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ON THE EIGENVALUE PROBLEM INVOLVING THE WEIGHTED
p-LAPLACIAN IN RADIALLY SYMMETRIC DOMAINS

PAVEL DRABEK, KY HO AND ABHISHEK SARKAR

ABSTRACT. We investigate the following eigenvalue problem
—div (L(z)|Vu[P72Vu) = AK (z)[u[P~?u in Agf,
u=0 on 8Agf,

where Agf ={r eRY : Ry < |z| < Ry} (0 < Ry < Ry < 00), A > 0 is a parameter,
the weights L and K are measurable with L positive a.e. in Agf and K possibly

sign-changing in Agf. We prove the existence of the first eigenpair and discuss the
regularity and positiveness of eigenfunctions. The asymptotic estimates for u(z) and
Vu(z) as |z| — R or R, are also investigated.

1. INTRODUCTION AND MAIN RESULTS

In this paper we investigate the following eigenvalue problem

{— div (L(2)|VulP~2Vu) = AK (2)|u[P~2u  in AR,

1.1
u=0 on 814%, (1.1)

where the weight L is measurable and positive a.e. in Ag? ={r eRV: R <|z]| <
Ry} (0 < Ry < Ry < o) such that L € L} (Agi); the weight K is measurable in

loc
A2 such that meas{z € Aj? : K(z) > 0} > 0; A is a spectral parameter. For the
notational convenience we denote the operator div (L(z)|Vu[P"2Vu) by A, 1 and by
|S| we denote the Lebesgue measure of S C RY. We note that K might change the
sign in Agf.
(A) there exist functions v, w measurable and positive a.e. in (R, Ry), such that
v T, w € LL (R, Ry) and

(i) P(r) ::O;nin { (II; p P (7) dT)p_l, (fTRQ P P (T) dT)p_l} < oo for all
pa el

r € (R, Ry) and flff P(r)o(r)dr < oo, where p’ := (r) == rN1ly(r)
and o(r) := rV"tw(r);
(ii) L(z) > v(|z|) and |K(z)| < w(|z|) for a.e. x € AR,

Equation (1.1), which contains weighted p-Laplacian operator A, 1, describes several
important phenomena which arise in Mathematical Physics, Riemannian geometry,
Astrophysics, study of non-Newtonian fluids, subsonic motion of gases etc. (see e.g.,
[16,22]). A weighted second order linear differential operator was basically introduced
by Murthy and Stampacchia [18], being then extended to higher order linear weighted
elliptic operators in the 80s and quasilinear elliptic equations including the weighted
p-Laplacian in the 90s (see Drébek et al. [8]).
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The problem (1.1) in case of bounded domains or R, was comprehensively inves-
tigated in [8], with suitable weights, and later studied by many authors, we mention
Le-Schmitt [13], Lé-Schmitt [14], and references therein.

The weighted p-Laplacian eigenvalue problem in case of unbounded domains has got
attention in the last two decades. In [17,19], authors studied existence of an eigen-
solution with nonnegative weights on the right hand side for a nonlinear eigenvalue
problem with mixed boundary condition. For an exterior domain BY, the complement
of the closed unit ball in RY (N > 2), Anoop et al. [2,3] studied the eigenvalue problem
(1.1) with L(xz) = 1 and the weight K satisfying the following condition
(ADS) K € L} (Bf), meas{x € B{ : K(z) > 0} > 0 and there exists a positive

loc
function w such that

LY((1,00);787Y), p # N,
LY((1, 00); [rlogr]™71), p = N;
(ii) |K(x)| < w(|x|) for a.e. x € BY.

(i) we

The authors proved the existence of a principal eigenvalue and discussed positivity and
regularity of associated eigenfunctions when K satisfies some additional assumptions.
It is worth mentioning that they allowed also the case p > N and K possibly changing
sign.

Another interesting aspect of qualitative properties is the behavior of solutions to-
wards the boundary. The asymptotic estimates for solutions to problem (1.1) in exte-
rior domains with L(x) = 1 was obtained by several authors (see e.g., [2,4]). However,
very few works deal with such kind of estimates for the weighted p-Laplacian. In the
open ball B of radius R (0 < R < o0) centered at the origin with the convention
that Br := RY when R = oo, the authors in [1,6] recently obtained the asymptotic
estimates for solutions to (1.1) with radially symmetric weights L(z) = v(|z|) and
K(z) = w(|x|) satistying the following condition introduced in the book by Opic and
Kufner [21]:

(OK) either ([ o(7)dr) frb PP (7) dr) S 0asr—oat,b,
(7)dr (7)

(
or (frbar )(frplfp' dT)pil—>0a57“—>a+,b7—00§a<b§007

with a =0 and b = R.

The goal of this paper is twofold. First, we investigate the eigenvalue problem (1.1)
with the weights L, K possibly not bounded and/or not separated away from zero in a
general radially symmetric domain Agf. Second, we obtain the asymptotic estimates
for solutions to problem (1.1) when the weights are radially symmetric. As in [2], there
is no restriction on the dimension N in terms of p. We emphasize that for simplicity and
clarity of statements of our results we are only concerned with two types of domains:
annulus (0 < Ry < Ry < o0) and exterior of the ball of radius R; (0 < Ry < Ry = 00).
In fact, some of our results also covers other two types of radially symmetric domains:
bounded balls By (0 < R < o) and the entire space RY (see Remarks 2.9 and 3.3).

The novelty of this paper consists in considering (1.1) with new condition on the
weights. Even when L(z) = v(|z|) = 1, the condition (A) for the weight K is slightly
weaker than the condition (ADS) introduced in [2] (see Remark 2.6 in Section 2). It is
worth mentioning that there are weights v, w which satisfy (A) but do not satisfy (OK)
(see Remark 2.7 in Section 2). We confess that we are not aware of weights v and w
satisfying (OK) but not (A). Hence the class of weights satisfying (A) is a complement
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of the class of weights satisfying (OK) in order to study (1.1) with radially symmetric
weights.
We look for solutions of (1.1) in the space Dy” (Agj; L), which is the completion of

CH(AR) (C! functions with compact support) with respect to the norm

1/p
|u|| == </AR2 L(z)|Vul? dx) :

Ry
We note that Dy” (Agf; L) is well defined uniformly convex Banach space under the
assumption (A) (see Theorem 2.1 in Section 2). Moreover, we will prove in Section 2
that if (A) holds and L™* € L (AR?) for some s € (%, o0)N[-1+, 00), then Dé’p(Agf; L)

p—1’
is compactly embedded in L? (A?; w), the space of measurable functions u such that
fARQ w(]z])|ulP dz < co (see Theorem 2.3).

loc

Definition 1.1. By a (weak) solution of problem (1.1), we mean a function u €
Dy? (AR2; L) such that

/ L(z)|VulP?Vu - Vodz = A K(2)|ulP 2uvdz, Vv € Dé’p(Agf; L).
Al Agf

If problem (1.1) has a nontrivial solution u then A is called an eigenvalue of —A,, |,
in Agf related to the weight K (an eigenvalue, for short) and such a solution  is called

an eigenfunction corresponding to the eigenvalue \.
Define

A1 = inf {/ L(z)|VulPdz : u € Dé’p(Agf; L),/ K(x)|ulPdz = 1} . (1.2)
Agf Agf

We state our first main result of the existence of a principal eigenvalue and its sim-
plicity.

Theorem 1.2 (Principal eigenpair). Assume that (A) holds and L=* € L} (A% :
some s € (%,oo) N [p 7,00). Then Ay > 0 and )\ is a simple eigenvalue of (1.1).
Moreover \1 is achieved at an eigenfunction oy, which is positive a.e. in Agf.

) for

Next, we state our results on the boundedness of solutions to problem (1.1) that will
be utilized to obtain the C! regularity of solutions. The following theorems show that
all eigenfunctions to eigenvalue problem (1.1) are locally bounded in Agf if the weights
satisfy some additional assumptions. In fact, in Section 4 we obtain the boundedness
of solutions for a more general nonlinear term (see Theorem 4.2) via the De Giorgi
type iteration technique. In the sequel, for a > 0 we use the convention that § := oo

Na  f < N
and define p, := 2= and o N—a 1 @ '
+ oo if a> N.

Theorem 1.3 (Boundedness I). Assume that (A) holds. Assume in addition that
L=, Lis,|K|is € LY AR for some e € (0, 22511 5 € (%,oo)ﬁ[zﬁ,oo) and q €
[p.p%). Then for any solution u of problem (1.1) we have u € LY(AR )N L (AFT)
and there exist C > 0 and p > 0 (independent of u) such that

n
1+</ |u|qu> ]
A}R;1+26

||u||Loo (A§1+6) S C
1
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Theorem 1.4 (Boundedness II). Assume that (A) holds. Assume in addition that
L=, L, |K|ﬁ € LY(B(xg,10)) for some ball B(xq, 1) C Ag% s € (N oo)ﬂ[p -, 00)
and q € [p,p%). Then for any given p € (0,1 — —) there exists C' = C’(u,ro) > 0 such
that for any solution u of problem (1.1) we have u € LY(B(z0,70)) N L>®(B(z0,%2))

and .
U ; <CM / U qu) ’ i 1.3
H HLOO (B(IO’TO)) b < B(zo,r0) | | ( )
Here

1

1
B s up
My k= </B(xo ro)L ( Mx) [HLHLQ P (Blaor0) | ”K”Lﬁ(B(xo,ro))} '

In particular, if L=° Lq » and |K|q v C LIOC(A%) then u € Lloc(Aﬁf)-

We now discuss certain smoothness properties of eigenfunctions. In the sequel,

for an open set Q in RY we denote by W!(Q) the set of all uw € L{ _(Q) such that

weak derivatives g—; (i=1,---,N) exist in 2. We first have the C' regularity of

eigenfunctions in Ag?

Theorem 1.5. Assume that (A) holds. Assume in addz’tz’on that L € W'(AR),
ess inf L(x) > 0 for any Ry <1 <1y < Ry, L, K € L} ”(ARQ) for some q € [p,pk),

loc
a:eA
and |K| + |kl e LIOC(A%) for some ¢ > . Then for a (weak) solution u of (1.1),
we have u € C*(AR?).

