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Abstract. This paper deals with the renormalization of symmetric bimodal maps
with low smoothness. We prove the existence of the renormalization fixed point in
the space C'+1% symmetric bimodal maps. Moreover, we show that the topological
entropy of the renormalization operator defined on the space of C'P symmetric
bimodal maps is infinite. Further we prove the existence of a continuum of fixed points
of renormalization. Consequently, this proves the non-rigidity of the renormalization
of symmetric bimodal maps.
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1. Introduction

Renormalization is a technique to analyze maps having the property that the first return
map to small part of the phase space resembles the original map itself. Period doubling
renormalization operator was introduced by M. Feigenbaum [1], [2] and by P. Coullet
and C. Tresser [3], to study asymptotic small scale geometry of the attractor of one
dimensional systems which are at the transition from simple to chaotic dynamics.
With a relatively complete understanding of the period doubling renormalization of
unimodal maps, recent research in dynamical systems has focused on more complicated
maps of the real line. Renormalization is very useful tool to describe the dynamics
of a map in smaller scale. In particular, Jonker & Rand [4] and V. Strien [5] used
renormalization as a natural vehicle to decompose the non-wandering set in a hierarchical
manner, for unimodal maps. The multimodal maps are interesting as generalizations of
unimodal maps, as well as for their applications. For example, in the case of bimodal
maps, they are essential to the understanding of non-invertible circle maps which have
been used extensively to model the transitions to chaos in two frequency systems [6].
D. Veitch presented some work on topological renormalization of C° bimodal maps with
zero and positive entropy [7]. Further, D. Smania developed a combinatorial theory for
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certain kind of multimodal maps and proved that for the same combinatorial type the
renormalizatons of infinitely renormalizable smooth multimodal maps are exponentially
close [8].

In this paper, we focus on the construction of renormalization fixed point for the
family of symmetric bimodal maps with low smoothness. We show that there exists
a sequence of affine pieces which are nested and contract to the critical points of the
bimodal map corresponding to a pair of proper scaling data. This helps us to prove that
the renormalization operator defined on the space of piece-wise affine infinitely renor-
malizable maps has a fixed point, denoted by fs, corresponding to a pair of proper
scaling data s*. In the next section 3, we explain the extension of the renormalization
fixed point f,- to a C'TE% symmetric bimodal map. In section 4, we describe the topo-
logical entropy of renormalization defined on the space of C'*1% symmetric bimodal
maps. Furthermore, we prove the existence of another fixed point of renormalization by
considering the small perturbation on the scaling data. Consequently, for two different
perturbed scaling data we get two Cantor attractors of renormalization fixed points.
This leads to the non-rigidity of the Cantor attractors of renormalizable symmetric bi-
modal map with low smoothness.

We recall some basic definitions. Let I = [a, b] be a closed interval.

A unimodal map u : I — [ is called period tripling renormalizable map if there
exists a proper subinterval J of I such that
(1) J, u(J) and u?(J) are pairwise disjoint,
(2) u?(J) C J.
Then u? : J — J is called a renormalization of u.

A map u: I — [ is period tripling infinitely renormalizable map if there exists an
infinite sequence {I,}°°, of nested intervals such that u®|;, : I, — I, are renormaliza-
tions of u and the length of I,, tends to zero as n — oc.

Let U be the collection of unimodal maps and U..(C U) be the collection of period
tripling infinitely renormalizable unimodal maps.

An interval map f is piece-wise monotone if there exists a partition of [ into finitely
many subintervals on each of which f is strictly monotonic.
If three is the minimal number of such subintervals, we say f is a bimodal map.

Definition 1.1. Let f : I — I be a map with two subsets J; and J,. such that

N Jr o= 0. If fls, and fl|;, are unimodal maps which are concave up and concave
down respectively, their join, denoted by f|; @ fl,,, is a bimodal map whose graph is
obtained by joining f(maz(J;)) and f(min(J.)) by a C*TEP curve.

Definition 1.2. A bimodal map b : I — I, having two critical points ¢; and ¢,, is said to
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be renormalizable if there exists two disjoint intervals I; containing ¢; and I, containing
¢, such that
(i) o'(L,) N (I;) = 0, for each i # j and 4,5 € {0,1,2},
bi(I,) NY (1) =0, for each i # j and 4, j € {0, 1,2},
(ii) ¥*() C I and V¥(1,) C I,,
(iii) After applying suitable reflections and rescalings on the unimodal maps b|;, and

b|1,, the unimodal pieces b) and b/, are joined to generate a bimodal map.

The renormalization of a symmetric bimodal map is illustrated in Figure 1.
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Figure 1: Renormalization of a bimodal map

In the next section, we construct the renormalization operator defined on the space
of piece-wise affine maps which are infinitely renormalizable maps.

