribution, respectively. Then the survival function of X;,.,
is given by

n

Frn ®) = 1= [ JIFe(e™))"
i=1
= w(e", e%,. .., e"), say,
where a; = In(A;x), fori = 1,2, ..., n. Note that ¥ (e, 2, ..., e") is decreasing in each a;, fori = 1, 2, ..., n. Further,

forit<p<gqg=<n,

w o v &
= 7 ]‘[[FE(e“f)]"f [0qe% 7 (e%) — 0,6 T (e7)]
i=1

da, daq
<0,
where the inequality follows because x7¢ (x) is decreasing in x > 0. Thus, by Lemma 3.3 we have that ¥ (e“1, e®, ..., e™) is
Schur-convex in (ay, a, . .., a,) € & whenever (64, 6, ..., 6,;) € D,.Hence the result follows from Lemma 4.1. The result

follows in a similar way under the set of conditions {A € Dy,6 € D;,0 € €.}, O

The following counterexample shows that Theorem 4.1 does not hold under the sets of conditions {A € D, € D, 0 €
Di}or{h € &,8€ 8,0 € &}, evenif the condition of p-larger order is replaced by the majorization order.

Counterexample 4.1. Let Xq, X5, Y1 and Y, follow GE distribution with respective parameters (A, 01), (A2, 63), (81, 61) and

(82, 62), where (A1, A2) = (1,5) € &, (61,02) = (2,4) € &, and (61,6;) = (2,100) € &,. Clearly, (A1, A2) g (61, 82).
Now,

ki () £ Fry,, (%) — Fryp (0)
= (1= e 22(1 — e )19 _ (1 — g~%)2(1 — ¢~5%)100,
It can be shown that kq(x) changes sign. Thus, X,., #; Y2.2. Further, let (A1, X3) = (6,2) € Dy, (81,82) = (5,3) € Dy, and
(91, 92) = (60, 2) (S :D+. Clearly, ()\.1, )»2) g (81, 82) Now,
ko () & Fyy, (0 = Fry, (0
— (] _ €_5X)60(1 _ e—3X)2 _ (1 _ e—GX)GO(-l _ e—ZX)Z.

It is easy to verify that k,(x) changes sign. Thus, X5., #4 Y2.2. O
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The following counterexample shows that the condition of p-larger order given in Theorem 4.1 cannot be replaced by
reciprocal majorization order.

Counterexample 4.2. Let X1, X3, Y1 and Y, follow GE distribution with respective parameters (A1, 61), (A2, 62), (81, 61) and

(82, 92), where (}\.1, )\2) = (2, 4) S 8+, (81, 82) = (24, 3) € 8+, and (9], 92) = (1, 099) S i)+. Clearly, (}\1, )\2) rén (81, 52)
p — _

and (A1, A2) # (81, 82). Writing k3 (x) = F,., (x) — Fy,., (x) we have

k3(X) — (1 _ e—2A4X)(»1 _ e—3X)O.99 _ (1 _ e—ZX)(»l _ e—4X)0.99'
It can be shown that ks (x) changes sign. Thus, X2.2 #4 Y22. O

Below we give a lemma without proof, which will be used in proving the upcoming theorems.

Lemma 4.2. For x > 0, g(y) = y (" — 1)~ ! is decreasing and convexiny > 0. O

The following lemma to be used in proving the next theorem, may be obtained in [4, p. 87], where the parenthetical
statements are not given.

Lemma 4.3. Let S C R". Further, let ¢ : S — R. Then
(a1, az, ..., an) >y (b1, ba, ..., by) implies p(ay, ay, ..., ap) > (resp. <) ¢(by, by, ..., by)
if, and only if, ¢ is increasing (resp. decreasing) and Schur-convex (resp. Schur-concave) on S. Similarly,
(a1, az, ..., ap) § (by, by, ..., by) implies p(aq, az, ..., ay) > (resp. <) ¢(bq,by,...,byp)
if, and only if, ¢ is decreasing (resp. increasing) and Schur-convex (resp. Schur-concave)onS. O

The following theorem shows that, if (A1, A2, ..., A,) weakly supermajorizes (81, 82, . . ., 6,), then X,,., dominates Y;.,
in reversed hazard rate ordering.

