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Abstract—In this paper, a method to design the reduced order
sliding mode control is proposed for the robust output tracking
of arbitrary signal for non-minimum phase systems. The main
contributions in this paper include design of the reduced order
switching function that ensures the asymptotic tracking of an
arbitrary reference signal during sliding motion, design of the
reduced order sliding mode controller that enforces the sliding
motion in finite time and computation of bounds on stable
and virtually stable zero dynamics that is required for the
output tracking. To show the effectiveness of the proposed design
method, results of implementation on the experimental setup of
inverted pendulum system are also presented here.

Index Terms—Non-minimum phase systems, Output tracking,
Reduced order Control, Sliding Mode control.

I. INTRODUCTION

SYMPTOTIC tracking of an arbitrary signal is one of the

basic objectives of the control system design. If the zero
dynamics of the system is stable, all the established controller
design methodologies for the stabilization of the system are
applicable for the output tracking. However, many of the
engineering applications such as flexible-link manipulators
[1], [2], aircraft control [3], [4], DC-DC power converters
[5], [6], high speed linear motor [7] etc. have unstable zero
dynamics. In such class of systems, the control problem
becomes challenging.

The tracking problem in a non-minimum phase system is
twofold, the stabilization of the unstable zero dynamics and the
tracking of the reference signal. However, the basic problem
in the output tracking of non-minimum phase system is to get
the bounded solution of the unstable zero dynamics.

There have been a few methods found in literature to get the
bounded solution to the unstable zero dynamics. For instance,
the method of stable system center [8], which essentially is the
solution of differential-algebraic equations formed from zero
dynamics and output equation. Also, a bounded solution of an
unstable zero dynamics can be obtained by computing non-
causal inverse if the reference trajectory is known a priori [9],
[10]. In [11], it has been shown that inverse dynamics solution
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can be used to compute the feed-forward control as well as in
regulator approach [12].

In [13], [14], non-causal inverse of a trajectory known
for some preview-time is utilized for online computation
feed-forward tracking control. However, tracking performance
depends on the preview-period. To improve the tracking
performance, optimal control is found to be employed with
preview based stable inversion method in [15].

In case of uncertain non-minimum phase systems, presence
of the disturbance degrades the tracking performance. Such
situation demands the robust controller that minimizes the
adverse effect of disturbance on the tracking performance.

To achieve robustness, the tracking problem can be for-
mulated as H-oo control problem that essentially finds the
feedback control to decouple the disturbance, e.g. see [16],
[17], [18]. Tracking controller performance depends on the
predefined L, gain between disturbance and the output.
Therefore, H-oo based designs are essentially the controller
synthesis for the best performance.

Sliding mode control (SMC) is one of the attractive design
methods as design method is simple and ideally it annihi-
lates the matched disturbance completely [19], [20]. Various
applications found in literature that employs the sliding mode
control for robust performance, for example, slosh-free motion
of partially filled liquid container using a nonlinear sliding
surface in [21], motion control of a linear motor positioner
in [22], robust control of piezoelectric-driven nanopositioning
system via third-order integral terminal sliding mode control
in [23] and parameter estimation-based time-varying sliding
mode controller for the multi-motor driving servo systems in
[24].

Also, the strength of SMC has been explored in the area of
fractional order switching control [25]. Recently, an adaptive
sliding mode technique based on a fractional-order switching-
type control for uncertain 3D fractional-order nonlinear sys-
tems and exponential switching technique with fractional-order
proportional-integral switching surface has been reported in
[26] and [27].

Numerous works are found in the area of sliding mode
control for output tracking of non-minimum phase systems.
In [28], the output tracking has been achieved via sliding
mode based tracking control of the redefined output such that
the original output tracks the desired trajectory asymptotically.
The method of system center is exploited for the causal output
tracking using dynamic sliding surface in [29], [30] and using
higher order sliding mode observer in [31].

Also, using non-causal system inverse, SMC based tracking
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of predefined smooth arbitrary reference signal without an ex-
osystem has been found in [32]; and multirate output feedback
based sliding mode control for a non-minimum phase system
using non-causal inverse has been found in [33].

A sliding surface design with the reduced order state vector
is rarely found in literature mainly because of difficulty in
proving the finite time reachability, or they are not applicable
to systems with unstable internal dynamics. Reduced order
sliding mode control for stability of the system has been found
in [34], [35], [36]. However, output tracking problem that
usually arises in non-minimum phase systems has not been
addressed. Also, reduced order switching function design in
[34] restricts the sliding motion in ‘quasi sliding band’ that
results in poor disturbance rejection. Recently, output tracking
of constant reference signal for uncertain non-minimum phase
systems using reduced order SMC is addressed in [37], [38].
Also, computation of bounds on the total disturbance has not
been addressed.