The next result provides the regularity of eigenfunctions up to the inner boundary.

Theorem 1.6. In addition to the assumptions of Theorem 1.5, we also assume that
ess}%nf L(z) >0, L,K € Lﬁ(Agi“) and || + |ZL| € L®(ART) for some € €
T€EAR 1 €
(0, RQ_Rl). Then for a (weak) solution u of (1.1) and R € (Ry, Ry), u € Cte() (A—gl)
for some a(R) € (0,1).

In view of the C! regularity of eigenfunctions above and the strong maximum prin-
ciple we have the following result.

Theorem 1.7. Assume that (A) holds. Assume in addition that K € LIOC(A%) and
€ CL.(AR?) such that ess Inf L(x) > 0 for all Ry < 1 < 1y < Ry. Let u be a

loc
TEAR]

nonnegative eigenfunction of (1.1). Then, u € CI(A%) and u > 0 everywhere in Ag?.

Finally, we discuss the decay of the solutions to problem (1.1) when |z| — R{ or
R, that is important to obtain the asymptotic estimates near the boundary. Using
the local behavior obtained in Theorem 1.4 we can obtain the decay of the solutions
when Ry = oo and L is non-degenerate at infinity.

Corollary 1.8. Assume that 1 <p < N, Ry = oo and (A) holds. Assume in addition
that there ezists R € (Ry,00) such that essglf L(z) >0, L,K € L} ”(Bc) for some
z€BG

loc
q € [p,p*) and
essoup | [Lﬁw) LK ()75 dy < oo,
B(z,ro)

z€Bg
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for somerg € (0, R—Ry). Then, for any solution u to problem (1.1), we have u(x) — 0
uniformly as |x| — oo.

The decay of solutions when |z| — R follows immediately if u € C’l’o‘(A—gl) for
some R > Ry and a € (0,1).

Corollary 1.9. Under the assumption of Theorem 1.6, for any solution u of (1.1),
we have u(x) — 0 as |z| — R

Next, we draw our attention to prove asymptotic behavior of a C! radially symmetric

solution u(z) = u(|z|) and its gradient to equation
— div (v(|z])|[Vu|P*Vu) = Mo(|z])|ulf e in Ag?, (1.4)

as |z| = R or |z| — Ry if u(x) — 0 as |z| — R} and |z| — R;. We assume

(W) v, w are positive a.e. in (R, Ry) such that v (resp. w) is continuous (resp. mea-

surable) in (Ry, Ry) satisfying v “rT € Li (Ry, Ry) (vesp. w € L (R, Ry)).

Note that a similar problem in the case of a ball B (0 < R < 0o0) was investigated
in [8]. We write u(R;) = lim, _, p+ u(r) and u(Rs) = lim u(r). Clearly, if u(z) =
u(|z]) € CH(AR) is a radially symmetric solution to problem (1.4) with u(z) — 0 as
|z| = R and |z| — R, , then u € C*(Ry, R,) satisfies

= (p(r) [ ()2 (1)) = Ao (r)u(r) P~ 2u(r) i (Ry, Ry) (1.5)
and u(R;) = u(R2) = 0. In two Theorems 1.10 and 1.11, we show that if the conditions

on weights are made stronger than (A) near Ry and Ry (see Remark 5.1) then solutions
obey certain decay properties. Namely, we assume

(A.r) there exists £ € (R, Ry) such that p'* € LY(R;;¢), and there exist ¢ €
(0,p—1) and C' > 0 such that

(/Té o(r) dT) (/Ri PP (1) dr)e <C, Vre (R,

(A.r) there exists & € (Ry, Ry) such that p'™? € L'(¢, Ry), and there exist ¢ €
(0,p—1) and C' > 0 such that

(/§<r0'(7—) dr) (/TRQ PV (7) dr) <C, Vre(&R,y).

Theorem 1.10. Assume that (W) and (A ) hold. Then for a radially symmetric
solution u(zx) = u(|x|) € C’l(A%) to problem (1 4) satisfying u(Ry) = u(Rs) = 0, there
exist a € (Ry, Ry) and 0 < C7 < (5,0 < C, < Cy such that

r—R;

Cl/ Pt (r)dr < Ju(r)] < Ch / PV (r)dr, Vr € (Rya), (1.6)
Ry Ry
and _ _

Cip P (r) < Ju/(r)] < Cop*™P (1), ¥r € (Ry,a). (1.7)

Theorem 1.11. Assume that (W) and (A.r) hold. Then for a radially symmetric
solution u(z) = u(|z|) € C*(AR) to problem (1 4) satisfying u(Ry) = u(Ry) = 0, there
exist b € (Ry, Ry) and 0 < C7 < (5,0 < C’l < C’z such that

R2 R2
C’l/ pl_pl(T) dr < |u(r)| < 02/ pl_p,(T) dr, Vr e (b, Ry),
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and

Cip' ™ (r) < [u/(r)] < Cop' P (r),  V¥r € (b, Ry).

The rest of the paper is organized as follows. In Section 2, we obtain some useful
embeddings of the weighted Sobolev spaces into weighted Lebesgue spaces defined
earlier. In Section 3, we prove the existence of the least positive eigenvalue and the
corresponding positive eigenfunction associated to problem (1.1). The simplicity of
such an eigenvalue is also discussed in this section. Section 4 deals with boundedness,
smoothness and decay of solutions to problem (1.1). Section 5 is devoted to the
investigation of the behavior of u(x) and Vu(x) as |x| — R} or R;, in the case of
radially symmetric solutions. Finally, we provide a few concrete examples of weights
L and K to illustrate our results in Section 6.

2. WEIGHTED SPACES

In this section we will obtain embeddings of certain weighted spaces and other
properties. In what follows denote by S; the unit sphere {x € RY : |z| = 1} and for a
function u defined on A2, we write u(z) = u(r,w), where r = |z| and w = z/r. First,
we prove the following continuous embedding.

Theorem 2.1. Assume that (A) holds. Then, we have the following embedding
DyP (AR L) — LP(A?; w).

Proof. Let u € CLAR) and r € (Ry, Ry). If fR (1)dT < o0, using Hoélder’s
inequality we estimate

" Ou
/Rl E(T,w)dr

Ju(r,w)| =

r ) ﬁ Ro ou p %
< </ PP (7) dT) </ N (1) = (1, w) dT) )
R Ry 8’7—
Hence,
" / p-1 Ry au p
lu(r,w)|? < (/ PP (7) dT) (/ ™M (1) | 5= (1,w) dT) :
R R 8’7—
Analogously, if f > pl P (1) dr < 00, we have
R / ot R ou P
lu(r, W)l < < / 27 (7) dT) < / N1y |27, ) dT) |
r Ry 87—
In either case, we obtain
Ro ou p
|u(r,w)|p§P(T)/ (1) | == (1,w)| dr.
R 87’
Hence,
au(T w) dew
or

[ utrepas < po) / | /
= P

(r) / o(ja))|Vu(z)Pd.

Rl
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Combining this with the assumption (A) (ii), we get
lu(r,w)[Pdw < [[u|PP(r), Vr € (R, Ry) and Yu € C}(AR?). (2.1)

S1
From this we deduce

R2 f2

/ M) [ u(rw)P dw dr < ||U||p/ r¥lw(r) P(r) dr.
Ry S1 =

That is,

Joll g < Ol V€ CHARS), (22)

1
where C' := ( 1512 P(r)o(r) dr) " By the density of C}(A}?) in Dy?(Ap?; L) we obtain
(2.2) for all u € D)? (Agf; L) and it infers the continuity of the embedding. O

In what follows, for a normed space (X, ||-||x) of functions u : Q — R with Q C AJ?
such that u|g € X for all u € Dé’p(Agf; L), we still denote Dé’p(Agf; L) — X if there
is a constant C' > 0 such that

lulellx < Cllull,  Yu € Dy"(AR?; L).

In fact such an embedding is not an injective map. In this sense the following embed-
dings are deduced from Theorem 2.1

Corollary 2.2. Assume that the weight L satisfies
(A1) L(z) > v(|z|) > 0 for a.e. € A%, where v is measurable in (Ry, Ry) such
that v,vfp_il € LL (R, Ry) and P(r) < oo for all v € (Ry, Ry), where P is

loc

defined as in (A).
For any given Ry < r; <1y < Ry, the following embeddings hold:
(i) Dy"(Apt: L) = LP(A2);
(ii) Dé’p(Agf; L) — WhtPs(Ar2) if L5 € L*(A?) for some s € (%, ) N [, 00);
(i) D”(AR:; L) = WHP(A2) if essinf L(x) > 0,
mGAZl

Proof. (i) Let Ry < r1 < 1y < Ry. Set w(r) = P7L(r)(r + 1)+ for r € (Ry, Ry).
Then, w € Li (R, Ry) and we also have

loc
Ra Ry PpN-1
/Rl P(T‘)O’(T‘)dT‘:/RI Wdr<oo

From this and the hypothesis (A1), we see that (A) holds. Thus, applying Theorem 2.1,
we obtain

Dy" (AR L) — LP(AR ). (2.3)
It is easy to see that, for all r € (ry,ry), we have

0 < P(r) < min { (/R o7 (7) dT)p_l | (/R P () dr)pl} _ (< .

Thus,
w(r) > Crlry + 1)~ W) = 0y >0, Vr € (11, 1),
and hence,
-1
sy < Co PNl oass o, Voo € L7 (Afg ).
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From this and (2.3), it follows Dy”(Af2; L) — LP(A”2).
(ii) Let Ry <711 <ry < Ry. Foru € Dé’p(Agf; L) we have

/ |Vu|P*dx < (/ L™(x) d:z:) (/ L(z)|Vul? d:z:) :
A2 A2 A2

1 1 1

From this and (i) we deduce the conclusion.
(iii) The conclusion can be deduced from (i) and the assumption on L. O

Next, we show the following compact embedding.

Theorem 2.3. Assume that (A) holds and L™° € LIOC(A%) for some s € (%,oo) N

[p%l, oo) We have the following compact embedding

DyP (AR L) < LP(AR;w).

