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ON CONCENTRATION OF LEAST ENERGY SOLUTIONS FOR
MAGNETIC CRITICAL CHOQUARD EQUATIONS

T. Mukherjee* and K. Sreenadhf

Abstract
In the present paper, we consider the following magnetic nonlinear Choquard equation

(—iV + A(x))?u + pg(x)u = Mu + (|z] = * [ul?>)|ul>a 2y in R",
u € HY(R",C)

where n > 4, 2% = 2222 o € (0,n), p > 0, A > 0 is a parameter, A(z) : R* — R"

n—2"7

is a magnetic vector potential and g(z) is a real valued potential function on R™. Using
variational methods, we establish the existence of least energy solution under some suitable
conditions. Moreover, the concentration behavior of solutions is also studied as y© — 4oc0.
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Hardy-Littlewood-Sobolev critical exponent.
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1 Introduction

In this article, we study the existence and concentration behavior of nontrivial solutions of

the following nonlinear Schrodinger equation with nonlocal nonlinearity of Choquard type

22y in R™

—i A(z))?u T)u = Au z|7 x [ul?) |u
(PW){LGVHT(R% + ng(x) + (]~ x fuf)|

where n > 4, 2} = 2”__20‘, ae0mn), p >0 A>0 A= (A,A,....,4,) :R" > R"is a

n

vector(or magnetic) potential such that A € L7 (R™ R™) and A is continuous at 0 and g(z)

loc
satisfies the following assumptions:

(gl) g € C(R™",R), g > 0and Q := interior of g~!(0) is a nonempty bounded set with smooth
boundary and Q = g~1(0).
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(g2) There exists M > 0 such that L{z € R" : g(z) < M} < 400, where £ denotes the
Lebesgue measure in R™.

A more general form of the above problem is
(—iV 4+ A(x))*w + G(z)w = F(z,w), w e H' (R",C) (1.1)

which arises when we try to look for standing wave solution of the Schrodinger equation

mg_‘f — (—ihV + A(2))%6 + Q(2)d — n(z, |6])é,

where h is the Plank constant. A lot of attention has been paid to nonlinear Schrodinger
equation in recent years. When A = 0( i.e. no magnetic potential) in (1.1), many authors
studied the problem as in [7, 9, 16]. The problem of the type

— Au+ pa(z)u = I+ |uP~2u, (1.2)

where a > 0 is potential well, with subcritical growth i.e. p < 2* = 2n/(n — 2) has been
investigated extensively in [6, 10, 11, 34, 45]. In the critical case p = 2*, Clapp and Ding in
[19] established the existence and multiplicity of positive solutions for (1.2) using variational
methods. For Schrodinger equations with critical nonlinearity, one may also refer [1, 13,
22, 39]. In [28], authors have studied the blow-up of radial solutions to a cubic nonlinear
Schrodinger equation with a radial defect, located on the sphere of radius ry. We also suggest
readers to refer [2, 37, 30] for further study.
When the magnetic vector potential A Z 0, the Schrodinger equation of the form

(—ihV + A(x))*u + V(z)u = |u/P"%u in R",

where V' is electric potential function, has been widely studied by many authors, we refer
[12, 17, 29, 41, 42] for this and the references therein. Motivated by these results, very
recently Lii [33] studied the problem

(—iV + A(x))%u + (go(z) + pg(@))(x)u = (2|7 * [ulP)|u[P"2u, u € HY(R™,C), (1.3)
wheren >3, € (0,n), p € <2"T_°‘, 2;‘%;‘), go and g are real valued functions on R" satisfying
some necessary conditions and p > 0. He proved the existence of ground state solution when
w > p*, for some p* > 0 and concentration behavior of solutions as 4 — oo. The Hardy-

Littlewood-Sobolev inequality (see Theorem 2.2) plays an important role for studying such

problems and in that context, we call 2} = 27’:__20‘ as the crtical exponent in the sense of

Hardy-Littlewood-Sobolev inequality. When A =0, go =0, g =1 and g =1 in (1.3), that is

—Au+u= (2|7 * |[uP)|ulP?u,u € H'(R™)

the equations are generally called the Choquard equations which arise in various fields of

physics, example quantum theory of large systems of nonrelativistic bosonic atoms and



Magnetic Choquard equation 3

molecules. Choquard equations are another topic of attraction for researchers now a days
which in turn rendered a huge literature in this area, for instance refer [20, 27, 38]. In [31],

Lieb proved the existence and uniqueness of solution, up to translations, for the problem
—Au+u = (|z] * |u*)|u? in R