In this paper, the reduced order sliding mode design is
proposed for the output tracking of arbitrary reference signal.
The proposed controller design method has two advantages
such as (i) a design involves only the part of the state vector,
this greatly simplifies the switching function and the controller
design. (ii) inherent robustness property of the SMC does not
allow the disturbances (in the input channels) to affect the
output tracking. Note that, the reduced order control is possible
only with sliding mode control as the effect of excluded
states can be completely disregarded by considering them as
a disturbance.

To validate the proposed method experimentally, we have
designed and implemented the reduced order SMC for non-
minimum phase inverted pendulum system developed by ed-
ucational control products [39]. The experimental results are
found to be quite satisfactory with respect to simulation results.

II. PROBLEM FORMULATION

Consider a non-minimum phase system,

2=Az+ Bu+ B¢
y=0Cz

Where z € R", u € R™ and y € R™ are the state, the input,
and the output vectors of the system respectively. ¢ € R™ is
vector of matched disturbances with known bounds. Let the
disturbances |¢| < L.

Assume that,

1) (A, B) pair is controllable, (A, C) pair is observable and
(A, B, C) triplet is invertible. Also, B and C' are of full
rank i.e. no redundancy in input and output vectors.

2) There exists none of the invariant zeros of triple
(A, B,C) on origin of s-plane.

3) For the purpose of reduced order design of the sliding
mode control, we consider that the system (1) is in
canonical form as given in the following section. It
is always possible to construct the transformation that
represents the system into such a canonical form. Please
refer Appendix A for construction of such a canonical
transformation.

(Ta)
(1b)

A. Canonical form
The system (1) in canonical form is typically given by

b0 = Agazy + L Fazd + L,,Caza (2a)
24 = (Ada + LogFa)zd + LiyCaza (2b)
%= Agzi + Bgi(Ejzy + Ef 2l + Eiza +ui+¢:)  (20)

y=Fozl 4+ Cyzq 2d)

Where 2 = [21, 2] € R% are phase variable for
all i € {1,---,m}. zg = [#1, -+ ,2m] Integer ¢; can be
obtained from structural invariant index list Iy due to Morse
[40]. Also, z; € R" and z] € R™ . Note that, zg € R",

m

where ng = > ¢; and n, +nJ +ng = n.

i=1
The structure of matrices associated with the above system
are as follows,
0 J(gi-1)

A, =
& [o 0

Co=[10 -

yB;:[o 0 - 1]
0] ,Cq = diag(Cy,)

and; A, and A, are in diagonal form.
Remark 2.1: \(A;,) and A\(A],) represents the stable and
unstable invariant zeros of the system respectively. However,
(A}, + L F,) is made stable via virtual feedback gain F,
chosen for (A, Ljd) pair. Also, subsystem (2a)-(2b) is driven

by Cazq = [z11, 221, ", Zmi1])

B. Control objective

This paper is aimed to address the design of a reduced order
sliding mode control for the output tracking of an arbitrary
signal. Advantage of this method is that the output tracking
can be achieved by designing the sliding mode control for
asymptotic stability of integrator chains only i.e. subsystem
(2c). This is possible due to the ability of sliding mode
controller to annihilate the disturbance that includes terms in
2, and z along with external disturbance ¢ in the control
space.

Similar approach is found in [38], however that has been
designed for a constant reference tracking. For the tracking
of constant reference R, the solution zj{ was determined for
zi1 = G4 R with some feed-forward gain G, that eliminates
the steady-state tracking error F,z7} (0o) in the output equa-
tion.

For example, let the system (2) be the single input-single
output system (i.e. ¢ = 1). Suppose that there exists a control
that forces the solution z;1 = G, R. Then, from (2b) and (2d)
steady state output of the system can be obtained as,

2 (00) = —(Af, + LY, Fu) ' LYz (00)
y(00) = Fazf (00) + 2i1(0)
= [~Fu(Af + LigFa) " Ly + 1] 201 ()
= [-F.(A}, + L, F,) 'L}, +1] G.R

Clearly, if we choose forward gain,

Go = [~Fu(Af, + LL,F) 'L + 1] 3)

then we get y(oo) = R. Thus, asymptotically output can be
regulated at the constant reference input R.
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However, for time varying signal we can not achieve the
output tracking with such a feedforward gain as tracking error
F,z} is time varying.

In this paper, a method to design a reduced order sliding
mode control for the output tracking of an arbitrary signal is
addressed systematically and demostrated the effectiveness of
the design method on Inverted pendulum test bench.