2. Piece-wise affine renormalizable maps

A symmetric bimodal map b : [0,1] — [0, 1] of the form b(z) = azx® + axx® + a1z + ay,
for as < 0, is a C'* map with the following conditions

e H(0)=1-10(1),
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e let ¢ and ¢, be the two critical points of b(x) , then b(¢;) = 0 and b(c,) = 1.

Let us consider a family of symmetric bimodal maps B. : [0, 1] — [0, 1] which are
increasing on the interval between the critical points and decreasing elsewhere. then,
we obtained a family of bimodal maps as

1—6¢4+9c2—4c3+6cc—6c2x—3x2 4223 : 1
5 1= o500 , ifce [O, ﬂ
C<x) - 1 4c®—3c2+6cx—6c2x—3x2 4223 f 3 1
- (2c—1)3 ; ee (3

— bc(x)v if ¢ € [0’ zll]
- { be(z), ifce [%, 1] (2.1)

Note that the bimodal maps b, and b, are identical maps.
Let us define an open set

2
Agz{(SO,Sl,Sz)GR?’ : 50,81752>0, ZSZ‘<1}.

1=0

Each element (sg,s;,s2) of A? is called a scaling tri-factor. A pair of scaling tri-
factors (soy, S1,, S24) and (S, S1., S2,r) induces two sets of affine maps (Fy,, Fi, Foy)
and (Fy,., F1,, Fp,) respectively. For each i = 0,1, 2,

Fiy I, =1[0,b.0)] = I, and Fip o Ip = [b(1),1] = Iy
are defined as

Fo(t) = bo(0) = so, - t; Fop(t) = bo(1) + 5o, - (1 — 1)

Fi(t) =b2(0) — s1y - t; Fio(t) =02(1) 4 s, - (1 = 1)

Fou(t) =s9; - t; Fo.(t)=1

Note that I.° N Ig° = ¢, for ¢ € [0, %g]

The functions s; : N — A% and s, : N — A? are said to be a scaling data. We set
scaling tri-factors
si(n) = (s04(n), s1,(n), s2;(n)) € A and s,(n) = (so.(n), s1..(n), se.,.(n)) € A3,
so that s;(n) and s,(n) induce the triplets of affine maps (F}(n)(t), F{(n)(t), Fi(n)(t))
and (F§(n)(t), F(n)(t), F5(n)(t)) as described above.
For i« = 0,1, 2, let us define the intervals

Iy = Fi(1) o F14(2) 0 F14(3) 0 ... 0 Frg(n — 1) o Fyy(n)([0, be(0)]).
Also,

I'=F,(1) o F1,(2) 0 Fi(3) o...o Fy . (n— 1) o F;.(n)([be(1), 1]).
Definition 2.1. A scaling data s(n) is said to be proper if

d(s(n),0A%) > ¢, for some € > 0.
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A pair of proper scaling data s; : N — A3 and s, : N — A3 induce the sets
D, = U (g,uly) and D, = |J (g, U I3,), respectively. Consider a map

n>1 n>1

fs:Ds, U D — [0,1]

defined as

) fa(z), ifxe D,
f(@) = { fs.(x), ifx € Dy,

where f;,| 1, and fs | Iy, are the affine extensions of bc|algl and bc|31;l respectively.
Similarly, fs.| . and f, | Ip, are the affine extensions of bc\al& and bc\algm respectively.
These affine extensions are shown in Figure 2.
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The end points of the intervals at each level are labeled by
Yo =0, 29 = b.(0), 1Y, = I, = [0,b.(0)]

and forn >1
Ty = 8[&\8[}71

Yon_1 = max{f)[i?‘l
Yo = min{ 017}
Zom—] = min{@]i’l@_l
2zon = maz{ 017}

w, = OI3\OIY .

These points are illustrated in Figure 3.
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n=1
ll.I
I |
T |
Yn-1 c Zn-1
Tn n n
IZ.I Il.l [U.I
| | [ L {
Yn-1 W, Zn Yn Xn Zp-1
111+1 [n+1 [n.+1
0,1 1,1 2,1
I | | | | |
I T I 1 I 1
Zn Xns1 Vs Zn+e1 Wast Yn

Figure 3: Intervals of next generations

Also, the end points of the intervals at each level are labeled by
Z(/) = b6<1)’ yé =1, [?,r =Ip= [b0(1)> 1]
and forn > 1
x, = (’“)I&T\@]ﬁ;l
Yoy = min{O1!
yh, = max{0I 127;
Zh 4= max{@[fj}fl
b, = min{OI}"

wl, = 01y \OIT, .