Proof. Let u,, — 0 in Dé’p(Agf; L) as n — oo. We will show that u,, — 0 in LP(A%; w)
as n — 00. To this end we will show that for any € > 0, there exists n. € N such that

/R w(|z])|u,|P dz < €, Vn > n.. (2.4)
2

R

Without loss of generality we may assume that {u,} C CH(AF) and [u,| < 1 for all
n € N. Since P(r)r¥"tw(r) € LY(Ry, Ry), there exists g. € C}(R;, Ry) such that

| o) = PO)Y ) dr < 5.

Ry

Set we(r) :== P~ (r)r'=Ng.(r) for all r € (Ry, Ry). Applying (2.1) and noticing ||u,|| <
1, we estimate

Ro
/ |(w—we)(|:p|)||un|pdx:/ "I‘N_lw(T ‘ |un r,w)|P dwdr
Agi Ry
R2
< [P ) - g )]
Ry
P
<35 Vn € N. (2.5)

Let Ry <1y <1y < Ry such that supp(g.) C (r1,72). Then for a.e. x € AJ2, we have

‘U}6<‘5L’|)| — 7‘11‘2 7N”g€HL°°(R1,R2) = Me,

-1 -1
where C),,, := min { (f}’; Pt (1) d7—>p ’ (frljz Pt (1) d7—>p } > 0. Thus, we infer

/R |we(|z))] |w,|? da :/ lwe(|z|)] Jun|P dae < ME/ lup|Pdz, Vn eN. (2.6)
AR? 2 A2

R] 1
By (A), we have L™ » 1€ Li (A%) and note that this condition guarantees that

DyP (AR L) € WYH(AR). By this and the embedding Dy”(Af?; L) < LP(A!2) (see
Corollary 2.2 (i)) we have

DyP (AR L) — W'P(A2; L), (2.7)

71
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where W'P(A™2; L) := {u € W'(A2) fArg [|ulP + L(z)|Vul] dz < 0o} endowed with

71
||u||W17P(A:§;L) = (/AQ

the norm :
[ul” + L(z)|Vul?] dx) :
1

Since L~* € L'(A}?) for some s € (%, 00) N [p o
ding result for weighted Sobolev spaces in [8, p. 26] to obtain
1, T2, T
WHP(A2 L) —— LP(A?). (2.8)
By (2.7), we have that Un|,4:§ — 0 in W'P(A2; L) as n — oo. Combining this with
(2.8) we get Un|,4$§ — 0 in LP(A}?) as n — oo. Hence, there exists n. € N such that

00), we may apply a compact embed-

Ep
M, lup|Pde < —,  Vn > n..
A2 2

From this and (2.6) we obtain

Ep
/ lwe(|z])] |un|P de < —,  Vn > n..
5 2
Finally, combining the last estimate and (2.5) we obtain (2.4). Since € > 0 was chosen
arbitrarily, we get u,, — 0 in L? (Agf; w) as n — 0o and the proof is complete. O

We now present several explicit consequences of Theorem 2.3. In the next two
corollaries, we apply Theorem 2.3 for L(z) = v(|z|) and write Dy*(A?;v) instead
of Dé’p(Agf;L). As in the assumption (A), we always denote p(r) := r¥~1v(r) and
o(r) = rN"lw(r).

Corollary 2.4. Let v,w be measurable and positive a.e. in (Ry, Ry) such that v,v™° €

L} .(Ry, Ry) for some s € (%, 00) N [p -,00) and one of the following conditions holds
true:
(I) there exists & € (Ry, Ry) such that fR2 =P (r)dr < fR (r)dr = o0 and
Ry [ [R2 p—1
/ [/ PP (1) dT:| o(r)dr < oo;
R r
(I) there exists £ € (Ry, R2) such that fél PP (r)dr < f (r)dr = o0 and

1

/R R l /R P (1) dTr o(r) dr < oo;

(IT1) there exists & € (Ry, Ra) such that fR2 =7 (1) dr < oo and
-1

/Ri [/Rj p 7 (7) dT} p_lo—(r) dr + /§R2 [/TRQ P (7) dTr o(r) dr < 0o,

Then the following compact embedding holds
Dy (A v) == LP(AR w).
Finally, we provide a simple special case of Theorem 2.3.

Corollary 2.5. Let v,w are measurable and positive a.e. in (R,00) such that v,v™° €
L (R,00) for some R € (0,00), s € (%,oo) N [Iﬁ,oo) and one of the following

loc
conditions holds true:
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(Wy) there exists £ € (R,00) such that essinf v(r) > 0, v € LY (R, &) and

r>¢
fé [f; v (7) dT}plw(r) dr + [Zr? hw(r) dr < oo, p# N,
fé [fR v (1) dT] o w(r)dr + [ [rlogr]¥lw(r) dr < co, p= N;

(W) there exists & € (R,00) such that essinf v(r) > 0, [TN_lv}_P_il e L'(¢,00),

p R<r<¢
an
£ e o0 N—1 1 p—1
/ (r — R)P lw(r)dr + / [/ T v pi(7)dr rVlw(r) dr < oo,
R 13 r

Then, we have the following embedding
Dy”(Bf; v) = LP(Bf; w).

Remark 2.6. In particular, (W;) is a special case of (A). When v is a constant, say,
v=1and R =1, then (W;) becomes

LH(1,00); (r = 1)P7Y), p# N,
(Wie) we {Ll((l,oo)§ [rlogr]V"1), p=N.

Clearly, a weight w satisfying (ADS) satisfies also (W;.). On the other hand, for
—p < < —1andp# N the weight

() = {(r—l)ﬁ, 1<r<2,
e LH((2,00); 7Y,

satisfies (W) but it does not satisfy (ADS). Therefore, the condition (A) is weaker
than the condition (ADS).

Remark 2.7. It is worth noting that the condition (OK) does not include (W;) and
hence, does not include (A). For instance, let 1 < p < N, a < p—1, 8 > 0,
a—p<a <—1,and =N < B; < —p. Set

(r=1) 1<r<2 (r—1), 1<r<z2,
v(r)=<€(,3%, 2<r<3, andw(r)=<€[3%,1], 2<r<3,
T67 3§T7 Tﬁl, 3<r.

We can verify that v, w satisfy (W;) with R = 1 but p(r) = vV lo(r) and o(r) =
rN~1w(r) do not satisfy (OK) (with a = 1 and b = oo) since [} o(7)dr = [* o(r)dT =
oo for all r € (1, 00). To find v and w which satisfy (OK) but do not satisfy (A) seems
to be an open problem.

Finally, we state a property of Dé’p (A%; L), that will be used in the next sections.
In what follows, we denote ut = max{u,0} and v~ = — min{u, 0}.

Proposition 2.8. Ifu € Dé’p(Agj; L) andk > 0, then (u—Fk)™, (u+k)™ € Dé’p(Agj; L).

Proof. Argument is standard and we only sketch the main idea. Since (u + k)~ =
(—u — k)T, it suffices to prove that (u — k)™ € Dy?(A2; L). That is, we prove the
existence of a sequence {u,} C C!(AR?) such that

/ L(z)|Vu, = V(u—k)"Pdr -0 as n— oo. (2.9)
AR

Ry
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To this end, let {¢,} C C’;(Agf) such that ||, —u|| — 0 as n — oo. It is easy to see
that

/R L()|V(pp — k)" =V(u—k)*Pder -0 as n— oo. (2.10)
Al

For each n € N; set ¢, := (p, — k)". Fix n and let Ry < r; < rp < Ry such that
supp(¢,) C A2, For each ¢ € N, define n;(z) = i"n(iz), where 1 is a standard
normalized mollifier in RY and define

o) =+ )a) = [l = 9)balo)

Thus, v\ € C>(RY) for all i and supp(v™) C Ar2 for i large. From this together
with L € L'(A!?) and properties of mollifiers, we obtain

/R L(x)|Vvi(n)—V@/)n|pdx—>0 as i — 00.
A2

Ry

Thus, we find 7,, such that

1 1
/ L) Vol — Vi Pde < & e, / L()| Vi — V(pn — k)P dz < =,
ARQ " n n

Ry Agf
where u,, := vi(:) (€ CHAR?)). From here and (2.10), for such a sequence {u,} we
obtain (2.9) and the proof is complete. 0J

Remark 2.9. Obviously, in this section we can allow R; = 0, that is, Ag? is of
the form B \ {0} (0 < R < o). When 1 < p < N and L € L (Bgr) such that
lim, ¢ ‘B—lr‘ [z, L(z)dz < oo, then the space DyP(A: L) coincides with Dy?(Bg; L),
the completion of C'}( Bg) with respect to the norm

= ([ RL<x>Wu|pdx) v

That is, Dy?(AE; L) is the usual solution space for the Dirichlet problem in a ball By.

3. THE EIGENVALUE PROBLEM INVOLVING THE WEIGHTED p-LAPLACIAN

In this section we discuss the existence and properties of the first eigenpair of the
eigenvalue problem (1.1). If (A) holds and L™* € L{ (A}?) for some s € (%,oo) N

loc

[zﬁ’ 00), then by the compact embedding Dé’p(Agf; L) < LP(Af?;w) and Proposi-
tion 2.8, arguing as in [2, Proof of Lemma 4.1], we obtain the existence of a principal

eigenvalue as follows.

Lemma 3.1. Assume that (A) holds and L= € LL _(AR2) for some s € (%,oo) N

loc

[ﬁ,oo). Then Ai defined in (1.2) is positive, it is achieved at some p; > 0 and

(A1, 1) is an eigenpair of (1.1).

The positivity of ¢; and the simplicity of A\; can be obtained in the same fashion
as in [11] with suitable modifications. However, the presence of the weight L in the
main operator somehow makes the conclusions not to follow in a straightforward man-
ner. For the reader’s convenience, we sketch the proofs briefly. Note that under the
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assumption of Theorem 1.2 we have u € W"* (Aj2) for any (weak) solution u to prob-

lem (1.1) in view of Corollary 2.2. In fact, we work with the following representation
of u, defined in Ag? by

. 1 . . . . .
W (z) = {hmrﬁo Ban fB(m,r) u(y) dy if this limit exists,
0 otherwise.