In [5, 25, 26], Gao and Yang showed existence and multiplicity results for Brezis-Nirenberg

type problem for the nonlinear Choquard equation

2% .
—Au = ( Ldy) lu?0 720 4 Ag(u) in Q, u=0ondQ,
Qlr -yl

where 2 is smooth bounded domain in R", n > 2, A > 0, 0 < « < n and g(u) is a nonlinearity

with certain necessary assumptions. Salazar in [40] showed existence of vortex type solutions

for the stationary nonlinear magnetic Choquard equation
(—iV 4+ A(x))?u+ W(z)u = (Jz|~* * |ulP)|u[P"2u in R",

where n > 3, a« € (0,n), p € [2,2}), A: R" — R" is magnetic potential and W : R” — R
is bounded electric potential (under some assumptions on decay of A and W at infinity).
Cingloni, Sechi and Squassina showed existence of family of solutions for a Schrédinger equa-
tion in the presence of electric and magnetic potential and Hartree-type nonlinearity in [18].
Schrodinger equations with magnetic field and Choquard type nonlinearity has also been
studied in [14, 15]. In this context, we also cite [3, 4, 44] with no attempt to provide the full
list of references.

Now a very obvious question arises, what happens in the critical case i.e. when p = 2},
in (1.3)7 Here in this paper, we consider the problem (P, ,) which is motivated by (1.2)
and (1.3). The main difficulty for this problem is the presence of critical nonlinearity in the
sense of Hardy-Littlewood-Sobolev inequality which is also nonlocal in nature. The critical
exponent term being nonlocal adds on the difficulty to study the Palais-Smale level around
a nontrivial critical point. We define V qu := (—iV + A(z))u and consider the minimization

problem here by defining

fRn |V aul? dx
1 * *
weHY (RM\(0} [ (2] 5 |u|25) Juf25 da

and proved that it is attained under some necessary and sufficient conditions which is a new

Sa =

u

result. Also the other results proved here are completely new and there is no work concerning
this problem till now to the best of our knowledge. Following the approach of [19], we show
that (P ) has a solution. Also we show that the problem

Py) (—iV 4+ A(2))?u = M+ (|| * [ul?>>)[u?272u in Q,
A u=20 on 0f)

for small A acts as a limit problem for (P, ,) as y — oo. We use the knowledge of (Py) to

show the concentration behavior of solutions of (P ).
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We divide our paper into 4 sections. Section 2 contains the variational setting and the main
results of our work. We study the Palais-Smale sequences and proved some compactness
results in section 3. Making use of these results, we establish the proof of main theorems in

section 4.

2 Variational setting and main results

We assume that g satisfies the conditions (g1) and (¢2) throughout this paper. Let us define
H{(R",C) = {u € L*(R",C) : Vaue L*(R",C")}.

Then H}(R",C) is a Hilbert space with the inner product

(1, v) 4 = Re < / (VauVav -+ un) d:n> ,

where Re(w) denotes the real part of w € C and w denotes its complex conjugate. The

associated norm || - [| 4 on the space H}(R™,C) is given by

1

fulla = ([ (VauP + ) do)”

We call H}(R",C) simply H}(R"™). Let Hg’l(Q,C) (denoted by Hg’l(Q) for simplicity) be
the Hilbert space defined by the closure of Cg°(€2,C) under the scalar product (u,v)s =
Re ([(VauV av + ut) dz), where Q = interior of g~'(0). Thus norm on Hg’l(Q) is given by

2
lul 01y = ( [+ ) dx)
Q

Let E = {u € H}(R") : [p, 9(x)|u|* dz < +oo} be the Hilbert space equipped with the inner
product

(u,v) = Re (/ (VauV qv dz + g(z)uv) da:)
and the associated norm || - ||, where

fully = [ (Vaul? + gl do

Then || - || is clearly equivalent to each of the norm || - ||, where

Jully = [ (auf + pg(o)laf?) da

for 4 > 0. We have the following well known diamagnetic inequality (for detailed proof, see
[32], Theorem 7.21 ).
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Theorem 2.1 If u € HY(R"), then |u| € H'(R™,R) and
|V|ul(x)] < |Vu(x) +iA(z)u(z)| for a.e. z € R™.

Proof. The outline of the proof is as follows: since A : R" — R" we get

IV|u|(x)| = ‘Re <Vu| |>‘ = ‘Re <(Vu+zAu)%>‘ < |Vu+ iAul.
|

So for each ¢ € [2,2*], there exists constant b, > 0 (independent of ;) such that
lulg < bgllul|,, for any u € E, (2.1)
where |- |, denotes the norm in LY(R",C) and 2* = =5 is the Sobolev critical exponent. Also

HY(Q) < L9(Q,C) is continuous for each 1 < ¢ < 2* and compact when 1 < g < 2*. Let us

denote .
B(u) = /(|x|a i 25 25 dx—/n/n |x_ |a| dady. (2.2)

To estimate the nonlocal term B(u), we have the following Hardy-Littlewood-Sobolev in-
equality (refer [32], Theorem 4.3).