These points are illustrated in Figure 4.
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Figure 4: Intervals of next generations

Definition 2.2. For a given pair of proper scaling data s;,s, : N — A3 a map f, is
said to be infinitely renormalizable if for n > 1,

(1) [0, fs,(yn)] is the maximal domain containing 0 on which f2"~! is defined affinely,
[f2(yn), f5,(0)] is the maximal domain containing fs,(0) on which f3"~2 is defined
affinely, [fs, (v,),1] is the maximal domain containing 1 on which f2"~! is defined
affinely and [f,, (1), f2 (y,,)] is the maximal domain containing f;, (1) on which f2"~2

is defined affinely,
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(2) S5 N0, fayn)]) = 1T,
o (2 n) £, (0)]) = 17,

S 1)) 1]) =17,
3" (fs, (U, f2. WD) = I

The combinatorics for renormalization of f,, and f;, are shown in the following Figures
ba and db.

Figure 5: The combinatorics: (a) corresponding to f,, (I7, — I3, — Iy, — I};) and
(b) corresponding to fs,, (I, — I3, — Iy, — I7,).

2.1. Renormalization on I, = [0, b.(0)]

Let f,, € U be given by the proper scaling data s; : N — A% and define

17y = [maa{b; ' (24)}, be(0)] = [maz{f,* (za)}, £ (0)],

where b_!(z) denotes the preimage(s) of = under b, and

IA{L,I = [07 bc(yn)] = [Oa fs,l(yn)]'

Let
hsm’b : [07 bc(())] — [Oa bc(o)]

be defined by
hsl,n = Fl,l<1) e} Fl,l(Q) @) Fl,l(3) O..... @) Fu(n)

Furthermore, let
hon : [0,00(0)] = Ity and hy,, 2 [0,0,(0)] — 17,
be the affine orientation preserving homeomorphisms. Then define
R, fs  hin(Ds) = [0,0:(0)]

by

Rl fo(x), ifxeh]! (If)
qufs (ZL’) — n J 81 ) s1,n\"0,l
: Rij_fsl(‘r)? if x € hsln< l)

where,

Rfm_fSl : sln< U Igl) [O,bC(O)]
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and

RS fs U 15;) = [0, 6e(0)]

sln<

are defined by

Rln_f51<x> il_l © _1 0 hgy n(T)
erz+f81(x) = hy, OfSl © hszn( )

which are illustrated in Figure 6.

G fsi
in /’Fﬂ_ﬂ_’_‘_‘“\““ ﬁ 7
I It

IBYRRYA

b (0) c(D) 0 b.(0)
U
Ry f, R fy
Figure 6

Let o : (A*)N — (A%)N be the shift map defined as o(sfs?sPs)....) = (s?sis}....), where
si € A3 for all i € N.

Lemma 2.1. Let s; : N — A3 be proper scaling data such that fs, is infinitely
renormalizable. Then

R, fs = for(sn).
Let f,, be infinitely renormalization, then for n > 0, we have
S Dy, NIY — 17,
is well defined.
Define the renormalization R' : Us, — U, by

l _
Rfsl hsll Sy Oh’sl1

The maps f3"~2 : It; — If, and f2"~' ¢ I}, — I}, are the affine homeomorphisms
whenever f,, € U,. Then

Lemma 2.2. We have (R")"f, : Dyn(s;) = [0,0.(0)] and (R))"fs, = R fs,.
The lemma 2.1 and lemma 2.2 give the following result.

Proposition 2.3. There exists a map fs; € U, where si is characterized by
lesl* = fsz‘

Proof. Consider s; : N — A? be proper scaling data such that f,, is an infinitely
renormalizable. Let ¢, be the critical point of f,n»(,). Then
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1 1 1
IZ.I ll.I ]0,1

0 bz,(0) b, (0) bZ,(0)  bZ,(0) b, (0)

Figure 7: Length of intervals

we have the following scaling ratios which are illustrated in Figure 7
be, (0) — b, (0)

sou(n) = b (0) (2.2)
b2 (0) — b2 (0

Sl,l(n) = Cn( b)cn(();n( ) (23)
b2 (0

s2(n) = bc:E()i (2.4)
b2 (0) — ¢,

. =2 — =7R(c,). 2.5

Cn+1 Sl,l(n) (C ) ( )

Since (s4(n), s1,(n), s24(n)) € A*, this implies the following conditions
so(n), s1u(n), s2u(n) >0 (2.6)
sp4(n) + s14(n) + s94(n) <1 (2.7)

As the intervals I7,

as gy, and g7, which are in between Iif; & IT; and IT'; & I3 respectively. The gap ratios

for i =0, 1,2, are mutually disjoint, we denote the gap ratios

are defined as,

for n € N,
n _ e, (0) =2 (0)
U= Ty ol >0 29
o _ 02,(0) — 8 (0)
G =— bcn(o)" = Gri(cn) >0 (2.9)
0<cpe’ _6‘/§ (2.10)

We use Mathematica for solving the equations (2.2), (2.3) and (2.4), then we get the
expressions for so;(n), s1,(n) and sq;(n).