III. BOUNDED SOLUTION OF THE UNSTABLE ZERO
DYNAMICS

Let 2* = (27T, 2:% 7 2:T)7 be the reference state trajec-

tory for the system (2). As the reference trajectory satisfies
the system equations, we can write,

3

gt = (A + LgFa)zy ™ + Ly Cazy 4)
=F,2i + Cyzj (3)

Substituting Cqz); from (5) into (4), we get,
= At Loy 6)

Note that, A, is unstable zero dynamics of the system. Thus
for any arbitrary reference (desired) output y*, the solution
2T is unbounded.

If the reference signal is uniformly bounded and known a
priory then it is possible to compute the bounded solution of
the system [11]. The solution of the unstable zero dynamics
(6) is given by,

t

22 (1) = exp(Afu) 2t (0) + / exp(Al, (t — 7))Ly y* (r)dr
0
t

— exp(Afat) [ 22t (0) + / exp(— AL, )Ly (dr | ()
0

o0
/ exp(—
0

Therefore, from (7), the solution is given by,

Choose initial condition,

aa " (T)dr

aaT

/ exp(Af,(t — 7)) LEy " ()dr

Define s := 7 — ¢,

Tyt + s)ds 8)

aas

/ exp(—
0

As Af, is unstable and y*(¢) is uniformly bounded, therefore solution
(8) is uniformly bounded. With such bounded solution 2™, we can
generate bounded z;~ and z trajectory.

IV. ERROR DYNAMICS

Let z* be the desired bounded reference trajectory that satisfies
the system (1) giving the desired output y* = C'z*. Let this desired
trajectory z* is generated by nominal input u*. Then the output
tracking problem can be converted into stabilization of error between
state trajectory and desired trajectory using the control Au = u—u".
Define the output tracking error y. := y — y* and error between the

state trajectory and the desired trajectory e := z — z*. Therefore the
system (1) can be described in terms of error states as,

é = Ae + BAu+ B¢
ye = Ce

(9a)
(9b)

Clearly, the output tracking can be achieved if control Aw is designed
such that |le|| — 0 as ¢t — oo.

As the system is in canonical form, therefore error dynamics can
be written as,

¢y = Aq,es + L Fuel + L ,Caeq (10a)

er = (AL, + LT, F)el + LT Cueq (10b)

é; = Ag,ei + Bgi(Eiseq + Ef el + Eiea + Au; + ¢;)  (10¢)

Ye = Fued + Caeq (10d)

where e; = (z; — 2z}) € R%, Au; = u; — u} and u} is the "
nominal input that generates the output y;, given by,

(a:)
ui =y — Biza — Bzi — Biz an

An objective here is to design reduced order robust control Awu
independent of e; and e} such that full error vector |le] — 0
as t — oo, which implies z — z* and y — y* asymptotically.
Clearly, exclusion of e; and e/ in the control Au may not guarantee
the asymptotic stability of the system with other control designs.
However, the sliding mode control design can ensure the asymptotic
stability of (10) by considering the terms e, and e in RHS of (10c)
as disturbance since e, and e states are bounded. This motivates us
to design the sliding mode control Au = u —u™ using eq = zq4 — 2]
vector only. Typical block diagram of the sliding mode control with
reduced order design is shown in Fig. 1.

u*

y=y"

by - System L Y=y
Control

Input l
Au 2 A
Error in ‘ ar”a
Reduced Order States 5 t
SMC €4 = 24— 2} _
A
Reference y*
Nominal Control Trajectory — [+~——
(%, w")

Fig. 1: Block diagram representation of reduced order control
design.

In the following section, reduced order sliding mode design is
addressed that involves subsystem (10c) only.

V. MAIN RESULTS

Let us define,
i = Ee; +Efel + ¢ and || < s

As the subsystem (10c) is in phase variable form, therefore subsytem
dynamics for each ¢ can be given by,

(12)

€i1 e 0 0
= |+ + (13)
Slamn | G@ | | 0 | |0
€i(a) Eiea Au i
Let R;(s) be the real Hurwitz polynomial of order ¢; — 1,
Ri(s) = 8% ' teins T deps TP 4 ey (14)
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Theorem 5.1 (Sliding motion): For each i € {1,---
trajectory,

,m}, if the

-
€=z — 2z = [eil €i2 " €i(g;—1) ei(qi)] (15)

of the subsystem (10c) is restricted on the the switching manifold
(16)

o; = [Ci(qi—l) cee G2 Cil 1]ei:0

then output vector y — y* as t — oo.
Proof: As e; is error vector of length g;, from (16) we can write

€i(q;) = —Ci(q;—1)€i1 — " — Ci2€i(q;—2) — Ci1€i(q;—1)  (17)
Follow from (13), we can write the sliding motion as,
. 0 1 cee 0
€1 €41
- : : R : (18)
0 0 1 :

€i(q;—1) €i(g;—1)

TCi(qi—1) TCi(g;—2) T Tl

A subsystem matrix in (18) is stable as its characteristic polynomial
is represented by (14). This implies that, for each i, ||e;|| — O as
t — oo.