Theorem 4.2. Let X; and Y; follow GE distributions with parameters (A;, 6;) and (8;, 6;) respectively, fori = 1, 2, ..., n. Further,
let Xi’s and Y;’s be independent. Suppose that the set of conditions {A € Dy,8 € D, 0 € &, }or {A € €., € €,0 € D}
holds. Then

A g ) implies Xn:n Zrhr Yn:n~

Proof. The reversed hazard rate functions of X,,., and Y,,.,, are given respectively by

- O;rie”
T (X) = Z T = Z@g(k) (4.1)
i=1
and
- 0;8;e~%*
P (%) = Z 1_; = Z@g @), (4.2)

i=1

where g(-) is as defined in Lemma 4.2. By Lemma 4.2 and Theorem 3.1 b(ii) we have that 7, (x) is Schur-convex in
(A1, A2, ..., Ap). Further, by Lemma 4.2 and Theorem 3.2 a(ii) we also get that 7y, (x) is Schur- -convex in (A, Aoy ooy Ap).
Again, note that Tx,., (x) is decreasing in each A;. Thus, the result follows from Lemma 4.3.

Remark 4.1. Theorem 4.2 improves Theorem 3.2 of Dykstra et al. [ 12] in the sense that the latter can be obtained from the
former by taking6y =6, =--- =6, = 1.

Remark 4.2. Counterexample 4.1 shows that Theorem 4.2 does not hold under the sets of conditions {A € D, € D, 0 €
Ditor{heé&,deé, 06} O

It is well known that p-larger order is weaker than the weak supermajorization order. Then a natural question arises—
whether the result discussed in Theorem 4.2 holds under p-larger order. The following counterexample answers this
question in negative.



170 A. Kundu et al. / Journal of Computational and Applied Mathematics 301 (2016) 161-177

Counterexample 4.3. Let Xq, X5, Y1 and Y, follow GE distribution with respective parameters (A, 01), (A2, 62), (81, 61) and
(82, 6;), where (A1, X2) = (1,7) € &4, (81, 82) = (2,5) € &, and (61, 62) = (2.1,2) € Dy. Clearly, (A1, X2) 2 (81, 62) and
(A1, A2) ; (81, 82). Writing ka(x) = Tx,, (X) — Ty, , (x) we have

2.1 14 4.2 10

ka(x) = — — — .
4 e"—1+e7x—1 ex —1 e*—1

It can be shown that k4(x) changes sign. Thus, Xz.» # 4, Y22. O
In the following theorem we generalize the above result for the up shifted reversed hazard rate order.

Theorem 4.3. Let X; and Y; follow GE distributions with parameters (A, 6;) and (§;, 6;) respectively, fori = 1, 2, ..., n. Further,
let X;'s and Y;’s be independent. Suppose that the set of conditions {A € D,,8 € D,,0 € & }or{Ah € 6,,8 € &,,0 € D}
holds. Then

w
A > § implies Xp:n >rhry Yon-

Proof. Note that 7,.,(x) is decreasing in x > 0, and hence X,., has log-concave distribution function. Then, on using
Theorem 4.2, the result follows from Theorem 2.2 of Di Crescenzo and Longobardi [10].

Remark 4.3. Counterexample 4.3 shows that the weak supermajorization condition given in Theorem 4.3 cannot be
replaced by p-larger order. O

Below we give another set of sufficient conditions under which the result given in Theorem 4.3 holds.

Theorem 4.4. Let X; and Y; follow GE distributions with parameters (A;, 6;) and (8;, 6;), respectively, fori = 1, 2, ..., n. Further,
let X;’s and Y;'s be independent. If &; > A; foralli=1,2, ..., n, then Xy.n > et Yion.

Proof. By Lemma 4.2 we have that g(-) is a decreasing function. Then X,., > Y;., immediately follows from (4.1) and
(4.2). Further, note that 7., (x) is decreasing in x > 0. Hence, the result follows from Theorem 2.2 of Di Crescenzo and
Longobardi [10]. O

The following corollaries are immediate.
Corollary 4.1. If §; > A;foralli= 1,2, ..., n, then Xp.n = Yan.