Let s;;(n) = S;y(c,) for i = 0,1,2. The graphs of S;;(c) are shown in Figures 8a, 8b
and 8c.
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Figure 8: (a), (b), (¢) and (d) show the graphs of Sy;(c), Si.(c), Sa2,(c) and
(Sou + S1;+ Sa.)(c).

Note that the conditions (2.6), (2.8) and (2.9) give the condition (2.7)

2
0< Zsi,l(n) <1
i=0

The conditions (2.6) together with (2.8) to (2.10) define the feasible domain F}
is to be:

3—+3
Fl= { ce (0, 6\/_> 0 Sii(e) >0fori=0,1,2,Go,(c) > 0,Gy,(c) > 0}. (2.11)
To compute the feasible domain F}, we need to find subinterval(s) of <0, %)

which satisfies the conditions of (2.11). By using Mathematica software, we employ the
following command to obtain the feasible domain

N[Reduce[{so,l(c) 5 0,511(¢) > 0, S54(c) > 0, Gou(c) > 0, Gra(e) > 0,0 < c < > _6‘/5}, dl.

This yields:
Fl = (0.188816..., 0.194271...) U (0.194271..., 0.199413...) = F}, U F},.

From the Eqn.(2.5), the graphs of R(c) are plotted in the sub-domains F}; and F),
of F} which are shown in Figure 9.

The map R : F} — R is expanding in the neighborhood of fixed point ¢} which is
illustrated in Figure 9b. By Mathematica computations, we get an unstable fixed points
c; = 0.196693... in F}; such that

R(ci) = ¢f
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(a) R has no fixed point in F, rfh' (b) R has only one fixed point in F CllQ.

Figure 9: The graph of R : I, — R and the diagonal R(c) = c.

corresponds to an infinitely renormalizable maps fg:. We observe that the map f -
corresponding to ¢ has the following property

{a} = ﬂ Iﬁz-

n>1

In other words, consider the scaling data s;* : N — A3 with

si"(n) = (s9.4(n), 87,(n), 55,(n))
b (0) = B (0) B2 (0) — 8,(0) :(0)

Then o(s;) = s; and using Lemma 2.1 we have

lesl* = fsl*

2.2. Renormalization on I = [b,(1), 1]

In subsection 2.1, the bimodal map b.(x) has two critical points ¢ € I, and 1 —c € Ig
and we define the piece-wise renormalization on [I;. In similar fashion, to define the
renormalization on I with ¢ € I, from Equation 2.1, we consider

4¢3 — 3¢2 4 6cx — 6¢%x — 32?2 + 223

be(r) =1~ (2c — 1)3

where z € [0,1] and ¢ € [2,1].
Note that I;,° N Ig° = ¢, for ¢ € [%, 1].
Let f,, € Uy be given by the proper scaling data s, : N — A3 and define

I, = [be(1), min{b; * (2,)}] = £, (1), min{ . (z1)}],
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where b;!(z) denotes the preimage(s) of  under b, and

I = eyl), 1] = [for (), 1]
Let
B+ 10e(1),1] = [b(1), 1]

be defined by
hepm = F1,(1) 0 Fy,(2) 0 Fy,(3)o..... o Fy,.(n).

Furthermore, let

~

hopn t [be(1),1] = 17, and g, ¢ [bo(1),1] — 17,
be the affine orientation preserving homeomorphisms. Then define

Ry fo:ht (Dy,) = [be(1),1]

by
, Ry fo (), ifxehg!,(15,)
R, fs.(z) = { RTJrfs, (2), ifre h;«l,n(lgtr)
where,
R fo h(U 1) = (1), 1]
and

Rr+f5r T se n( ];LT) — [50<1)’ ]']

n>1
are defined by
Rzifsr(x) = h;l,n © fs:l © hST,n<x)
R" s, (2) il;l,n o fs, 0 hs, (),

which are illustrated in Figure 10.

fi! fsr
in /—\‘\ /‘_——‘\_\‘\ in
I3 [" I

h (1) b (1) 1 be(1)
\_/ \\-\‘_‘_——/
RI"f,. Ry f,
Figure 10

Let o : (A%)N — (A®)N be the shift map which is defined as o(sls?s3s?....