Also, as (10a) and (10b) subsystems are input-to-state stable and
driven by all e;1, so ||(es,ed)|| — 0 as every |le;1]] — 0. Thus,
the full state vector e = z — z* converges to 0 asymptotically. This
implies that y — y™ as t — oo if the trajectories e; are restricted on
gj.

Remark 5.1: Note that, each e; subsystem as in (13) always form
chain of integrators. Therefore, sliding surface is always designed for
the pair

— | 0 Tp-nx@e-1)
G:=| 5
pPXp

This is typical controllable canonical form. Clearly, pole placement
for desired sliding motion can be done simply by utilizing the
coefficients of desired polynomial in reverse order as a feedback
gain. Therefore, coefficients of desired polynomial (14) are utilized
for sliding surface (16) that results into desired sliding motion (18).
As the seen in Theorem 5.1, if each trajectory e; is restricted on the
switching manifold o; then asymptotic tracking of arbitrary signal
can be achieved. Therefore, it is necessary to design the sliding mode
control that enforces the trajectory e; to reach on the corresponding
switching manifold and restrict the motion on it.

Proposition 5.1 (Reduced order SMC): For each i € {1,--- ,m},
if k; > 0 and @); > ~y; then reduced order control input,
Au; = — (Ci(qi—l)ez? + o Ci2€4(g;—1) T Cit€i(qy)
+ Eieq + kios + Qisgn(oi)) (19)

initiate the sliding motion of error vector e; = z; — z;" in finite time,
so that asymptotic output tracking can be achieved.
Proof: From (16), the time derivative of o; is given by,

0i = Ci(q;—1)€i1 T+ + + Ci2€j(q;—2) T+ Ci1€i(q;—1) T €i(q;)
T+ Cinei(q;—1) T Cir€i(q;) + Eiea + Aui + 1
(20)

= Ci(q;—1)€i2 T -

Let for each 4, Vi(o) = o2 /2 be the Lyapunov function, so the time
derivative of V; along the trajectory e; is given by,

Vi =00

=0 (Ci(q,,ﬂ)eiz + -+ Ci2eiq;—1) Tt Cit€i(g;)

+Eieq + Aui + ;) 21
Substituting the control law (19) in (21),
Vi = oy (—kioi — Qisgn(o;) + i)
= 7]6‘1'0'1-2 — O’i(Qngn(Ui) - 1[)1) (22)

Define n; := Q; — ;. If we select k; > 0 and Q); > ~;, we can write

V; < —kio} — ni|oi (23)
As V; = o; / 2, therefore from (23), we can write
Vi < —2k;V; — niV2Vi
1
:> e —
2kiVi + miv2V;
Integrating on both th sides, we get

log(n; + kiv/2V;)
ki

dV; < —dt

Vits) )
< -ty
v (0)

Att =0, V; = V;(0) and at t = ty, V; = 0. Therefore,
log(ni + ki/2Vi(0)) _
k: -

Thus, the trajectory reaches the surface in utmost

1og i+ ki \/2V

log(m:) —

—1og(m) (... (24)

Thus with the control (19), the shdmg mode is initiated in finite time
and as given in Theorem 5.1 output tracking can be achieved.

Remark 5.2: Tt can be seen from (10), e, and e are bounded
if e; is stable. However, stability of e; is assured by the reduced
order control only if the bound ~; is known. Total disturbance P =
E e. —|—E;;e;*' + ¢ is function of error states e, and e/ Therefore
~: can be computed if bounds on the magnitude of e, and el are
known. The bounds on e, and e can be easily obtained if the region
for eq is defined. Refer Appendix B for computation of ~;.

A. Selection of k; and Q;
Suppose that k; = 0, then (23) becomes,

Vi < —niloi (25)
Note that, this inequality also assures finite time reachability with
ty = 1/2V;(0)/n;. Comparing this reaching time with (24), it is
clear that reaching time is less with &; > 0 than reaching time with
k; = 0. Thus, k; > 0 increases the rate of convergence of trajectory
towards the sliding surface. Note that, as trajectory approaches the
sliding surface, rate of convergence decreases and on the surface, k;s
term in the control law (19) plays no role in asymptotic convergence
of trajectory towards the equilibrium.

Also, convergence of the trajectory towards surface is possible
only when 7; > 0 ie. Q; > <. Therefore, for sliding mode to
exist switching gain (); must be greater than bound on the maximum
possible absolute value of disturbance. In practice, the bounds of the
disturbance are usually computed via statistical analysis. Alternately,
one can increase the switching gain gradually by trials until the
satisfactory response is achieved.