Corollary 4.2. If min{§1, 82, ..., 85} = max{A{, Az, ..., A}, then Xpn =i Yoon. O

Now the question arises whether Theorem 4.2 can be strengthened further by replacing reversed hazard rate order
between X,,., and Y,,., by likelihood ratio order. For n = 3, the following counterexample gives a negative answer, even
if the condition of weak supermajorization order is replaced by the majorization order.

Counterexample 4.4. Let X; (resp. Y;) follow GE distributions with parameters (A;, 6;) (resp. (i, 6;)), i = 1, 2,3, where

(A1, 22, A3) = (6,4,2) € Dy, (81,682,83) = (5,5,2) € Dy and (01,65,03) = (1,2,3) € &,. Clearly, (A1, A2, A3) g
(81, 82, 83). Now, it can be shown that fx, , (x)/fy,, (X) is nonmonotone. Thus, there is no likelihood ratio order between X3.3 and
Y33. O

Below we see that there exists likelihood ratio order between X,.; and Yy, if Y; is a random variable following GE
distribution with parameters (%, 6;),i=1,2,...,n,where A = 1 31 | A;.

Theorem 4.5. Let X; and Y; follow GE distributions with parameters (X;, 6;) and @ 91), respectively, fori = 1,2, ..., n. Further,
let Xi’s and Y;’s be independent. Suppose that the set of conditions {A € D,,0 € &, }or {A € &.,0 € D} holds. Then
Xn:n er Yn:n-

Proof. To prove the result, we have to show that
fxn:n (X) =c - Qi)\'i (ekx B 1) FXn:n (X)
S X = (E)""‘ — 1) Fy,., (%)

where c is a constant independent of x. Now, by Theorem 4.2, we have that

is increasing inx > 0, (4.3)

Fyyn (%)
Fyn )

is increasing in x > 0.
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So, from (4.3), it is only required to show that

def n 91)»,' (e X — 1)
n3(x) = Z ———Z isincreasing in x > 0.

i=1 (e)hix - 1)
Differentiating 73 (x) with respect to x, we have
Ok % L gadern
X) = e —_— = (e” — 1) — 44
M0 = Z @) 2 T (44)

It can be shown that each of A?e™**/ (1 — e‘*f")2 and (1 — e™*¥) /A; is decreasing in ;. Thus, we have, on using Equation
(1.5) of Mitrinovi¢ et al. [ 16]

n n ka n l_ef}qx
Zek,x_] 72 Z( A )
i=

e—k X =

Thus, n3(x) is increasing in x, if for all x > 0,
—Aix

Ae~1—c¢ T
) Dl R P
n ki
which holds by judiciously using AM-GM inequality. Hence, the result follows.

Remark 4.4. The above theorem improves Theorem 2.1(b) of Dykstra et al. [ 12] in the sense that the latter can be obtained
from the former by taking 6; = 6, = - - - = 6, = 1 and by noting the fact that likelihood ratio order is stronger than failure
rate order. 0O

In case of multiple-outlier model, the following theorem shows that the restrictions on the parameters given in
Theorem 4.2 can be relaxed. For more properties of this model, one may refer to Zhao and Balakrishnan [13].

Theorem 4.6. Let X = (X1, X5, ..., Xp) andY = (Y1, Ys, ..., Yn) be two sets of independent random variables each following
the multiple-outlier GE model such that X; ~ GE (A,6;) and Y; ~ GE (81,6, fori = 1,2,...,ny, X; ~ GE (e, 6;) and
Y; ~ GE (a, Gj),forj =ny+ 1,ny+ 2, ..., ny + ny (=n). Further, let X;’s and Y;’s be independent. Then

w
A Ay oA, @,y 0) = (81,81, ..., 81, o, 0, oo, &) = Xon 2 Yo

n ny ny ny

Proof. From (4.1) and (4.2) we have
TXun (%) = 08(11) + 078 (@)
and
Typn (X) = 08(81) +0%g(a),
where § = Y, 6iand 0% = Y1 ., 6. Further,

s A e A @t o) = (81,81, .. b1, s )

ny n n ny

if, and only if, one of the following cases holds: (i) A1 < §; < «, (ii) Ay < a < §y, (iii) @ < A7 < 1. Note that, for all the
above three cases, f,, (x) > fy,, (x), and hence Xn.n > Yo O

We have shown that likelihood ratio ordering between X,,., and Y,., with heterogeneous GE components does not exist
for all n. Next theorem shows that a similar result still holds for multiple-outlier GE model.