S e

where st € A? for all 7 € N.

12
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Lemma 2.4. Let s, : N — A3 be proper scaling data such that f, is infinitely
renormalizable. Then

R;fsr = fa"(sr)-
Let f,, be infinitely renormalization, then for n > 0, we have

3" .
D, NI, = I

is well defined.
Define the renormalization R" : U,, — U by

ersr—h 1lof Ohsr
The maps f3"~2: I, — Iy and f3"~': [ — I7, are the affine homeomorphisms
whenever f; € U,. Then
Lemma 2.5. We have (R")"fs, : Dyn(s,y — [be(1),1] and (R")" f,, = R f,.
The lemma 2.1 and lemma 2.2 give the following result.

Proposition 2.6. There exists a map fs: € U, where sy is characterized by

RTfS; - fs;i

Proof. Consider s, : N — A3 be proper scaling data such that f,, is an infinitely
renormalizable. Let ¢, be the critical point of f,n(,). Then

1 1 1
IO,r 11,1’ lz,r

b. (1) bt (1)  DbE (1) b2 (1) b2 (1) 1

Figure 11: Length of intervals

from Figure 11, we have the following scaling ratios
b2, (1) = be, (1)

Sor(n) = 2.12
orln) = el 212)
1) — b2 1
s1(n) = ) — B, (1) (2.13)
1—b,., (1)
11— (1)
() = Ll 2.14
o) = T 2.14)
cn — b2 (1)
Cn+1 31,7“(”) R(Cn) ( 5)
Since (s94(n), s1,(n), s24(n)) € A*, this implies the following conditions
sor(n), s1.(n), sar(n) >0 (2.16)

sor(n) + s1.(n) + s2,.(n) <1 (2.17)



Renormalization of symmetric bimodal maps with low smoothness 14

As the intervals I, for i = 0,1, 2, are mutually disjoint, we will introduce the gap
ratios gy, and g, in between I, & [T, and I7', & I3, respectively. The gap ratios are

defined as,

for n € N,
b2, (1) — bt (1)
no= L Ot = Goalc,) >0 2.18
gy = = Gl 215
b, (1) — b2 (1)
no— el el — () >0 2.19
dhy = P = Gl 219
3 3
+6 <on<l1 (2.20)

We use Mathematica for solving the equations (2.12), (2.13) and (2.14), we have the
expressions for s, (n), s1,(n) and sg,(n). Let s,,(n) = S5;,(c,) for i =0,1,2.
Note that the conditions (2.16), (2.18) and (2.19) give the condition (2.17)

2
0< st(n) <1
i=0

The conditions (2.16) together with (2.18) to (2.20) define the feasible domain FJj is
to be:

Fr = { ce <3+6\/§, 1) : Sip(e) > 0fori =0,1,2,Go,(c) > 0, G, (c) > 0} (2.21)

One can compute feasible domain F)j as described in subsection 2.1. This yields:
F; = (0.800587..., 0.805729...) U (0.805729..., 0.811184...) = F; U F} .

From the Eqn.(2.5), the graphs of R(c) are plotted in the sub-domains F}; and F}j, of
F} which are shown in Figure 12.

08 \
o o
X — R(c) X .0 — R(¢)
R(c)=c R(c)=
08030 08035 08040 08045 08050 0.8055
Cc Cc
(a) R has only one fixed point in F . (b) R has no fixed point in Fy, .

Figure 12: The graph of R : F] — R and the diagonal R(c) = c.

The map R : Fj — R is expanding in the neighborhood of fixed point ¢ which
is illustrated in Figure 12a. By Mathematica computations, we get an unstable fixed
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points ¢ = 0.803307... in £} such that

corresponds to an infinitely renormalizable maps fs.. We observe that the map f -
corresponding to ¢ has the following property

=1

n>1

In other words, consider the scaling data s,* : N — A3 with

s."(n) = (s5,.(n), 81,.(n), 52r< )
(B () b (1) B (1) —BA(1) 1B (1)
T\ b)) 1-be(D) 1-ba(1))

Then o(s’) = s* and using Lemma 2.4 we have

ers,’i = fs,’i~

For a given pair of proper scaling data s = (s, s,), we defined a map
fs: Ds, U D, — [0,1]
as

) falz), ifxze D,
fi(@) = { fs.(x), ifx € Dy,

Then, the renormalization of f, is defined as

B R'f, (), ifze€ Dy
Rf(z) = { R fs (z), ifxe€ Dy,

From proposition 2.3 and 2.6, we conclude that fs; and fs; are period tripling infinitely
renormalizable maps corresponding to the proper scaling data s; and s, respectively.
Then, for a given pair of scaling data s* = (s}, s¥), we have

R'fg(z), ifze Dy
Rfs(z) = { R fe:(x), ifxe Dy

for(x), ifxe€ D,
= for (:C)

The above construction will lead to the following theorem,

_ { fsr(x), ifz € Dy
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*

*) is characterized by

Theorem 2.7. There exists a map fs € Boo, where s* = (s, s

Rfs* = fs*-
In particular, By, = {fs }-

Remark 1. If fo is the map with a pair of proper scaling data s* = (s}, s’) then the
scaling data holds the following properties,

(i) 3;,1 < (Sil>2

(i) 53, < (s1,)?