In the next lemma, we state a strong maximum principle type result, which is similar
to [11, Proposition 3.2].

loc

[34,00). Let V € L (Af) and V > 0. If a nontrivial nonnegative function u €

DY (A 1) satisies Vo € L (45) and

loc

Lemma 3.2. Assume that (A) holds and L= € Ll (Af2) for some s € (%,oo) N

{L(2)|VulP?Vu - VE+ Vur~ ¢} do > 0, VE € CP(AR), £ >0, (3.1)
AR

then Cap, (Z) = 0, where Z := {z € A} : u(z) = 0}.

For the definition of the p-capacity Cap,(:) and related properties we refer to the
book of Evans-Gariepy [9] (see also [11]).

Proof. We proceed as in [11, Proof of Proposition 3.2]. It is worth mentioning that
in [11], the domain is required to be bounded when N < p. For each n € N, denote
Q, == AF"" when Ry = 0o and Q,, := A2 when R, < oo and define Z,, := {z € Q,, :
u(z) = 0}. Since Z = (J;7, Z,, it suffices to show that Cap, (Z,) = 0 for all n € N.
Let n be fixed. As in [11, Proof of Proposition 3.2, we will show for any £ € C2°(Q,,)
with 0 < ¢ <1 there exits Cy = Cy(u, &) > 0 such that

4]
To obtain (3.2) we use the following identity

/Qn L(x) ‘Vlog <1 + %)‘pﬁpdx

/Q ‘Vlog (1+%) ‘ps ¢ da < Cy, W8 > 0. (3.2)

_ 1 29, . &
-1 QnL(:U)|Vu‘ 2V {v<<u+ S

Then, we use the same argument as in [11, Proof of Proposition 3.2, and employing
(3.1), to obtain

/QnL@;) ‘Vlog (1 n %) ‘pfpdx < /anx)u n \u\p)gdepPl/ﬂnL(x)\vapdx.

Combining this and the estimate

/ ¥ log <1+%)
Qn
< (/supp(@ L%(2) dx) - </Q L(z) )vmg (1+ %) ]pgp dx) o

we obtain (3.2). The rest of the proof is similar to that of [11, Proof of Proposition
3.2]. O

) — pEPH(VE) (u+ 5)11’} dz.

p

é‘ps dl‘
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Finally, we sketch the proof of Theorem 1.2.

Proof of Theorem 1.2. By Lemma 3.1, we have \; is a positive eigenvalue of (1.1) and
there is a nonnegative eigenfunction ¢; associated with A;. Since

/ AL@)Veil e - VE+ MK e dr = / Kt edr >0
ARf ARf

for all £ € CX(AR),& > 0, we get p; > 0 ae. in AR in view of Lemma 3.2. The
simplicity of A; can be proved by the same argument as [11, Proof of Theorem 1.3] for
which we invoke Lemma 3.2 and use pg-capacity instead of p-capacity. 0

Remark 3.3. Similarly to Section 2, in this section we can also allow Ry = 0. As
shown in Remark 2.9, when 1 < p < N and L € L] _(Bg) such that lim, g ﬁ [ L(z)dx <

loc
oo also in this section we recover results for a ball Br (0 < R < 00).

4. QUALITATIVE PROPERTIES OF SOLUTIONS

In this section we prove qualitative properties of solutions mentioned in Section 1
(Theorems 1.3-1.7 and Corollaries 1.8-1.9).

4.1. Boundedness of solutions. In this subsection, we obtain the (local) bounded-
ness of solutions to problem (1.1). As we mentioned in Section 1, the boundedness
of solutions can be obtained for more general nonlinear term via the De Giorgi type
iterations technique. More precisely, consider the following problem

— div (L(2)|Vu[P"*Vu) = f(z,u) ae. in AR, (4.1)
where the weight L satisfies the condition (A1) in the Corollary 2.2 and the nonlinear
term f satisfies

(F) f: Ag? x R — R is a Carathéodory function such that |f(z,7)| < a(z)|7|P~' +

b(x) for ae. = € Agf and all 7 € R, where a,b are nonnegative measurable
functions in Agf.

Definition 4.1. By a weak solution of problem (4.1), we mean a function u €
DyP(Af2; L) such that f(-,u) € Li (Af?) and

loc

/R2 L(2)|VulP~*Vu - Véda = /R2 flz,u)édz, VE € CHAR).

AR AR

Theorem 4.2. Assume that (A1) and (F) hold.

(i) Assume in addition that L,a € L#(Agfze), b e Lﬁ(Agi”E) and L™ €

LY(AR ™) for some ¢ € (0, H2il) s € (5,00) N [;1,00), ¢ € [p,pk) and
t € [1,qf N[L,E). Then for any weak solution u of problem (4.1), we have
u € LI(APT*) N L®(AFT) and

w
q
1+ (/Agﬁ% [ul d:z:) ] , (4.2)

where C, i > 0 are independent of u.

)SC’

ol
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(ii) Assume in addition that L,a € L#(B(ZL‘O,TO)), be Lﬁ(B(xo, r9)) and L™° €
LY(B(xg,70)) for some ball B(xg,ro) C Agf, s € (%,oo) N [Iﬁ,oo), q € [p,pk)
andt € [1,q] N1, %). Then for any weak solution u of problem (4.1), we have
u € LI(B(xo,70)) N L*(B(x0, %)) and

w
||U||Loo (B(M)’%O)) =¢ |:1 ’ (/B(mo ro) |U|qu) :| ’

where C;p > 0 are independent of w. In particular, if L,a € Ll‘f)?(A%),
be Ly (AR) and L™° € Ll (AR?) then u € LS, (AR?).

loc loc

To prove Theorem 4.2 we first prove the following lemma.

Lemma 4.3. Assume that (A1) holds.

(i) If L™ € LY(AR™) for some e € (0, 22551 then Dy? (AR5 L) — Whes (AR
and hence Dé’p(Agf; L) < LA™ for q € [1,p}).
(ii) If L=* € LY(B(xo,10)) for some ball B(xg,r9) C Agf, then Dé’p(Agf;L) —

WhPs(B(zg,70)) and hence Dé’p(Agf; L) < LY B(xg,10)) for q € [1,p%).

Proof. (i) Let u € Dé’p(Agf;L) and let {u,} C C}AR?) such that u, — u in

Dé’p(Agf; L) as n — oo. By Corollary 2.2 (i), up to a subsequence we have u, — u

a.e. in Ag?. Let ¢ € C*(R") such that XBre < ¢ < XB, Laeo where xq denotes
L3

2
the characteristic function on the set Q. Then ¢u,, € C! (Ag”e). Thus, by Poincaré’s

inequality there exists a positive constant C' such that

[ tempras<e [ 9w

R

Psdx, VneN.

3¢
Hence, applying Holder’s inequality and the embedding Dé’p (Agf; L) — LP (Ag:t: )

we obtain from the last inequality that

/ [P dz < 01/ |V, |P* da + (Jl/ .
Ry+e R{+2e¢ R1+7
Al AR A

1 1

Rqi+e

=G </AR1+2e L) da:) (/,4R1+26 L(x)[Vuy|” dx) +C </AR1+3; Unl” da:)
Ry Rq+e

Ry

=
< (s </R L(:c)|Vun\pd:c> , VneN.
AX2

Ry

U |P* d

Letting n — oo and invoking Fatou’s lemma we obtain the above estimate for u,, = u.
Combining this with the embedding D" (Agf; L)— LP (Agiizg) and the estimate

1 _s_
s+1 s+1
/ |Vul|P*dz < (/ L™%(x) d:z:) (/ L(x)|Vul? d:c) ,
AR1+2€ AR1+2€ AR1+26
R Ry Ry

1
we deduce [|ull;1,, (afatey < Cy|lu|| for some constant Cy independent of w.
Ry

(ii) The conclusion is clear in view of [8, p. 25, the embedding (1.22)]. O
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To employ the De Giorgi iteration, we need the following key lemma. The special
case 0; = dy was obtained in [12, Ch.2, lemma 4.7].

Lemma 4.4. ( [10, Lemma 4.3]) Let {J,}°°, be a sequence of positive numbers sat-
isfying the recursion inequality

Jp1 < Kn" (JIPF0 4+ 00%2) 0 n=0,1,2,- -, (4.3)

1 -1
for somen >1, K >0 and 63 > 9, > 0. If Jy < min (1,(2[()“11 n‘s%) or

. R Ot R
Jo <min | (2K)% n,(2K)% n 2,

then there exists n € NU {0} =: Ny such that J,, < 1. Moreover,

=]
L

J, < min (1 2K)% 7% 7,61") Wi > o,

where ng 1s the smallest n € Ny for which J, < 1. In particular, J, — 0 as n — oo.

Proof of Theorem 4.2. (i) Let u be a weak solution of problem (4.1). In the rest of the

proof of the theorem, the constant C' might vary from line to line, but will be always

independent of L, a, b, € and u. Without loss of generality we may assume that t > %.
Step 1: Caccioppoli-type inequality. Denote

@=L gty (arrvays B loll gy (maey and v i= ] g oy, (44)

La—p La—p [t—1
and for k£ > 0, r € (Ry, R»), denote
Apr={x € AR, tu(zr) > k}.

We claim that there exists a positive constant C' such that, for any ry, ro satisfying
Ry +¢e¢<r <ry < R;+ 2eand for any k£ > 0 we have

i q L
/ L(2)| VP dz < c<a+ﬁep)(/ <“ k’) d:c) +
Ak, Alyrg To — T
(|
Ak,rg

To this end, let £ € C'(RY) such that

Q

(u— k) d:c) A, |+ CBRP Ay |t (45)

XB,, <& < xa,, and [VE| <

7“2—7”1.