Theorem 4.7. Let X = (X1, X5, ..., Xy) andY = (Y, Y, ..., Yy) be two sets of independent random variables each following
the multiple-outlier GE model such that X; ~ GE (A1, 601) and Y; ~ GE (81,0y), fori = 1,2,...,m, X; ~ GE (A2, 6,) and
Y; ~ GE (63, 6,), forj = ny + 1,ny 4+ 2, ..., ny + ny (=n). Further, let X;’s and Y;’s be independent. Suppose that the set of
conditions {()\.], }\.2) € Dy, (81, 52) € Dy, (91, 92) S €+} or {()\1, )\.2) €&, ((S], 82) €&y, (91, 92) S i)+} holds. Then

m
Ay Ay ooy Ay Ao, Ay ooy Ap) = (61,61, ..., 81, 82,82, ..., 82) = Xnn =i Yo

n n nm n
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Proof. Write

F={p= 1,2, ..., n): i =Arq, for1 <i<njandp; =2x,, forny+1=<i=<nj,

§=1{s=(51,5,....5) : ;=20 for1 <i<mnands; =3, form +1<i<n}
and
H={0=(01,0,....00): =0, for1 <i<njandf=0,, forn +1<i<n}
Note that
i O 1L
an:n () _ i=1 ettt FXn:n *)
fyn:n (X) B . 9ii FYn:n (X)
Z esixil
=1 REF, s€§, OeH

By Theorem 4.2, we have that

Fxn (%)
Fy,, (%)

So, to prove the result, it suffices to show that, for u € ¥,s € g and 0 € ¥,

n
oY Gu(uix)
i i=1

is increasing in x > 0.

def i=1
ARX) = — = —
9. .
Yoaes 2o ou(six)
i=1 i=1

is increasing in x, where u(x) = x/(e* — 1). Now, v’(x) = u(x)v(x)/x, where v(x) = (e* — 1 — xe*)/(e* — 1). It can be easily
shown that u(x) and v(x) are decreasing in x > 0. Now, differentiating A(x) with respect to x, we get

sign

n n n n
A E Y Oulsix) Y Guunvuix) = Y Ou(uix) Y Gusmv(siv).
i=1 i=1 i=1 i=1
Clearly, A(x) is increasing in x > 0 if

n
o ZGiU(MiX)U(MiX)
21 s ) = T

> Oiu(ix)
=1

is Schur-convex in (i1, {42, - . ., in) € F,for @ € F. Assume that w(x) = u(x)v'(x),0 = > /', 6, and 6* = Zf:nlJr] 0.
Then, for1 <i <ny,

982 01xX[0* U’ (A1 x)u(Aax) {v(A1X) — v(A2X)} + W(A1X){Ou(A1X) + 0*u(A2x)}]
dpai (Ou(r1x) + 0*u(ryx))?

and, forn; +1 <j <n,
02 Oxx[0U (Ao X)u(A1x){v(X2x) — V(A1X)} + w(X2x) {0 u(hax) + Ou(r1x)}]
o (Ou(h1x) + 0*u(hz))?

Consider the following two cases:
Casel:Let1 <i,j<nyorn;+1<i,j <n.Then

02 92
i Oy
Casell:Let1 <i<njandn; 4+ 1 <j < n.Then
052 082 sign *o/ 4
o 37#] = {v(x) — v(AX)HO10™ 1 (Ax)u(Aax) + 620U (M) u(r1x)}

+ {Ou(r1x) + 0" u(A2) {0101 1X) — Orw(AX)}.

Again, as v(x) is decreasing in x, on using Lemma 3.3 of Torrado and Kochar [17], we have that w(x) is increasing and

non-positive. Therefore, it follows that % — % > 0 whenever the set of conditions {(A1, A2) € D4, (81,682) € Do,
1 )
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(01, 62) € &.} holds. Further, g—lﬁ - 3791 < 0 whenever the set of conditions {(A1, A2) € &, (81, 62) € &4, (01,6,) € D}

holds. Hence the result follows from Lemmas 3.1and 3.3. O

The following corollary immediately follows from the above theorem.