Remark 2. The invariant Cantor set of the map fe is next in complexity to the
invariant doubling Cantor set of piece-wise affine renormalizable map [9] in the following
sense,

(1) like the both Cantor set, on each scale and everywhere the same scaling ratio are
used.

(i1) But unlike the doubling Cantor set, there are now the pair of three ratios at each
scale.

Furthermore, the geometry of the invariant Cantor set of fe is different from the
geometry of the invariant Cantor set of piece-wise affine period tripling renormalizable
map because the Cantor set of fs has 2—copy of Cantor set of [10)].

3. C1*L? extension of f,-

In Section 2, we have constructed a piece-wise affine infinitely renormalizable map fq-
corresponding to the pair of scaling data s* = (s}, s*). Let us define a pair of scaling
functions

as

ISA I b?;(O) =S T g )= Bgi(l) + 51, (1—x)
"\ y 8517 Y ’ "\y 1—s5,-(1-y) '

Let G be the graph of gs- which is an extension of fe where fo @ DgxUDg: — 0, 1].
Let G} and G7 are the graphs of gy, -, and g
are the graphs of gs«|[; 4 and gs« |2, 4 respectively which are shown in Figure 13. Also,
note that G and G? are the reflections of Gj and G? across the point (%, %) respectively.
Define

o, 1] Tespectively. Also, G} and G?

Gl = UnlelTl(Gll U G?) and GT = Unzlef(Gi U G?)

Then, G, is the graph of a unimodal map gs» which extends fs: and G, is the graph of
a unimodal map gs; which extends fs:. Consequently, G is the graph of g« = gs» @ gs:.
We claim that g, is a C**%%P bimodal map.
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Let BY = [0, be:(0)] x [0, b.+(0)] and B? = [be: (1), 1] x [bz (1), 1].
For n € N, deﬁne
B =SB) and  By=S(B))

Br = [er yn] X [0, Z]n], 1fn is odd
' [Yns 2n] X [0, §n], if nis even

g ) W 2] x [, 1 ifnis odd
a (25 ] X [:&’n, 1], if nis even.

Let p? and p; be the points on the graph of the bimodal map be(z) and b ()
respectively. For all n € N, pj" and p!' are defined as

§ (y fap ) it n is odd
pr = S )
1Y

( zn, % if n is even

/

), if n is odd

Qﬁ

by = , A, e
Zn,2'n ), if n is even
2

where 9, = ber (Yn), 2n = ber (2n), ¥, = bes (y),) and 2’5, = bes (2.
] (Y ; Y'n = be: (v, n

T i T 7 or
1] N Pr A
I Pr J:lf————---A:l----—-—--——/—/’ + .
* A J.
: : B} P # »
e Ll
1 - | i
o | 1% G,«Z
I e B 4
I | AN
| | P g
I i //
| s
————————— >
il Wi
| #
[
[ S
\(/
1P AR S S VS SEDUNE S IS PUN .
P 0
L Bf
-
0 271
B; L
N 2
27
.
b~
, I
. - i
-
e !
P
A
e
9 ¥, ! 1
Gi | Vi j s ___1
¥ i |
A Lol |
B o ! | GE |
SANE S e T :
AN .
Z PN |
r / ’
Yo Zy » Zy 7 Y1 7 Yo

Figure 13: Extension of f-

Then the above construction will lead to following proposition,

Proposition 3.1. G is the graph of gs which is a C' extension of fe-.

Proof. Since Gj and G} are the graph of fi:
and G? are the graph of f,. pand fi

, respectively, and G}
|, respectively, we obtain Gy = SP'(G})

(26,1 (21,90
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and G2 = S1'(G?) for each n € N. Note that G is the graph of a C! function defined

Zn—1, yL} lf n€4N—l,

on [ oty Ynp

on [zn, yn 4] if n € 4N,

on [ynT-H, znT—l} if ne4N+1,
and on [yn_y, zz] if n €4N+2.