B. Improvement in tracking performance

To improve the tracking performance, reduced order nonlinear
switching surface as given in [38] can be designed instead of a linear
switching surface (16). Typically, the nonlinear sliding function can
be given by

on, = [Coi — plye) ALP 1] e (26)
Where,

Coi = [Ci(qu T G2 C“]

A=[0 - 0 1]
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Fig. 2: Laboratory setup of pendulum system, ECP-Model 505.

and P is the positive definite solution of Lyapunov equation solved
for a subsystem matrix of the sliding motion (18). Note that, such a
matrix P exists as sliding motion (18) is asymptotically stable.

Note that, Co; is designed so that the sliding motion (18) exhibit
underdamped response with small rise time. The nonlinear function
p(ye) is chosen in such a way that initially its value is 0 and gradually
it changes switching gain the from Co; to Cy; as ||ye|| — 0 and final
Cj; switching gain ensures the overdamped response that will not
exhibit overshoot. For instance, p can be chosen as follows,

eap(—llyeO)l) — exp(—llyel)
plye) = =6 exp( Il O)])

Clearly, initally y is ye(0), therefore p(y.) = 0 and finally for
ye = 0 we get p(y.) = —f. This implies, Cy; = Co; + SALLP.
Therefore, C'y; should be designed by selecting parameters 5 and P
in such a way that the sliding motion has overdamped response.

Thus, using nonlinear sliding surface (26) tracking error converges
to 0 rapidly without exhibiting the overshoot.

27

VI. IMPLEMENTATION ON INVERTED PENDULUM SYSTEM

To demonstrate the effectiveness, proposed reduced order sliding
mode control scheme is implemented on ECP Model 505 inverted
pendulum system [39].

Fig.2 shows the photograph of actual laboratory setup on which
experiments have been performed and Fig.3 shows the constructional
features of the system. The experimental setup consists of a pendulum
with the sliding balance rod at the top. The sliding rod is driven by
the dc servo motor, which is mounted below the pendulum, through
the drive shaft and belt-pulley mechanism. The balancing of the
pendulum rod at the commanded angular position can be achieved by
steering horizontal sliding rod. High resolution encoder is connected
to the pivoting base of the pendulum rod for the measurement of
the angular position () of the pendulum rod. Also, Shaft encoder
at the back of motor is connected for the measurement of the
translational position () of sliding rod. The velocity of the pendulum
swing and translational motion of the sliding rod can be obtained
numerically using backward difference between two consecutive
samples of respective measured displacements. For instance, with a
sampling period 7, angular velocity of pendulum can be obtained by
6 = (0(t) — 6(t — 7)) /7. Alternately, robust exact differentiator [41]
can be employed for the measurement of velocity.

A. Dynamical model of inverted pendulum system
The free body diagram shown in Fig.4a. The dynamical model of
the pendulum system is given by
F(t) =mi& + milod — miz6* — mygsinf (28a)
0 =mi1loZ + Jo (w)@ + 2mazif — (m1lo + malc)gsin 6

— maygx cos (28b)

{Waights and balt
clamp not shewn}

'/_.—— Rubber asfaty caps

Sliding rod7

| NN, 1
il | i “ Sliding red
lirmit
switches
Ball
bearlng Drive
bushirgs Brass "donut" puley
welghts {removabis)
Pandulum
rod Drive shalt
DG setvo High
molar- resolution
Pivet encoder
{measuras B}

Shaft encodar
[measures )
Ball bearing pivat —

e

Fig. 3: Constructional features of pendulum system, ECP-
Model 505 (Figure courtesy, ECP systems).

Brass countsr masses (hekght
adjustable and ramovable)

Where, x is the displacement traveled by sliding rod and 6 is
pendulum angle measured from up-right initial position (90° to the
horizontal plane). m, J1 and mo, J2 represent the mass and polar
moment of inertia of sliding balance rod and pendulum rod (including
motor and counter mass) respectively, while /o and /. are as indicated
in Fig. 4a; and Jy is given by,

Jo(x)=J1+ J2 + m1(l(2) + 332) + mal?

The system (28) at equilibrium (z., 6.) = (0,0) can be represented
by linear model,

miz + milof — migh = F(t) (29a)
malod + Job — (malo + malc)gfd — migx =0 (29b)
Define state vector x with the state variables, x1 := 0, x2 = 9,

x3 := x and x4 := . Then, with the parameters of the system as in
Table I, the system can be represented as,

j?l = T2 (303.)
T2 = —14.1916x1 4 57.4827x3 — 9.0783v (30b)
T3 = T4 (30c)
T4 = 14.4932zx1 — 18.9693x3 4 7.6907v (30d)

y=n (30e)

where v (external force F'(t)) be the input and y (pendulum angle
0) be the output of the system.