Corollary 4.3. Let X; and Y; follow GE distributions with parameters (X, 6;) and (3;, 0;), respectively, for i = 1, 2. Further, let
Xi's and Y;'s be independent. Suppose that the set of conditions {A; > A3,81 > 83,01 < 6} or {A1 < X3, 81 < 87,601 > 65}
holds. Then

(A1, A2) g (81, 82) implies Xp.2 >y Ya:2.

Remark 4.5. Counterexample 4.1 shows that Theorem 4.7 does not hold under the set of conditions {(Aq,A;) €
Dy, (81,82) € Dy, (01,62) € Dy}or{(A1, A2) € &y, (81,82) € &4, (61,62) € &},

Remark 4.6. The condition of majorization order given in Theorem 4.7 cannot be replaced by p-larger order as
Counterexample 4.3 shows.

Remark 4.7. The above theorem improves Theorem 3.5 of Zhao and Balakrishnan [13] in the sense that the latter can be
obtained from the former by taking6; =6, =--- =6, =1. 0O

Below we give another set of sufficient conditions under which the above theorem holds.

Theorem 4.8. Let X = (X1, X5, ..., Xy) andY = (Y, Ya, ..., Yy) be two sets of independent random variables each following
the multiple-outlier GE model such that X; ~ GE (A1,6;) and Y; ~ GE (61,6, fori = 1,2,...,n, X; ~ GE ()Q, 9]) and
Y; ~ GE (82, Gj),forj =n;+ 1,n,+2,...,n; 4+ ny (=n). Further, let X;’s and Y;’s be independent. Then

min{dq, 6} > max{Aq, Az} = Xun >4 Yo

Proof. Writing )_i', 6 =6 and )\, ., 6; = 0* we have

A0 A 0*

fxn:n(x) _ X1 + e2¥—1 Fxn:n (X)
- 3160 80* :
fYn:n (X) 651}‘71 + 8822’(71 Fyn:n (X)

As min{81, 8} > max{\i, A,}, by Corollary 4.2, we have that

Fxpp (%)
Fyn:n (X)

is increasing in x > 0.

Thus, to prove the result, it suffices to show that

1160 Ap0*
def er1¥_1 eM2X_1 . . . .
na(x) = 50 ap¢ 1sincreasinginx > 0.

981x7] 652)(71

Now, differentiating n4(x) with respect to x we have

7,3 " 02U x)u(8:1%)[2(81%) — 2(X)] + 00 U X)u(8,%)[2(82%) — 2(A1X)]
+ 00" U(G10U(X)[2(81%) — Z(A%)] 4 0" U(8:0)u(A2%)[2(82%) — Z(ApX)]
> 0,

where u(x) = x/(e* — 1) > 0and z(x) = x/(1 — e™*) > 0. The inequality follows from the fact that min{d;, 62} >
max{\1, A,}, and z(x) is increasing in x > 0. Thus, the result is proved. O

In the following theorem we show that the above result holds under different set of sufficient conditions.
Theorem 4.9. Let X = (X1, X5, ..., Xp) andY = (Y1, Ys, ..., Yy) be two sets of independent random variables each following
the multiple-outlier GE model such that X; ~ GE (A,6;) and Y; ~ GE (81,6, fori = 1,2,...,ny, X; ~ GE (e, 6;) and

Y; ~ GE (a, Oj),forj =ny+1,n142, ..., ny+ny (=n). Further, let X;’s and Y;'s be independent. Suppose that A1 < min{d;, a}.
Then

w
(A'la)"l7-"7A']a aaaa‘-'7a)i(813817‘-~7817 O{’a?-"aa):}Xn:nZlTYnin‘

n ny ny ny
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Proof. Write ', 6; =6 and )" ., 6; = 6*.Then
A0 af*
S ®) [ T 257\ Frp ®)
= 516 6* :
St ) g+ gy ) Fan®
By Theorem 4.6, we have that
Fx,n () . .
is increasing in x > 0.
Fy,.,(®)
Thus, to prove the result, it suffices to show that
A0 af*
def eM¥—1 exX—1 ., ., ..
L(x) = 5.0 g+ lisincreasinginx > 0.
ed1X 1 X —1