By an approximation argument, we can show that for u € Dé’p (Ag?; L) and E € CHRM)
with xp, <& < xa,,, we have ué € Dé’p(Agf; L) and u¢ is a test function for (4.1).
By this and Proposition 2.8, we can use (u — k)T¢P as a test function in (4.1) and get

/ @) Vul - V(- k)¢ do = / S u)(u— k)T da.
ART AR?
By the assumption on f, the last equality leads to
/ L(2)|Vuler dz < — p / L() [Vl (Vu - VE) (u— ke de
A A

k,ro k,ro
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+ /A a(x)|ulP~ (u — k)EP da + /A b(x)(u — k)&P dx.

That is
| @V <y [ L@)var e veu- b
Ak,rg Ak,rg
+ / a(zx)uf dz + / b(z)(u — k) dz. (4.6)
Ak,rg Ak,rg

Now we estimate three integrals on the right hand side (RHS for short) of (4.6) sepa-
rately. For simplicity, denote

u—k\?
J = / L(z)|VulPéP dz and Q = dz.
A Ak

o —T

k,ro

We estimate the first integral on RHS of (4.6), using Young’s inequality and Holder’s
inequality, as follows

| L@vre el -k do
A

k,ro

<2 [ nwlvaperar ! | L@ (Ve - 1y s

p Ak,rg Ak,rg

1 kN’
<P oppp2 L(:c)( ! ) dw
Ak,rg

p? o —T
p—1 9 </ (u—k)q )
< —J+2° L|| _a 'y +2¢ dx
p2 P’ H HLq_p (Aglm ) A, o — 11
p_l D, p—2 L
=" J 4+ 2°pP2aQu. (4.7)

Using Hoélder’s inequality, we estimate the second integral on RHS of (4.6)

a(z)uP dx < ||al| o ‘ v
/A ( ) >~ H HLq—P (Ag}+2 ) (/Akn“g )

gﬁ[/A 29((u — k)* + k%) dx]

< CBPQ + CBEP| Ap 1. (4.8)
Using Holder’s inequality again, we estimate the third integral on RHS of (4.6)
k,ro

| s = e < ey o (
< ([ G ) A7 (19)

P
q

P
q

(u— k) dx) t

k,ro

From (4.6)-(4.9), we obtain

1

o 1 » » p 5 qg—t
J < p_p J+2”pp_1on5+Cﬁe”Q5+Cﬁkp|f4k,m|5+7(/ (U—k)qu) [Agrs|
A

k,ro
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Hence

J < Cla+ Ben)Qs +pv(/ (u— k>qu) Al T 4+ CBI A5
Ak,rg
From this and the definitions of J, @) and £ we obtain (4.5).

Step 2: Definition of recursive sequence and recursion inequality. Define
the recursive sequence {J,} as

kn,pn

Jp = / (u—ky)?dz, Vn € Ny,
A

where p,, := R +eton and k,, :== k. (1—#) for some k, > 1, to be specified later. We

also denote p,, := p”+2p"+1 (n € Ny). Clearly, p, | Ri+¢€, kn T ks, Ri+e < p, < Ry+2¢
and % < k, < k, for all n € Ny. Moreover, notice that

€

_ k.
pn_pn:W7 kjn—l—l_kn:Wa anNO-

Next, we obtain a recursion inequality of the form (4.3). Fix ¢ € C'(R), such that
X(—o01) S ¢ < X(_OO ) and |¢'| < 4. Define

n+1
(o) =%

Thus, ¢, € C*(RY) and satisfies

(|ZL‘| — R1 — 6)), Vn € NQ.

2n+3
XB,,., < G < X8, and [V(,| <

Vn € No.

€
Before estimating J,, 11 in terms of J,, we note that

/A (u—kypp)?de < /

kp+1.n Akn+1aﬁn
also

(u— kpy1)?da < J,, (4.10)

u—k, \’ 2
Abrsionsr | < [ Aknirin] < Abgron| < /A (m) da < 2020,
kn-l»lvpn n+ n

Furthermore, we will need the following simple inequality

(4.11)
(x+y)" < Cn(@™ +y™), Vo,y>0 (m=>0). (4.12)
Now, fix ¢ € (tp,p%). Using Holder’s inequality we estimate
Jn+1 - / (U — knJrl)q dx S (/ (U - knJrl)qu) Akn-Han-H
Akn+1aﬂn+1 Akn+1’pn+1
(4.13)
On the other hand, in view of Lemma 4.3 and Sobolev’s embedding, we get

n+1Pn+1

Q=

(f o) = (],

n+1-Pn+1

((u = Eni1)Cn)" dx)
<

- (/ARlH& ((u— kn+1)+Cn)qda;)

Q=

Ry
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1

= {</AR1+26 ((u o kn+1)+cn)ps dl‘) " *

Ry

1
mac)],

([ 9= b6

Ry

here C. is the embedding constant for leps(Agfze) — Lq(Agi”E). Using Hélder’s
inequality, we have

/R +2 ((u B k"+1)+cn)ps dr < / (U — kpgr)P* do
ATee

Ry Akn+1 Pn

Akn+1 Pn

Combining this with (4.10) and (4.11) we obtain
L 20g-p) nlg—p) 270 1

(/ ((u—kn+1)+g“n)psdx)p3§2 ps 2 Ps ko PsogPso (a15)
Agi-l»Qe

& q— DPs
(U — Kpy1)? dx) 1 }Akn+17ﬁn’

We also have
1

(/R +2 |V(<u_ k”+1>+cn) " dx) . < </R +2 L75<$) dx> SPX
At ™ AT

([ OV~ ) P 00

Ry

3=

n41:Pn

<26 {/ L(x)|Vul? dz + 2(’”3)”6”/ L(z)(u — kyyq)? dx] '
Ay,

A
1
p
)

(4.16)

L(2)|VulP dz + 20F3PePq (/ (= kpg1)"? d:c)
A

kp+1:Pn

1
where § := </R » L™%(x) dx) " and o is as in (4.4). From (4.10) and (4.14)-(4.16),
At ™
invoking (4.12), we get

g

n(g—ps) —I=Es

1 1 L1
(/ (u— kn+1)qu) < CCE{Q po ke PR 42" tar S
Ak

n+1:Pnt1
+5(/
Ay

Applying (4.5) with 7 = p,,, 2 = p, and k = k, 1, we get

/.

L(:c)|Vu\pdx)%}q. (4.17)

n41:Pn

L(@)|VulP dz < Cla + Be?)eP2m ( / (4 — k1) d:c) gt
A

nt1-on En+t1.0n
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1

+m( / (u— kn+1>de) | A crpn| T+ CBEE| Ag oy o]
A

n+1:Pn

Using (4.10) and (4.11) again, we deduce from the last inequality that

/.

L(z)|VulP dz < C(ePa + B)2"PJ¢ + Cry2" "
Invoking (4.12) the last inequality yields

n+17§n

_g-t 1
ke t Jit.

1

g 1 1 1 1 n(g—t) —49=t L
/ L(z)|VulPdz | < CO(etar + 3#)2" 7 + Cvyr2
Akn+lv§n
From this and (4.17), we obtain

I A AL

k Ps
*
n+1Pn+1

(/ (u—%HWMJQSC@{f%MSL?+M€W;+MWKM
A

1 n(g—t q

),;tiq
+w2meﬂﬁ.

It follows from (4.18) and (4.12), noticing k* > 1 and J2* + J,
due to ps; < q < tp, that

(4.18)

1 1 1 1
L e <2000 4 )

n+1Pn+1

</ (U - kn-‘rl)qu) ' S 6(6,&,6,7,5)2%( = + Jﬁ?)
A

(4.19)
From (4.13), (4.11) and (4.19), we obtain
LHlSCXgaﬁiméﬂﬁf(Lé—%i?)meﬂk:ﬂ%ﬂL?%
That is,
Joi1 < Cle, , B, 7, 5)k;q<§;m n" (J,lf‘sl + J}f‘h), (4.20)
where

2 ad—a
O<51Z—i—g<52::g—gandn;:2g_s+qqqq>1'
lp q Ps g

Step 3: A-priori bounds. Invoking Lemma 4.4, we deduce from (4.20) that
Jn — 0 as n — oo, provided

R e B e i
Jo < min | (2k) o1np °1 (2k) %2n : |,

~ )
where k := C(e,a, 3,7,0)k. * . We have

Lhzj; W—kﬁwx:[;

(ko)) dr < /A ()
ko,ro Ry

Ry

(4.21)

On the other hand, the inequality

Ry

_a(@-q9) _% _ 1
(uh)?dz < [ 2C(e, 0, B,7,0)ks ¢ 1
AR1+26
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is equivalent to

k* Z (2C<67 a, 67 s 5)) q(({zq) nﬁ;}_q) ( /
A

Rq+2e
R

We also have that the following inequality

_4@-q _% — L _%-h
/ (uh)?de < (20(6,04,5,7,5)]{;* a ) n %2 %
A§i+2€

is equivalent to

L > (20 5)) 7@ e (6 +°2 61) Pl Sl e
. > ( (e, v, 8,7, )) n\s e AR1+2e(u )9 dx )
So if we choose
352
( L8201 751) q(q—q)
k* — 1+(2C(€7a767775))‘1@ ll)n 51 5o q(@—aq) ]_+ - |U|qdl' s (422)
Ap! ¢
then, we obtain (4.21), and hence, thanks to Lemma 4.4

= +\4

Ry

Note that, due to Lebesgue’s dominated convergence theorem we have
— +)4 _ _ +\4
Ip — /14R1+26 ((u—Fk)7") Xafite dz /AR1+6 (u—k)*)"dz as n — oo.
Ry R

Thus, [,m+ ((u— ko))" dz =0 and hence, (u— k)t =0 ae. in AFT ie.,
Ry

esssupu < k,. (4.23)

Rq+e
AR

Replacing u by —u in Steps 1 and 2 and arguing as above, we get

esssup(—u) < k. (4.24)
ALt
It follows from (4.23) and (4.24) that
o < k. .
HUHL‘X’(AQTL y = k (4 25)

Note that by Lemma 4.3, we have
u € LI(AfRT). (4.26)
Combining (4.22), (4.25) and (4.26) there exist C' > 0 and p > 0, both independent
of u, such that (4.2) holds. This completes the proof of part (i).
(ii) We proceed in the same fashion as in part (i) of this proof. Let u be a weak

solution of problem (4.1). Without loss of generality we may assume that ¢ > %.
Denote