B. Canonical transformation of inverted pendulum system
The input and state transformations that transform the system (30)

into desired canonical form (2) are, v = —0.1102u and
1 0 —0.6455 1 0 21
T2 | _ 0 1.2909 —7.4523 1 22 31
T3 0.1804 0.3664 —0.8472 0 z3
T4 —0.9836 —2.0772 6.3132 —0.8472 Z4
Then the pendulum system in the canonical form is given by
27 = —5.4523z, — 7.4523zF + 11.545821, (32a)
25 = —22F +11.5458214 (32b)
Z11 = 212 (32¢)
212 = 10.3699z, + 32.8033z)} — 77.7927211 + 7.4523210 + w1
(324d)
y = —0.6455zF + z11 (32e)
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—~ v="F ECP-505 y="0
L{, Fe) Inverted Pendulum [
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/
Ji
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! (()‘a7c:1r) (Za 72’:?2]],212)
-« 4+ T
[Reduced Order
SMC e, e12) — I Canonical

7 1

Lot
I’ le ,' Inductor Motor &
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(a) Free body diagram.

Trajectory

(b) Control scheme.

Fig. 4: Free body diagram and control scheme for Inverted pendulum system, ECP-Model 505.

Remark 6.1: The system has two invariant zeros at +5.4523. As
one of the zeros of the system is unstable therefore system is non-
minimum phase. Also, virtual stabilization of the zero is achieved
through a gain F, = —0.6455.

Remark 6.2: Note that, for the system (32), i = 1, ¢; = 2,
A, = —54523, A, = 54523, L, = L, = 11.5458,
By = [-77.7927 7.4523], By, = 10.3699 and E; = 32.8033.

TABLE I: Parameters of inverted pendulum at rest

Parameter Quantity Unit
my 0.213 Kg
mo 1.7850 Kg

lo 0.33 m

le -0.0295 m

Jo 0.0595 Kg-m?
g 9.81 m/s?

C. Reduced order SMC design for inverted pendulum system

Step-by-step procedure to design the reduced order SMC for the
inverted pendulum is as follows.

1) Computation of reference trajectory: The tracking signal
considered for the demonstration is y* = 0.1745sin¢. As discussed
in Section III, the desired trajectory for the system (32) can be
obtained using (8) and is given by,

—0.06558 cost — 0.3576 sin ¢

25 =y* 4+ 0.645525F = —0.05629 sint — 0.04233 cos t

279 = 271 = 0.04233sint — 0.05629 cos t

257 = 0.065568 exp(—5.4523 % t) — 0.36346 cos(t + 1.3894)

2t

and the nominal control as,

ui =" 4+ 0.64555:T — 10.3699z " — 32.8033z;"
+ 77792727, — 7.452327,

2) System representation in error coordinate for tracking:
The tracking of the pendulum angle can be achieved by representing
the system into error coordinates and then design the controller for

stabilization of error dynamics. Using (10), we can represent the
system into error cordinates as,

e = —5.4523e; — 7.4523¢] + 11.5458¢11 (34a)
é;r = —Qei + 11.5458e11 (34b)
é11 = e12 (34¢)
é12 = 10.3699¢; + 32.8033¢; — 77.7927e1;

+ 7.4523e12 + Auy (34d)
ye = —0.6455¢, + e1n (34e)

3) Reduced order sliding surface design: As given in (14),
we choose the real Hurwitz stable polynomial of order ¢; — 1 =1
(with fast possible poles) as,

Ri(s)=s+15 35)

From (35), c11 = 15. Therefore, the surface o; using (16) is designed
as,

o1 =cuenn +ez2=0 (36)
so that during sliding motion, the e; vector dynamics is governed by
€11 = —15e11 (37

4) Reduced order sliding mode control design: For the
Inverted Pendulum system, we consider bounds on the original
states as |#] < 0.35rad, |8] < 0.3rad/s, || < 0.03m and
|z] < 0.15m/s, which are well within safe operating limits of the
experimental setup.

In order to design the reduced order controller, the upper bound v,
on the total disturbance (12) can be computed using results provided
in Appendix B.

200 100
o Select v¢ = 0.1 and Py = [100 300]. From (51), we get
|leall < 0.0166.
o For eq-subsystem, the Lyapunov solution P, for the selected
0.1 0 |. 0.0433 —0.025
Qa = Pa, = .
0 0.1 —0.025 0.025
o From (52), |leq|| < 0.3301. Choose ov = 0.4301 that satisfies
(54).

« Hence, from (55), we get total disturbance bound v; = 18.5683.
Therefore, the reduced order sliding mode controller parameters can
be selected as, @1 = 20 > v, and for the faster reachability of eq
towards the surface, we select k1 = 10.