Now, differentiating ¢ (x) with respect to x we have

sign

¢'®) = 0*u(axu1x)[z(81%) — z(A1x)] + 0*Ou(@x)u(rx)[z(ax) — z(A1X)]
+ 0*Ou(ax)u(81x)[z(81x) — z(ax)]
= y (), say, (4.5)
where u(x) = x/(¢* — 1) > 0and z(x) = x/(1 —e™*) > 0. It is easy to show that u(x) is decreasing in x > 0, and
z(x) is increasing in x > 0. Now from the hypothesis we have A; < min{é;, o} and (A1, Aq, ..., A1, 0, @, ..., Q) g

n ny
(61,61,...,61, o, «, ..., a), which is equivalent to the fact that \; <o < §;0rr; <61 < a.

n ny
Casel: 1 < o < §;.Then we have z(A1x) < z(@x) < z(61x), which implies that y (x) > 0.
Casell: A1 < 81 < . Then we have z(A1X) < z(81X) < z(ax) and u(A1x) > u(§1x) > u(ax). From (4.5) we have

y®) > [2(81%) — z()[0°u(1X)u(8:1%) + 0 Ou(ax)u(81x)]

ZO’

which gives that ¢'(x) > 0. Thus, the result is proved.

Corollary 4.4. Let X; and X; follow GE distributions with parameters (A1, 60;) and («, 6,), and let Y, and Y, follow GE
distributions with parameters (81, 61) and (o, 6;), respectively. Further, let X;’s and Y;’s be independent. Suppose that .; <
min{8;, «}. Then

w
(Ay, @) = (81, o) implies Xp. >y Yaoa.
Below we cite a counterexample which shows that the condition A; < min{§;, «} given in Theorem 4.9 cannot be relaxed.

Counterexample 4.5. Let X; and X, follow GE distributions with respective parameters (A1, 61), («, 85), and Yy and Y, follow
GE distribution with respective parameters (81, 61) and («, 65), where (A1, ) = (2,1) € D4, (81, 2) = (3,1) € D, and

(61.62) = (6.6.1) € &,. Clearly, A, £ min{8;, &} and (1, &) = (81, @). One can show that fy, , (x) /fy,, (*) is nonmonotone.
ThUS, X2;2 zlr Y2:2- |

Before going into the next theorem we give the following lemma without proof.
Lemmad4.4. If Ay <81 <8 < Ayor Ay =81 > 83 > Ay, and nqAq 4+ nyAy = ny8§1 + nyé; then

m
A, A1y e A, A A, A0) = (81,81, ..., 81, 82,82,...,82). O

nm n n n

The following theorem generalizes the result discussed in Theorem 4.9.

Theorem 4.10. Let X = (X1, X3, ..., Xy) andY = (Y4, Yo, ..., Yy) be two sets of independent random variables each following
the multiple-outlier GE model such that X; ~ GE (A1, 6,) and Y; ~ GE (61,64), fori = 1,2,...,n1, X; ~ GE (A2, 6,) and
Y; ~ GE (82,6,), forj = ny + 1,n1 4+ 2, ..., ny + ny (=n). Further, let X;’s and Y;’s be independent. Suppose that the set of
conditions {)\,1 < 81 < (32 < )\.2, 91 > 92} or {}\,1 > 51 > (Sz > )\2, 91 < 92} holds. Then

w
()"17)"15 "'7)"17 )"Za)“Zv '~'5)"2) = (813513 "'7517 827827 "'382) :>Xn:n ZITYHZH'

n n ny n
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Proof. Suppose that the first set of conditions holds. The weak supermajorization order gives that A; < §; and niA{+r1ri; <
niéy +rdy, forr = 1,2, ..., ny. If nyAq 4+ nyA; = ny8; + nyé; then the result follows from Theorem 4.7. Suppose that
niA1 + N2y < n181 + n26,. Then there exists some A such that njA 4+ nyA; = n181 + mdy and Ay < A < §;. Let X, be
the lifetime of a parallel system formed by n components X{, X5, ..., X* where X;* ~ GE(A, 6,),fori = 1,2,...,n; and
Xj* ~ GE(Ay, 0y),forj =ny1+1,n;4+2,...,n1+ny (=n).Then, on using Lemma 4.4, X%, > Y., follows from Theorem 4.7.
Further, note that A < A < X, and

Oets My e oo Mty Ags Ags oo ha) = O Ay o s gy gy vy A).

ni ny n ny
Thus, Xp.n > Xy, follows from Theorem 4.9. Hence X., > Yy.n. The proof follows in a similar way under the second set of
conditions.