Also, we have G2 = S*(G!) and G*"*2 = S"(G?) for each n € N. Note that G" is
the graph of a C'! function defined

on [Ynsr, 2na] if n€4N—1,
2 2

on [Ya_y, 22] if n€4N,

on 2y Yus| if n € AN+ 1,
2 2

and on [2%, yu_4] if n € 4N+ 2.

To prove the proposition, we have to check continuous differentiability at the points
p and p'. Consider the neighborhoods (y1 — €,y; + €) around y; and (21 — €, 21 + €)
around 21, the slopes are given by an affine pieces of fs; on the subintervals (y1 — €,41)
and (21, z; + €) and the slopes are given by the chosen C' extension on (y,y; + €) and
(21 — €, 21). This implies, G} and G? are C* at p; and p?, respectively.

Let 1 C G; be the graph over the interval (y; — €,y +¢) and 7y, C G; be the graph over

the interval (z; — €, 21 + €),
1

2 .f . d
then the graph G locally around p}' is equal to { SZWQ (1) ifnisodd

S, % (y9) ifniseven .

This implies, for n € N, G is C* at p7"~' and G?" is C! at p?™.

Hence G is a graph of a C' function on [0, be (0)] \ {¢}.

We note that the horizontal contraction of S; is smaller than the vertical contraction.
This implies that the slope of G}' tends to zero when n is large. Therefore, G; is the
graph of a C'! function gs; on [0, bc;]. In similar way, one can prove that G, is the graph
of a C* function gs on [be:, 1]. Therefore, G = G; ® G, is the graph of a C' bimodal
map gs- = gsr @ gs: Which is a C'' extension of fi.. O

Proposition 3.2. Let g, be the function whose graph is G then ge is a C*TEP bimodal
map.

Proof. As the function g,- is a C' extension of f,«. We have to show that, for i € {l, r},
G" is the graph of a C1*XP function

g Dom(GY) — [0, 1]

with an uniform Lipschitz bound.
That is, for n > 1,

Lip((g)') < Lip((gZ))
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let us assume that g?l* is C1+L% with Lipschitz constant ), for its derivatives. We show
that \,11 < \,.
For given (u,v) on the graph of e there is (@, ) = S;(u, v) on the graph of ¢g";™!, this

s
implies
g (@) = 3, - g (u)

b2, (0)—a

°

Since u = , we have

1
g (@) = 5 - gl (—
314

Differentiate both sides with respect to u, we get

(o) () = 2 () (—bil’“ . u)

| (957> — |~ (%;) —
51, 51, 51,

S5 !
< 2\ (g%) | — )
~ G T\

From remark 1, we have (s},)? > s3,. Then,

Therefore,

Mge™) < Mge)" < Moa: )"
Similarly, one can show that
Agath) < Mgl) < Mgsy)'-

Therefore, choose A\ = max{/\(g;l*)’ , A(g&)'} is the uniform Lipschitz bound. This
completes the proof. O

*

), the piece-wise affine

Note that for a given pair of proper scaling data s* = (s}, s
map f,- is infinitely renormalizable and g, is a C'T5%® extension of f,.. This implies
gs+ is also renormalizable map. Further, we observe that Rgs is an extension of R f«.
Therefore Rgs+ is renormalizable. Hence, g is infinitely renormalizable map which is

not a C% map. Then we have the following theorem,

Theorem 3.3. There exists an infinitely renormalizable C**X% bimodal map gs- such
that

Rge = gg+.
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4. Topological entropy of renormalization

In this section, we calculate the topological entropy of the renormalization operator
defined on the space of C'*%%P bimodal maps.

Let us consider three pairs of C' P maps ¢; : [0, 1] U [y, ber (0)] — [0, ber (0)] and
i o [be(1), 91 U [2],1] = [be:(1),1], for ¢ = 0,1,2, which extend f,-. Because of
symmetricity, 1;(z) = 1 — ¢;(1 — z). For a sequence o = {ay, }n>1 € 23,

where 335 = {{z, }n>1 1z, € {0, 1, 2}} is called full 3-Shift.

Now define

Gl'(a) = 5]'(graph ¢a,) and  Gj(a) = S} (graph ¢a,),

we have
Gio) =] Gl(a) and G.(a) =] G} (a).
n>1 n>1
Therefore, we conclude that G(a) = Gi(a) ® G,(a) is the graph of a C'™% bimodal
map b, by using the same facts of Section 3.
The shift map o : X3 — X3 is defined as

oloagas...) = (apazay .. .).

Proposition 4.1. The restricted maps b2, : [y1, z1] = [y1, 21] and V2 : [y}, 21] = [y}, 21]
are the unimodal maps for all o € 3. In particular, b, is a renormalizable map and
Rby, = by(a).-

Proof. We know that bq : [y1, 21] — I3, is a unimodal and onto, b, : I3, — I}, is onto
and affine and also by : Ij; — [y1, 21] is onto and affine. Therefore b}, is a unimodal
map on [y;, z1]. Analogously, b2 is a unimodal map on [y}, 2;]. The above construction
implies

Rby = by(a)-

This gives us the following theorem.