Thus, the designed output tracking control to get the desired output
y* is given by

u1 = —(ci1e12 + Freq + ko1 + Qusgn(o1)) + ul

= T77.7927e11 — 22.4523e12 — 1001 — 20sgn(o1) +u;  (38)
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Finally, the tracking input actually applied to the pendulum is

v=F(t) = —0.1102u;
= —705.9229¢e11 + 203.7414e12

+90.744101 + 181.4882sgn(o1) — 9.0744u;  (39)

Remark 6.3: In the experiment, it is assumed that ¢; = 0.
Therefore, upper bound for E;_ e, + E; el part of the disturbance is
computed in order to disregard it from range space of control, which
is quite essential for reduced order design. @ is selected grater than
this upper bound and then gradually increase it there on by trial to
achieve the satisfactory response.

D. Reduced order control for constant reference tracking

The reduced order sliding mode control for constant reference
tracking as given in [38]. This method involves the computation of
feed-forward gain G, as in (3). Feed-forward gain for system in error
co-ordinates (32) is computed as,

Gu = [~Fu(Afy + LI, F) 7' L, +1]7 = —0.3668  (40)

The desired trajectory for the system (32) to regulate the output
asymptotically at R = 0.1745 rad/sec (10 deg.),
i.e y*(00) = —0.645527 (00) + 211(00) = R is obtained as follows,

25 = GoR = —0.0640

* .k
212 =211 =0

41
23t = —(Af) L2 = —0.3696 @
287 = —(Aga) N(Lgyzty + Ly Fazi™) = 0.3696
and thus the reference vector can be written as
z" =10.3696 —0.3696 —0.0640 0] (42)

Therefore, with the nominal control
ul = —10.3699z, " — 32.803?»2?L 4+ T7.792727; — 7.4523275

we can represent the system in error co-ordinates as in (34). The
sliding surface is designed for response with time constant 0.25 sec.
Therefore,

01 =ciie11 +e12 =4e1r +e12 =0 (43)

The sliding mode control designed with the switching gain Q1 = 6
(by trial) and k; = 10 is given by,

ur = —(ci1e12 + Ereq + kio1 + QngH(Ul)) +ul

= T77.7927e11 — 11.4523e12 — 1001 — 4sgn(01) —+ u]k (44)
Thus, the controlling force applied to the system is given by
v = F(t) = —0.1102u;
= —705.9229¢e11 + 103.9229¢12
+90.744101 + 54.4465sgn(o1) — 9.0744u;  (45)

E. Experimental results

The reduced order tracking controller is implemented through
MathWorks® MATLAB and Simulink® RTWT (real time windows
target) with sampling time 0.001 second. Fig.4b shows representative
block diagram of the implementation of proposed control scheme.

The reference trajectory 2™ is generated in real time as discussed
in Step 1 of Section VI-C for the known desired output yx = 6, sint
with 6, = 107/180 for maximum 10deg swing of pendulum
on either side of the rest position. Measured states of the system
are transformed to the canonical form (32) and only z4 states are
used for feedback. The error e between the transformed state vector
of the system and the reference state trajectory is utilized for the
computation of the tracking control signal via reduced order sliding
mode control scheme. Initially the pendulum is kept at rest manually

in upright position (at unstable equilibrium point) before applying
the control.

Fig.5 shows the simulation and practical implementation results for
the ECP-505 inverted pendulum system with reduced order sliding
mode control. Note that, designed control (39) is independent of e
and e/ that guarantees error ||e|| — 0 as t — oo, which implies z —
z* and y — y™ asymptotically. Fig. 5a shows the simulation of output
tracking of the reference signal y* = % sin t using the control (39)
whereas Fig. 5b shows the experimental results of output tracking on
ECP-505 inverted pendulum system for the same reference signal.
Note that, in either case tracking is achieved in about 2sec.. Also, to
increase the speed of response in reaching phase the gain k1 = 10
is selected. As a results the trajectory reaches the sliding surface in
0.1sec, see Fig. Se and Fig. 5f for simulation and implementation
results, respectively.

Simulation and practical implementation results with the controller
(45) as proposed in [38] are shown in Fig.6. However, arbitrary time-
varying reference signal cannot be achieved with such control for the
reasons as discussed in Section II-B.

Ideally, sliding motion occurs along the surface with infinite
switching frequency of controller. However, Practically, this is im-
possible to achieve. Therefore, in any sliding mode control design,
the practical sliding band is bound to exist, within which the sliding
motion is guaranteed. The amount of sliding band depends on the
switching frequency that is determined by the sampling time as well
as the actuator response time. Overall, in the presented experimental
results, sliding band happens to be around 0.6 with few sample
exceptions. The experimental results obtained are quite satisfactory
when compared to the simulation results.

VII. CONCLUSION

Systematic procedure to design the reduced order sliding mode
control for the output tracking of arbitrary signal for non-minimum
phase systems is presented. The system is transformed into canonical
form, in which the unstable zero dynamics is virtually stable.