Corollary 4.5. If X; and Y; follow GE distributions with parameters (A;, 6;) and (;, 6;) respectively, for i = 1, 2. Suppose that
the set of conditions {A1 < 81 < 83 < Ay, 601 = 0} or {A1 = §1 = 8 > Ay, 01 < 6,} holds. Then

(A1, 22) g (81, 62) implies Xp.2 > Y2:2.

4.2. Application with gamma model

A random variable X is said to have gamma distribution with parameters (), «) if the density function of X is given by

b
fx(X) = mxa_le_)hx, X > 0, A > O, o > O,
o

where « is the shape parameter and A is the scale parameter. As mentioned in the introduction, the comparison of parallel
systems formed by gamma components with respect to different stochastic orders have been well studied in the literature
(cf. [14,18], and the references therein). Here we consider series system in place of parallel system. We show that one
series system dominates the other with respect to the hazard rate order whenever their scale parameters are ordered with
respect to weak majorization order (which is weaker than majorization order). Below we give three lemmas. The first lemma
may be obtained in [4, p. 92], whereas the second lemma is borrowed from [6, p. 116]. The proof of the third lemma is
straightforward.

Lemma 4.5. Let | C R be an interval, and let g : I — R be convex (resp. concave). Then
n
P =Y gx)
i=1
is Schur-convex (resp. Schur-concave) on I".
Lemma 4.6. Let Z be a random variable having IFRA (resp. DFRA) distribution. Then

E(Z%) < (resp. >) 2[E@)]°.

Lemma 4.7. Let Z be a random variable having probability density function given by

(1+6)* eV
Joo( +uyelemwdu

fz(t) = , fort e (0,00),

where o and y are positive constants. Then Z is DLR for o € [0, 1], and is ILR for « € [1, 00). O

In the following theorem we compare X;., and Y7.,, with respect to the hazard rate order.

Theorem 4.11. Let X1, X5, ..., X, be independent gamma random variables with respective scale parameters A1, Ay, ..., An,
and the same shape parameter «. Further, let Y1, Y,, ..., Y, be another set of independent gamma random variables with
respective scale parameters 11, iz, - . . , My, and the same shape parameter «. Suppose X;'s and Y;'s are independent. Then

w
()"15 )“27 oo 7)"11) = (lu’19 M2, ..y Mn) = X1ZH Zhr Y]ZTH for(x € [05 1]9

and

Ay Az, oo An) = (s M2, - o5 ) = Xion <pr Y1 for a € [1, 00).
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Proof. The hazard rate function of Xy, is given by rx,, (x) = (}_[_; £(Aix)) /x, where £(y) = [ [;°(1 + u)‘)“‘e‘“ydu]_l =

1/9 (y), say. This gives that &' (y) = —9’(y)/9*(¥), and 9 ()&” (y) = 2[E(Z)]* — E(Z?), where Z, as defined in Lemma 4.7,
is DFRA for @ € [0, 1], and IFRA for @ € [1, 00) (cf. [11]). Thus, on using Lemma 4.6, we get £&”(y) < 0 for @ € [0, 1], and
&"(y) > Ofora € [1, 00). Hence, & (y) is concave iny, for o € [0, 1], and is convex iny, for« € [1, 00). So, by Lemma 4.5 we
have that ry, , (x) is Schur-concave in (A1, Az, ..., Ay),fora € [0, 1], and is Schur-convexin (A, Az, ..., Ay),fora € [1, 00).
Further, note that £(y) > 0 for all y > 0, which implies that ry, , (x) is increasing in each A;, for all ¢ € (0, 00). Thus, the
result follows from Lemma 4.3. O

Because weak supermajorization order is superior to p-larger order, one may wonder whether weak supermajorization
order given in Theorem 4.11 can be replaced by p-larger order. The following counterexample answers this question in
negative.