A= L]

= |al ) and M= 101l o, o

177 (B(ao, ro) 177 (B(@o,ro) B(zo.r0))’

and for £ > 0, § € (0,7¢), denote
Ags = {x € B(xo,0) : u(z) > k}.
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We will prove that there exists a positive constant C' independent of u such that for
any 0 < r; <ry <rgand k > 0, the following Caccioppoli-type inequality holds true:

P

_ q q
/ L(2)|VulP de < C(A+B'rg)(/ ( uzk ) d:c) 4
Ak, Al,rg o — T

+ pM(/
Ak,rg

Indeed, let & € C(RY), such that Xper) < & < XBor) and [VE < —2-. We

ro—r1
note that for @ € Dy”(Af; L) and € € CHRY) with X p(agr) < € < XBagsr), We have
ué € Dé’p(A%; L) and %€ is a test function for (4.1). By this and Proposition 2.8, we
can use (u — k)TEP as a test function in (4.1) and then repeating the arguments used
in the proof of part (i), we easily obtain (4.27).
Next, we define the recursive sequence {.J,,} as follows. For each n € Ny, define

Ip 1= / (u—ky)?dx,
A

kn,pn

(u— k) dx) A |+ OBRP| A5 (4.27)

where

) To To . 1
Pn = §+ i1 and k, = k, (1 — 2n+1)

with k, > 0 to be specified later. Note that

= <k, <k, Vn €N,

v |

pk Ty T ke and 2 < p, < 7o,

Denote p,, := 222 (n € Ny) and fix ¢ € CHR
and |(’| < 8. Define

o) = ¢ (B (1o -l - 2)) sem®

Then Cn S CI(RN)a XB(:vo,pn_H) S Cn S XB(mo,ﬁn) and |an| S 2
Fix g € (tp, pt). Using Hoder’s inequality, we have

Jpi1 = / (u— kpyq)?de < (/
Ak Ak

It is easy to see that

/ (u— kpy1)ida < / ((u = kni1)*¢) " da. (4.29)
A

B(zo,ro0)

~—

, such that X(—o0 1) < ¢ < X(=o00,2)

for all n € Ng.

To

q

a—q

(u— kn—i—l)q dl‘) ’Ak?nJrlvanrl’ ’
(4.28)

n+1Pn+1 n+1Pn+1

n+1:Pn+1
By the assumption on L, W'P(B(xg,10); L) := {u € W(B(xo,70)) : fB(m ro) [JulP +
L(z)|Vul] dz < oo} is a Sobolev space with respect to the norm

P

I ( [l E@val dx)
B(zo,r0)

Moreover, WP (B(xg,70); L) < WhPs(B(xg, 1)) < LY(B(z0,70)) in view of [8, The-
orem 1.3 and the embedding (1.22)]. Denote by Wy ?(B(xo,70); L) the closure of
C2*(B(wg,10)) in WHP(B(xo, 19); L) with respect to the norm |||y 1.s(5(zo,r0);1)- For any
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u € CF(B(xg,r0)) using the change of variable of the form x = zo+y, v(y) = u(zo+y),
and employing Sobolev’s embedding and Poincaré’s inequality we obtain

1 1

(/ (W())\axx)\qu)g -(/ . )y ) ?

1
< Ci(ro) (/B(Ovm)(ﬁ(y) P+ V() [P) dy) 2
1 1
< Ca(r0) (/B(OM) Vo (y)[™ dy)p_s = Cs(ro) (/B(mo’m) V()P daz)p_s
1 1

< Colry) ( /B a dx) sp ( /B - L(x)|Vﬂ(x)|pdx) P

Here, and in what follows, C;(rg) (¢ € N) depend only on ry. Thus we obtain

q

/ ()| dz < Cy(ro) D ( / L(2)|Vii(z)]? dz. ) p
B(xo,r0) B(zo,r0)

q

where D := <fB(x0 vy L (@) dx) Sp, for all w € C°(B(xg,70)). By the density argu-

ment, it holds for all & € Wy (B(xo,70); L). It is easy to see that (u — kni1)TCo €
Wol’p(B(xo, 7o), L). Thus, applying the last inequality for u = (u — k,11)*(, and com-
bining this with (4.29) we obtain

J.

aq
p

(= kns1)?da < Cs(ro) D (/B L(@)IV((u = Kns1) " Ca)IP dx)

n+1:Pn+1 (1‘0,7"0)

< Cy(ro)D [ [ r@Iv b g
B(l‘o,ro)

S]]

P

R kn+1>+>p\v<n\pdx]
B(zo,r0)

<[ LovePa
Akn+1aﬁn

P

+ 2("+4)p7“0_p /

L(z)(u — kpi1)? dx}
A

n+17§n

< Cy(ro)D UA L(2)|Vul? do

n41:Pn

(]
Ak

D
q

AT

|

(u - knJrl)q dx)

n41:Pn
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This yields

/.

Applying (4.27) for k = k,11, ™1 = p, and 79 = p,,, we get

/.

ST

(u — kpy1)?dx < Cs(ro)D [/ L(z)|VulP dz + 2””AJ§ (4.30)
A

En41:n

n+1:Pnt1

2
q

L(z)|VulP dz < C2(n+3)p7«0—P(A + Brg)(/ (u— an)Q) +
A

v

Combining this and (4.30), we obtain

J.

n+1-Pn kn+1,pn

1
q —t
(u - kn+1)q dx) ‘Akn-klvpn ‘ qu + Cka‘Akn-Flan | g .

n+1:Pn

_ b 1 qg—t
(u - knJrl)q de < C6<T0>D [(A + B>2np‘]7g + M Jy ‘Akn-klypn‘T
n+1:Pnt1

q
pp
q

+ 2" AJy,

n+17pn}

From this and the estimate

. kn q 2(n+2)q
’Akn+1,pn+1’ S ’Ak;,thpn} S / (ui) de‘ S ng]na

kpt1.0n k1 — ko

we obtain from (4.28) that

q —
n(a=) st r2 In?
Ji ] 2 T T

Jn+1 S C7(T0)D% |:(A + B)Z"pJnE + Mk’ ?2

So if we choose k., > 1 then (4.31) implies

_a(@=q)
T < COAB LDt (2155 4 7175

where
0<512:g—g<5222
tp q

Finally, arguing as in Step 3 of the proof of part (i) we get the desired conclusion. [

a(Gd—q)
q

qiqandn::?}+ > 1.

Obviously, Theorem 1.3 is a special case of Theorem 4.2. Now we give the proof of
Theorem 1.4. Since this proof is similar to that of Theorem 4.2 (ii), we only sketch it.

Proof of Theorem 1.4. Let u be a solution of problem (1.1) and let x € (0,1 — —) We

follow the argument in the proof of Theorem 4.2 (ii) with the choice a = K, b = 0 and
q == 11, to obtain (4.31) of the form

a4 _na@-q L4
q 2y 2 an
Jny1 < C(rg)Da {(A + B)Q”’Uﬁ‘} N
ky ?

where
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A= HLHLﬁ (o))’ B = ||K||L# (B(xo,m))’D = (fB(mm) L%(x) dx) , and
C(rp) > 0 depends only on ry. This implies

Jusr < Clro) DA (A + B)F kv Jh . (4.32)

where 7 := 2904#) > 1. Invoking Lemma 4.4 with 6, = 6, = p, we deduce from (4.32)
that J, — 0 as n — oo, provided

_1
2

Jo < [Clro) D (A + BYI;oe] " i (4.33)

We have

n= [
A

So if we choose

(u—ko)?dx = / ((u— k;o)+)q dz < / (u™)?dz.
B(zo,p0) B(xo,70)

kospo

L

k., = [C('r’o)nﬂ an Dﬁ(A + B)ﬁ (/ (u™)? dx) q, (4.34)
B(J:(),T’())
then, we obtain (4.33), and hence, thanks to Lemma 4.4
J, = / ((w = k) ") X Bag,pn) dz — 0 as n — oco.
B(l‘o,T‘o)
Note that, due to Lebesgue’s dominated convergence theorem we have

In = / ((u— k*)‘L)qXB(xO’%o) dr = / ((u— k*)+)qu as n — oo.
B(J:(),T‘o)

B(l‘m%))
Thus, fB(m o) ((u—k.)T)*dz = 0 and hence, (u — k)™ = 0 a.e. in B(zg, 2), Le.,

esssup u < k. (4.35)

B($(),%))
Replacing v by —u in the arguments above, we get

esssup(—u) < k. (4.36)

B(zo,2)
It follows from (4.35) and (4.36) that
[ull oo (B0, 70y) < K- (4.37)
Note that by Lemma 4.3, we have
u € LY(B(wo,19)). (4.38)

Combining (4.34), (4.37) and (4.38) there exists C' = C'(u,7r9) > 0 independent of u,
such that (1.3) holds. The proof is complete. O
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4.2. The smoothness of solutions. In this subsection we prove the results on
smoothness of solutions.

Proof of Theorem 1.5. We rewrite (1.1) as
—Ldiv(|Vu|P"*Vu) — |[VulP"*(Vu - VL) = AK|ul?~?u,

ie.,
VL

— div(|VulP~ ZVU)—)\ [ulP~u + |VulP(Vu - T)

Thus, ¢ = u is a weak solution to
— div(z, ¢, Vo) + bz, ¢, V) = 0,

where d@(z, ¢, V¢) = —|Vo[P~2V¢ and b(z, ¢, Vo) = A |u[p~2u + [Vo[P~2(Ve - YE).
In view of Corollary 2.2 and Theorem 1.4 we have u € I/Vllp (AR2) N LS (AR?). Using
Young’s inequality, for any Ry < r; < ry < Ry we have

K VL?
.90 < Ml [ 7| + 22 196+ 3|5
Hence
p—1 1 K VL?
<L 2 |\vepr RRE I il ) el B
0,900 < PoH 0o+ (Ml + ) (| 3]+

Thus by [5, Theorem 2 and its Remark]| we obtain Cﬁ)g‘(A”) forany Ry <r1 <ry < Ry
and hence the proof is completed. (]

Finally we conclude this subsection by proving Holder regularity of eigenfunctions
up to inner boundary.