The reduced order sliding function is designed with the coefficients
of selected Hurwitz polynomial. This is possible, as the subsystem
with which SMC is designed is always in phase variable form. During
the sliding motion of reduced order error dynamics, the full-state error
vector converges towards the equilibrium.

The reduced order controller is designed with the switching gain
higher than the total disturbance that includes stable and virtually
stable zero dynamic terms to ensure the finite time reachability and
exhibition of sliding motion.

In order to make the design possible, the construction of canonical
transformation and the guidelines for the computation of the bound on
stable and virtually stable zero dynamics is explained systematically.

Finally, results of implementation on the experimental setup of the
inverted pendulum system are presented to show the effectiveness of
the proposed design method.

APPENDIX A
CONSTRUCTION OF CANONICAL TRANSFORMATION
Let an invertible system is given by,

Az + Bv
y = Cx

Where, z € R", v € R™, y € R™.

Suppose x = I'1Z and v = I';u are state and input transformations
that transforms the given system into special coordinate basis (SCB)
form [42], [43]. A system can be brought into SCB form using soft-
ware toolbox for MATLAB [44]. Typically, the system transformed
in SCB from is represented as,

jj =

Gy = Apafa + Ly,Cata (462)
il = ALzl + L] ,Cata (46b)
Zi = Ay, % + By (B %, + EfZ5 + Eifg +w) (46¢)

y = CaZq (46d)
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Fig. 5: Simulation and practical implementation results of ECP-505 inverted pendulum system with the proposed reduced order

control.
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Fig. 6: Simulation and practical implementation results of ECP-505 inverted pendulum system with the reduced order control
as given in [38].



JOURNAL OF IKTEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015

-
Where, T, = [le . @Tn] . Note that, Ay, and AJ, are in
diagonal form and contains the stable and unstable invariant zeros
of the system respectively.

Let F, be the matrix chosen such that (A}, + L, F,) is Hurwitz.
To transform the system (46) into the desired canonical form (2), the
state transformation & = '3z can be constructed as,

2 =7, (472)
zF =z (47b)
Zik = Tik — Fai(AIa)kflizj
m k—1 o1
=20 FailAd) Ly e @7c)
p=1j=1

where k € {1,---,¢i}, ¢ > 1, for each ¢ € {1,--- ,m}. Note
that, Ljdi e R *! and F,.; € R*ma Thus, the state z = Tz =:
I'1I'2z and input transformation v = I'; transformation the given
system into the desired canonical form (2).

APPENDIX B
COMPUTATION OF BOUND ON TOTAL DISTURBANCE
Define, e, := [e;T ejT}T,
A L F, L
Aga = o ad” ¢ and L4 := ad
0 Al +LIF, Lt

Therefore, (10a)-(10b) dynamics can be written as,

€a = Agaea + LaaCaeq (43)

As A, is stable, there exists a Tpositive definite symmetric solution
P, to the Lyapunov equation, A,, Py + Py Aaa = —Qa, for Q4 > 0.
Define,

Q= {ea €R™ | el Paca <70} (49)
Let P; be a positive definite symmetric matrix such that,
Qd = {ed c R"™ | e;Pded < 'yd} (50)

As the trajectory of subsystem (13) reaches the sliding surface,
stability of the subsystem is guaranteed. This implies that Qg is
invariant. Since Qg C {eq € R™ | Amin(Pa)|leal* < va}, we use
the upper bound for eq4 as
lleall < v/va/Amin(Pa)

With this bound on eg4, the bound on e, can be determined. The time
derivative of V,, along the solution of (48) is given by,

(61

Vo = éIPaea + eIPaéa
=g AgoPata + €4 C4 LigPaca + €4 PaAaa + €4 PaLaaCaca

= —ep Qaea +2¢4CJ LiyPaca
This implies,
y 2
Va < =Amin(Qa)lleall” + 2[| Laall[| Palllleall [[el]

Yd
< - Amin a all — 2 N2 La Pa a
<~ (i @leall = 2, /520 I Laalll 1) el

Therefore, V, is negative outside the ball

{ea €R™ | fleal| < a} 42)
2l LagqllIPall
where o := =Fadire \/m.
Note that,
2 C fea €R™ | min(Pa)lleall” < 70}
= lleall < V7a/Amin(Fa) &3

Thus, from (52)-(53)
a < |leall < VYa/Amin(Fa)

From (12), total disturbance is ¢; = E, e, + Ej;ej + ¢;. This
implies,

(54)

i < B+ EL - lleall + L
< -~ + _ o =Y
= HEm + Em“ Amin(Pa) +L v (55)

With this upper bound ~; on the total disturbance, the sliding mode
control can be designed.
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