Counterexample 4.6. Let X; (resp. Y;) be independent gamma random variables with parameters (A;, &) (resp. (ui, &)),i =1, 2,

p w
where (A1, A2) = (1,5) € &, (1, 42) = (2,3.9) € &, and o = 0.1. Clearly, (A1, A2) = (w1, u2) but (A1, A2) £ (1, p2).
Now,

k7 () £ 1, (%) — Ty, ()
1
=3 [E(x) +&(5x) —E(2x) —£(3.9%)],

where & (y) is as defined in Theorem 4.11. It can be shown that k;(x) changes sign. Thus, X1., #, Y12. O

The following theorem shows that the above result also holds for the dispersive order.

Theorem 4.12. Let X1, X3, ..., X, be independent gamma random variables with respective scale parameters A1, Ay, ..., Ay,
and the same shape parameter «. Further, let Y1, Y,, ..., Y, be another set of independent gamma random variables with
respective scale parameters (1, (2, . . ., by and the same shape parameter «. Suppose X;'s and Y;’s are independent. Then

w
(At Azs ooy An) = (1, M2, - ooy ) = Xiin Zdisp Y1, for a € [0, 1].

Proof. Note that ry, (%) is decreasing inx > 0, for « € [0, 1]. Thus, on using Theorem 3.B.20(a) of Shaked and Shanthiku-
mar [8], the result follows from Theorem 4.11. O

In the following theorem we show that Theorem 4.11 holds for the up shifted and the down shifted hazard rate orders.

Theorem 4.13. Let Xi, X, ..., X, be independent gamma random variables with respective scale parameters Ay, Az, ..., An,
and the same shape parameter «. Further, let Y1, Y, ..., Y, be another set of independent gamma random variables with
respective scale parameters w1, i1z, - . . , n, and the same shape parameter «. Suppose X;'s and Y;'s are independent. Then

w
A, A2y ooy Ap) = (1, M2, - .o, ) = Xin >hry Yin, for a €10, 1],

and

Ay A2y ooy An) 2w (s M2, vy (n) = X1 Sprg Y, for o € [1, 00).

Proof. Note that rx,  (x) is decreasing in x > 0, for o € [0, 1] and is increasing in x > 0, for @ € [1, 00). Thus, on using
Theorem 4.11, the result follows from Theorem 6.26 and Theorem 6.19 of Lillo et al. [9].

5. Conclusions

Although the concept of majorization started in order to compare the income inequalities, now-a-days one can
find application of majorization in different branches of economics, reliability, engineering and many others. We have
developed some useful results on majorization, viz. we have given answer to the question—what can we say about Schur-
convexity/concavity of the function ¢(-) defined by ¢(x) = Z?:l ug(x;) if g : I — R is increasing/decreasing and
convex/concave, where I is an interval of R? These results, which correct a typographical error in the book by Marshall
et al. [4], also fill up some gap in the theory of majorization up to certain extent. We have also reported the cases when
nothing can be said about Schur-convexity/concavity of ¢. As an application of the results so developed, we have taken
help of GE and gamma distributions. Here, we compare the lifetimes of two parallel systems formed by components having
heterogeneous generalized exponentially distributed lifetimes. It is shown that if the vectors of parameters of the underlying
distributions are ordered in the sense of p-larger order (resp. weak supermajorization order), then the life of one parallel
system will be more than that of the other in usual stochastic order (resp. reversed hazard rate order). We also show, with
the help of counterexample, that this result cannot be extended to likelihood ratio order. However, we have shown that,
under certain restriction on the parameters, the result can be extended to the likelihood ratio order. Further, we prove that,
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in the multiple-outlier GE model, if one set of parameters majorizes another, a parallel system formed by the former will
dominate that formed by the latter in the likelihood ratio order. While giving applications of the proven results in the gamma
population, we compare two series systems formed by gamma components with respect to the hazard rate order, the up
shifted hazard rate order, the down shifted hazard rate order and the dispersive order. Stochastic comparisons of series
systems with heterogeneous GE components may be undertaken as a future research project.
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