Proof of Theorem 1.6. By Theorem 1.3, we have u € L™ (Agi“). From this and the
estimate
1

PAdr < —4—nv—— L Pd
/Agﬁe Val?de < essinf L(x) /Agﬁe (@)[Vulf dz < oo,
1 1

xeARl-l»e
we obtain u € WUP(ARF) N Lo (AfF). As in the proof of Theorem 1.5, we have

L
— div(|VulP~ QVU)—)\ [ulP~*u + [Vul|P"(Vu - VT)

Thus ¢ =u € lep(Agi’Le) N L (Agfe) is a weak solution to the following problem

—div(|Vo[r2Ve) = AE|p[P—2¢ + Vo[ 2(Ve - FE) in AR,
¢»=0 on OBg, and ¢ = u on OBg, ..

By Theorem 1.5, we have u € C1*(9Bg, +.). From this and [ 2| + |£| € Lo (AfH),
we have ¢ = u € C1F<(AF™) for some S, € (0,1) in view of [15, Theorem 1]. O
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4.3. Positivity and decay of solutions. In this subsection we prove the positivity
and decay of solutions. First, we prove Theorem 1.7, which states that a nonnegative
C'! solution is positive everywhere.

Proof of Theorem 1.7. By Theorem 1.5, we have u € Cl(Agf). The conclusion of the
theorem then follows from [20, Theorem 8.1]. O

Finally, we show the decay of solutions at infinity when the domain is unbounded.

Proof of Corollary 1.8. Denote

ap = essénf L(x) and f; := esssup ||| L]
TEBY

K| _«
R €Bg ., Lt P (B(@,ro)) * ” ”Lqu(B(l“ﬂ’o)) '

then 0 < a1, < oo by the assumptions of the corollary. Let u be a solution to
problem (1.1). We first show that u € LP"(B%, ) for all € > 0. Indeed, fix an € > 0
and let {u,} C C}(B,) such that

/ L(x)|Vu, — Vul|Pdz — 0 as n — oo. (4.39)

Since Dy”(Bg,; L) < L

1OC(B%), up to a subsequence, we have

{un — u a.e. in B, (4.40)

U, — u in LP(ART).

Let ¢ € C°(RY) such that XBs,. < ¢ < xpg, and [V < 2. Since ¢u, € CHRYN), by
Sobolev’s embedding we have

P

(/ |prun|P” d:c)p < C/ V(¢un)|P dz, Vn €N,
RN RN

where C' > 0 is independent of n. Hence

( / |un|p*da:)p szp*c( IV s+ [ |un|”|V¢|pdx)
;‘2+€ N RN
2 p
< 2P~ 10{ / (:E)|Vun|l’dx+(—) / |un|pdx}.
c € Ag+€

Letting n — oo in the last estimate, using (4.39), (4.40) and Fatou’s lemma, we get

. o op—1 92p—1
lulP” dz < ¢ L(z)|Vul? dz + ¢ |ulP dz < oo.
c (03] c Ag+€

R+e

Thus u € L (BY,,). Hence for a fixed @ € Br,te, we get

q

[y < s ([ ) (44)
B(xz,ro0) B(z,ro0)

Let s > ﬂ + L be sufficiently large such that ¢ < p! < p*. Fix such s and p €
(0,1— —) Clearly, all the assumptions of Theorem 1.4 are satisfied so we obtain (1.3)
for any ball B(x,rg). From this estimate and (4.41), for all || > R + r¢ + €, we have

1

[l (5 o)) < o) Bl 7o) DF7 807 B0, )] </B<m> a dy) |
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That is,

1

ol (e ) < CCrweman i) [ o )"

where C(rg, i, ay, 1) is independent of z. Since u € LP"(B$,.), we deduce from the
last inequality that u(z) — 0 uniformly as |z| — co. O

5. THE ASYMPTOTIC ESTIMATES OF SOLUTIONS TOWARDS THE BOUNDARY

In this section we prove the asymptotic estimates of solutions towards the boundary
stated in Theorems 1.10 and 1.11. Such asymptotic estimates are obtained due to
strengthened versions of (A) near R; and R».

Remark 5.1. Note that in the condition (A), when v,w € L] (R;, Ry) and P(r) < oo
for all r € (Ry, Ry), then f}ff P(r)o(r)dr < oo is equivalent to f;i P(r)o(r)dr < oo
and frleP(T)O(T) dr < oo for some R; < 1 < 1y < Ry. Note that (A.p) implies
that [ P(r)o(r)dr < oo for some r; € (Ry,€). Indeed, since p'7 € L'(Ry;¢),

we have f;l p' P (7)dr — 0 as r — R;. Thus, there exists r, € (R, &) such that

P(r) = (f5, 07 (r)dr)"

1
for all » € (Ry,71). Hence, by (A1) we have

p—1

Plr) < ¢ (/fa(T) dT) L Wre(Rum).

Therefore
1 1 r1 13 7%
/ P(ro(r)dr < ¢ < / o(7) dT) o(r) dr

Ry R1

1
le 13 p
<%(/ﬁo(7‘)d7‘) < 00.

Similarly, it is easy to see that (A.gr) implies that f:? P(r)o(r)dr < oo for some
T2 € (f, Rg)

We start the proof of Theorem 1.10 by stating nonoscillatory property of the radial
solution in the right neighborhood of R;. This fact can be obtained by applying [21,
Theorem 1.14] and using a similar argument to that of [7, Proof of Proposition 4.3].
Therefore, we omit it.

Lemma 5.2 (Nonoscillatory I). Assume that (A.y) holds. Then for a solution u €
CY(Ry, Rg) of (1.5) with u(Ry) = 0, there exists a € (Ry,€) such that u(r) # 0 and
uw'(r) # 0 for all r € (Ry,a).

Thanks to Lemma 5.2 and the technique used in [6, Proof of Theorem 1.1], we now
prove the behavior of u(x) and Vu(z) as || — R;, provided hypothesis of Theorem
1.10 is satisfied.

Proof of Theorem 1.10. Since v € C'(Ry, Ry) and u(Ry) = u(Ry) =
ro € (R1, R2) such that u'(rg) = 0. Take a := min{r € (Ry, Ry) : u/(r
a € (Ry, Ry) in view of Lemma 5.2. Clearly, u(r) satisfies

—(p(r)[u' (r)[P=2u/(r))" = Ao (r)|u(r)[P2u(r), r € (R, Ry),
u(Ry) =0=1d'(a).

0, there exists
) = 0}. Then,
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Then,

p(r) [ ()P~ (r) = )\/ o) |u(T)[P2u(r)dr, Vr € (Ry,a)..

T

We may assume that «’(r) > 0 in (Ry,a) and hence u(r) > 0in (Ry,a). Thus, we have

W (r) = AeT pt P (1) ( / aa(T)uH(T) dr) " re(Rua) (5.1)

Hence

u(r) = \iT / PP (1) (/tdO(T)up_l(T) dT) . dt, Vr € (Ry,a). (5.2)

R

Estimates from below: Fix a € (R;,a), then

1

u(r) > AP (/ja(T)upl(r) dT) o / PP (t)dt, Yr e (Ry,a),

R

ie.,

where C} := A\r1 (faa o(T)uP=1(7) dT) ’

To obtain an estimate from below of the derivative of solution, we use (5.1) to get

'(r) > Ap—ilpl—p’(r)< / &a(f)up—l(f) dT) " Vre(Ri,a),

ie.,
u'(r) > Cipt P (r), Vre (Ry,a).
Estimates from above: We proceed with an iteration argument.
1st Step: From (5.2) and Holder’s inequality, for all » € (R, a), we have

u(r) < A\ /R P (1) ( /t da(f) dT) o ( /t da(f)up(f) dT) : dt
< A ( /R o (T)uP (1) dT) : /R PP (1) ( /t &o—@) dT) i dt,

u(r) < ¢ /7‘ pl_”’(t)lf%1 (t)dt, Vr e (Ry,a), (5.3)

i.e.,

-

where ¢; := )\p_il (f;l O-(T)up(T) d7->; and

Here we note that ¢; € (0,00) since

1
/AR2 w(|z))|ulP dz = 3 /AR2 v(|x])|VulP de < co.

Ry Ry
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2nd Step: Using (5.3) in (5.2), we get

_1

u(r) < Ait1 [ T o P () I (tl)dtl)pl dT] . dt

1

i.e.,

1
where ¢y : = Ar—1¢; and

Lt) = /t&a(r) (/ij Y ()17 (tl)dtl)p_ldr.

nth Step: By induction, we obtain the following estimate for arbitrary n,

r 1
u(r) < cn/ PP (L) dt, Vr e (Ry,a), (5.4)
where ¢,, := )\Til Cn—1 and

L(t) == /t ") ( / ' pl—p’@n1)1;;i<tn1)dtn1)pld7, Vi e (Rid).  (5.5)

R1

By (5.4), to prove upper estimate for the solution u near dBg, it is sufficient to show
that there exists n € N and a constant C' > 0 such that

L(t) < C, Vte (R, a).

To this end, fix £ € (max{¢,a}, Ry), where § appears in (Acp). By (W) and (A L),
there exists a constant C' > 0 such that

</réa(r) dT) </R P (1) dT)E < C, Vre (Ryé). (5.6)

Indeed, for r € (R, &), we have

< / éo—(T) dT) ( /R p (1) dT)e
= (/;a(T) dT) (/R P (1) dr)5+ (/:o—(r) dT) (/R p (1) dT)e
<C+ (/:U(T) dT> (/: 27 (7) ds)e — ).