Theorem 4.2. The renormalization operator R acting on the space of C*T1% bimodal
maps has unbounded topological entropy.

Proof. From the above construction, we conclude that o — b, € C1E%? is injective.
The domain of R contains two copies, namely A; and Aj, of the full 3-shift. As
topological entropy hy,p is an invariant of topological conjugacy. Hence hiop( B[y, p,) >
In 3. In fact, if we choose n different pairs of C'*% maps, say, ¢g, 1, ¢o,...dn_1 and
Vo, U1, W, ..., 1, which extends fs«, then it will be embedded two copies of the full
n — shift in the domain of R. Hence, the topological entropy of R on C'*£% bimodal
maps is unbounded. O
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5. An ¢ perturbation of the scaling data

In this section, we use an e perturbation on the construction of the scaling data as
presented in Section 2, to obtain the following theorem

Theorem 5.1. There exists a continuum of fized points of the renormalization operator
acting on C'P bimodal maps.

Proof. Consider an € variation on scaling data and we modify the construction which is
described in section 2.
Let us define the neighborhoods N! and NI about the respective points
(b2(0), b2(0)) and (b3(1), be(1)) as
NHB2(0), b2(0)) = {(b2(0), €-b2(0)) : € >0 and € close to 1}
NI(B3(1), b2(1)) = {(B3(1), e-b2(1)) : € >0 and e close to 1}

Case (i) The perturbed scaling data on I}, then the scaling ratios are defined as

_ b(0)
sa1(c,€) = b (0)

_ bC(()) B Ebé(o)
s0.(c,€) = )
s (C 6) _ bz(o) — bc<€bg<0>>

1,106 O ;
where ¢ € (0, %5) Also, we define

Rc,e) = %

From subsection 2.1, we know that the map R which is defined in Eqn. 2.5, has unique
fixed point ¢*. Consequently, for a given € close to 1, R(c, €) has only one unstable fixed
point, namely ¢;. Therefore, we consider the perturbed scaling data s; : N — A3 with

_— be: (0) _Ebég (0) b?; (0) _bc:(ebgg (0)) big (0)
She = b (0) bes (0) " b (0) )

€

Then o(s},) = s}, and using Lemma 2.1, we have
!
Rt =t

Case (ii) Considering the perturbed scaling data on I, one have the scaling data
st N — A? with

N _<€bﬁg(1)—bc:(1) be: (eb (1)) — be. (1) 1—65’3(1)>

1—be:(1) 1—be(1) " 1—=be(1)

Then o(s;,) = ;. and using Lemma 2.4, we have

R'fe =7F
* = * o,
Sr,e Sr.e
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Moreover, f, and f,« are the piece-wise affine maps which are infinitely
’ le T,€

*
T,

renormalizable. For a given pair of proper scaling data s? = (sie, s* ), we have

Rfsz = fs:

Now we use similar extension described in section 3, then we get g, is the Cl+lip
extension of f,:. This implies that g, is a renormalizable map. As Rg,: is an extension
of Rf,:. Therefore Rg,: is renormalizable. Hence, for each e close to 1, g, is a fixed
point of the renormalization. This proves the existence of a continuum of fixed points
of the renormalization. O

Remark 3. In particular, for two different perturbed scaling data se; and s, one can
construct two infinitely renormalizable maps gs . and g, .. Therefore, the respective
Cantor attractors will have different scaling ratios. Con;equently, it shows the non-
rigidity for low smooth symmetric bimodal maps.

6. Conclusions

In this paper, we have investigated the existence of fixed point of the renormalization
operator which is defined on the space of symmetric bimodal maps with low smoothness.

*

), we have first constructed the

For a given pair of proper scaling data s* = (s}, s
piece-wise affine infinitely renormalizable map f,« which is the only fixed point of the
renormalization. We observe that the geometry of invariant Cantor set is more complex
than the geometry of the Cantor set of piece-wise affine period doubling renormalizable
map[9]. Further, we have extended this fixed point fi- to a C1*1% symmetric bimodal
map. Moreover, we proved that the renormalization operator acting on the space of
C1® symmetric bimodal maps has infinite topological entropy. Finally, we proved
the existence a continuum of fixed points of renormalization by considering a small
perturbation on the scaling data. Consequently, it showed the non-rigidity of the Cantor

attractors of infinitely renormalizable symmetric bimodal maps with low smoothness.
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