For r € [¢,€], we have

</Tég(7) dr) (/Ri PP (1) dT)E < (/jg(f) dr) (/Ri P (1) dT)E .,

Take C' = max{Cy, Cy}, we obtain (5.6).
Similarly, we may also assume that (5.6) holds for € satisfying
k 1 -1
¢ 4 p(p — p

1) : —¢
keNy ie, ——k 0, Vk € Np. 5.7
fp+ 1 Vke Ny ie., 5 - £0, Yk € Ny (5.7)
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We now use (5.6) and (5.7) to estimate I,,(¢). Let ny € N such that

i.e., ng is the smallest integer n such that
1 —1-
Sl
P €

Clearly, ng > 2. We first prove the following estimate for I,,.
Claim 1. For each n € {1, - ,ng — 1}, there exists ¢, > 0 such that

< 0.

p—1l—e¢

. L (p—1)2=L
L,(t) < é, [/tﬁ o(T) dT] , Vte (Ry,a). (5.8)

We prove the Claim 1 by induction. The conclusion is obvious if ng = 2. Suppose that
no > 3 and (5.8) holds for some n with 1 < n < ny — 1. We prove that (5.8) holds for
n 4+ 1 too. Indeed, from (5.5), (5.6) and (5.8) we have

(n=1)(p—1-c)

a T , 1 3 p(pl—l) T el p=1
I (t) < / o(T) {/ Pt () ER! </ o(tn_1) dtn_l) dtn] dr
t Ry tn

L =Dp-1-0)

a T , tn , oD p—1 p—1
< éiﬂ/ o(T) [/ pt? (tn)</ Pt (te) dtn1> dtn] dr
t Ry Ry

a T ) —s+(n—-1)(p—1-¢)+p—1
— [Cot ([ 0 ) ar, e (i)
t

R

(5.9)

Here we note that ———— + ("71;(51176) +1>1- -5 > 0. From (5.6), (5.9) and

@ > 0, we have

noticing % —

1_(n=D(p=1=¢) p-1

Ln() <&, /t o) [ / ga(tn)dtnr_ T n

where
~3
6 R Cn+1
T nl-1-9
p €

Therefore, (5.8) also holds for n + 1 and hence, Claim 1 is proved.
Claim 2. There exists ¢,, > 0 such that I,,,(t) < é&,, for all t € (Ry,a).



THE WEIGHTED p-LAPLACIAN IN SYMMETRIC DOMAINS 31

Indeed, from (5.5), (5.6) and applying (5.8) for n = ny — 1, we obtain

L)< [ o) [0 i

R1
1 (ng—=2)(p—1—¢)

3 p(p—1) e(p—1) p—1
X / O'(tnO,Q) dtnO,Q dtn0,1 dr
tnofl

a T
s%/ﬂﬂuﬁﬂ%mx
t 1
ng—2)(p—1—¢)

tng—1 1—p' 7P(P€*1)+( p—1 p—1
X / P p(tno_g) dtno—Z dtno—l dr

R

for all t € (Ry,a). Taking into account

(no—2)(p—1—¢) €
p(p1)+ 0 p”l +1>1-— _1>O,We

obtain from the last estimate that there exists c o > 0 such that

a T ) — £+ (no—2)(p—1-€)+p-1
Lny(t) < &, / o(7) ( / pP (tnol)dtnol) dr, Vte (Ry,a).
t

Ry
(5.10)
From (5.6), (5.10) and noticing § — (ng — 1)2=~* ¢ < 0, there is & such that

_ 1_(ng=1)(p—=1=¢)

L (t) <& /td o(7) [/ja(tno_l)dtno_ll ' 6 dr

1_(ng=2)(p=1=¢) p-1

a é P € € é
= —620/ [/ U(tno—l) dtn0_1] d (/ U(tno—l) dtn0_1>
t T T

_ _1_(np=1)(p—1—¢)

3 3 > - i
T (n0*10)(p7176) / O-<t"0*1) dtpe—1
; I A h T=t
. o L1 (o-Dp-1-9
én P € . )
== 1 _ ("0*10)(77’*1*6) / 0<tn071> dtn0,1 =+ Cng; vt € (Rh CL).
p € |V a ]
Thus, we have proved Claim 2.
By Claim 2, we get from (5.4) that
u(r) < Cz/ pl—p/(t) dt, Vr e (Ry,a), (5.11)
Ry

1

where Cy := ¢,y Chy .
Finally, we look for the estimate of u’ from above. By (5.6) and (5.11), we have

/ ([ otoar) "
(== ) ([ o)

| /\

T=t
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p—1—

— é _ i €
< L</ o(7) dT) , Vre(Ry,a).

p—1—e

Combining this and (5.1) we deduce
u'(r) < Copt™(r), Vr e (Ry,a).
U

The asymptotic estimates of solutions towards the boundary 0Bpg, are obtained in
the same manner. As before, we need the following nonoscillatory property and its
proof can be obtained by invoking [21, Theorem 6.2] and using a similar argument to
that of [7, Proof of Proposition 4.3]. Therefore, we omit it.

Lemma 5.3 (Nonoscillatory II). Assume that (A.r) holds. Then for a solution u €
CY(Ry, R2) of (1.5) with u(Ry) = 0, there exists b € (&, Ry) such that u(r) # 0 and
u'(r) # 0 for all r € (b, Ry).

Using Lemma 5.3 and similar argument as in the proof of Theorem 1.10 we prove
Theorem 1.11 as follows.

Proof of Theorem 1.11. Let b := max{r € (Ry, Ry) : v/(r) = 0}. Then b € (Ry, R,) in
view of Lemma 5.3. We have u € C'(Ry, Ry) satisfies

{—(0(7’)\“’(7’)\”‘2%’(7‘))’ = Ao (r)[u(r)P"u(r), r€ (R, Ry),

u'(b) =0 =u(Ry).

We may assume that /(r) < 0 in (b, Ry) and hence u(r) > 0 in (b, Ry). Thus, we have

—u/(r) = )\p_ilpl’p/(r) </Era(t)up1(t) dt) - , 1€ (b Ry).

Using this and the fact that u(Ry) = 0, we get

u(r) = A1 / b PP (1) ( /b to—<r)up*1(7) dT) o dt, Vr € (b, Ry).

The rest of the proof is similar to that of the proof of Theorem 1.10 for which we
mofdify (A.gr) as

(/;o(T) dT) (/TR2 P (1) dr)e <C, Vre(Ry)

for some fixed & € (Ry, min{b, £}). O

6. APPLICATIONS

In this section we give concrete examples to illustrate our main results. Consider
the following equation

— div (v(|z])|[VulP~*Vu) = Mw(|z|)|uf’*u  in B (6.1)
with v(|z]) = (Jz| — 1)* and w € L] (1, 00) such that w > 0 a.e. in (1,00). Note that

loc
for such weights v, w, the condition (W) is clearly satisfied.

Example 6.1 (Degenerate weight). Let 0 < a < p— 1.
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o If p# N and w € L' ((1,00); (r — 1)P77*) N L*((1, 00); (r — 1)P7!), then v, w
satisfy (W) of Corollary 2.5 and hence,

Dy"(Bf;v) == LP(Bf;w).

In this case, the eigenvalue problem (6.1) has a principal eigenpair due to
Theorem 1.2.

o Ifwe L'((1,£); (r—1)°) for some £ € (1,00) and § < p—1—a, then (A, 1) holds
for € € (%,p —1)N (0,00). By Theorem 1.10, if u(z) = u(|z|) € C(BY)
is a solution to equation (6.1) with u(1) = u(cc) = 0, there exist a € (1, 00),
0<C, <Cyand 0< Cy < Cy, such that

p—l—a

Ci(r — 1)1 < [u(r)] < Co(r — 1), Vr € (1,a) and
Ci(r—1)" 1 < [u'(r)] < Co(r — 1) 71, Vre (1,a).
Since

: . u(r) —u(l)

wi(l) = lim ===,
we have 0 < |u/ (1)|] < oo when a = 0 and |« (1)| = oo, when a > 0.

elf p<N+aandwe L'((£ 00);(r— 1)5) for some € € (1,00) and 6 =p — 1
when av € (0,p—1)and 6 € (p —1, N — 1) when o = 0, then (A.;,) holds for
some € € (0,p — 1). By Theorem 1.11, if u(z) = u(|z|) € CY(Bf) is a solution
to equation (6.1) with u(1) = u(oo) = 0, there exist b € (1,00), 0 < C; < Cy
and 0 < él < ég, such that

_N-pto

Cir™ vt <Ju(r)| < Cz'r’*N;flM, Vr € (b,c0), and

~ _N-l-a ~ _N-l-«
Cir™ 7T < Ju'(r)] < Cor™ 777, Vr € (b,00).

Remark 6.2. For instance, let v(r) = 1 and 0 < w(r) < Cr~" (v > p), we obtain
better estimates for w,u’ at infinity than that of [4] and [2], by putting o = 0 in
Example 6.1.

Example 6.3 (Singular weight). Consider 1 <p < N and let p— N < a < 0.
o If we L'((1,00); (r — 1)P"1) N L' ((1, 00); (r — 1)P~'7), then the weights v, w
satisfy (Ws) of Corollary 2.5 and we get
Dy”(BY;v) =+ LP(Bf;w).

Hence, the eigenvalue problem (6.1) has a principal eigenpair due to Theo-
rem 1.2.

o If w e L'((1,€); (r — 1)P7") for some & € (1,00), then (A.y,) holds for € €
(%,p —1). By Theorem 1.10, if u(x) = u(|z|) € CY(BY{) is a solution to
equation (6.1) with u(1) = u(co) = 0, there exist a € (1,00), 0 < C} < Cy and
0< C~'1 < C'Q, such that

p—l—«a j2

Ci(r— 1)1 < |u(r)] < Cor — 1)1, Vr € (1,a) and
Cr(r —1)777 < [/ (r)| < Co(r —1)777, Vr e (1,a).

In this case, we have u/ (1) = 0.
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o Ifwe L'((§,00); (T—l)g) for some € € (1,00) and 6§ € (p—1—a, N —1), then
(A1) holds for some € € (0,p—1). By Theorem 1.11, if u(z) = u(|z|) € C*(BY)
is a solution to equation (6.1) with u(1) = u(o0) = 0, there exist b € (1, 00),
0<Cy<Cyand 0 <y < 02, such that

__ N—-p+a

Cyr— =t < u(r)] < Cor™ 71, Vr € (b,00), and

N—-1

Cir~ o < (r)] < Cor 51, Wre (b, 00).
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