Proposition 2.2 Let t,r > 1 and 0 < o < n with 1/t + a/n + 1/r = 2, f € LY(R™) and
h € L"(R™). There exists a sharp constant C(t,n,a,r), independent of f,h such that

/n - yg;_ )d dy < C(t,n, ,7)|flelhl,- (2.3)
Ift:r:%?ﬁa
n_ « n —14
C(t,n,a,r) = C(n, a)_wgll:gz_ég {1;55))} ‘
2

In this case there is equality in (2.3) if and only if f = (constant)h and

h(z) = 2(y* + |z — af)

for some z€ C,0#~v € R and a € R"™.

(2n )

Proposition 2.2 implies that
|B(u)| < C(n, a)lul3*, (2.4)

where C'(n,«) is as given in Proposition 2.2. By (2.1), we say that B(u) is well defined for
u € E. Also B(u) € C*(E,R), refer Lemma 2.5 of [44].

Definition 2.3 We say that a function v € E is a weak solution of (Py ) if

2;)

n

Re ( VauV 4v dz —I—/ (ng(x) — Nuv do — / (|x| 7 * |u « 2T d:z:> =0
R” R

forallv e E.
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Definition 2.4 A solution w of (Py,) is said to be a least energy solution if the energy

functional

1
223

Iy () = /R (é (IVaul + (ug(e) — Nuf?) - <|:c|—a*|u|23>|u|2z> d

achieves its minimum at u over all the nontrivial solutions of (Py ).

Definition 2.5 A sequence of solutions {uy} of (P, ) is said to concentrate at a solution

u of (Py) if a subsequence converges strongly to u in HY(R™) as py — oc.

The main idea to prove the existence of solution for the problem (P, ,) is using variational
methods where the weak solutions for (P, ,) are obtained by finding the critical points of the
energy functional I , : H}(R") — R defined by

1
223

I ulu) = /R (%(lwuﬁﬂug(:c)—»mﬁ) - <|x|—a*|u|2z>|u|2z> az.

Then I, , € C'(E,R) with

<[$\”u(u)7?}> = Re < V auV qv dx +/ (,ug(x) —A—(Jz| 7« \ulzz)\u]23_2> T da;)

n

R”

for u,v € K. Thus we characterize the weak solutions of (Py ) as the critical points of I .
From now onwards, we denote A\1(€2) > 0 as the best constant of the compact embedding
HYNQ) < L*(Q,C) given by

M) = inf {/ IV aul? da : /|u|2 dx:l}
weHY (@) L/Q 9)

which is also the first eigenvalue of —A 4 := (—iV + A)? on Q with boundary condition u = 0.
Let S denote the best Sobolev constant of the embedding H{(Q,R) — L (€, R) which is

given by
S= inf {/ \Vul? dz / lul* do = 1}.
weH QR) /o Q

We know that S is independent of {2 and it is achieved if and only if Q = R". We use Sy 1,

to denote the best constant as

Supr = inf ){/ |Vul|? dw:B(u):l}.
Q

ueH (R R

By Lemma 1.2 of [25], we get that Sp 1 is achieved by functions of the form

)= (rre=ap)

where C' > 0 is a fixed constant, a € R™ and b > 0 are parameters. Now we state our main

n—2
2

results :
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Theorem 2.6 For every A € (0,A1(R2)) there exists a u(\) > 0 such that (Py,) has a least
energy solution u,, for each p > p(X).

Theorem 2.7 Let {u,,} be a sequence of non-trivial solutions of (Py ,,) with i, — oo and
2n—a

I i, (Um) — ¢ < 27@12__3‘) St as m — oo. Then uy, concentrates at a solution of (Py).

3 Palais Smale analysis and compactness results

In this section, we find the Palais Smale critical threshold below which any Palais Smale
(PS). sequence has a convergent subsequence. We recall that a sequence {u,,} C E is said
to be a (PS). sequence (for I ,) if I ,(um) — ¢ and Igw(um) — 0 as m — co. We say that

I, satisfies the (PS). condition if every (PS). sequence contains a convergent subsequence.

Lemma 3.1 Suppose py, > 1 and u,, € E be such that pi,, — 0o as m — oo and there exists
a K > 0 such that ||um||u, < K, for all m € N. Then there exists a u € Hg’l(Q) such that

(upto a subsequence), Uy, — u weakly in E and u,, — u strongly in L>(R™) as m — co.

Proof.  Since the norms || - |g and | - ||, are equivalent, we have |lu,[|% < K’, for some
constant K’ > 0. So there exists u € F such that u,, — u weakly in F and u,, — u strongly
in L (R™) as m — oo. Let C, = {x : [z| <r, g(x) > 1/r}, r € N. Then we can easily see
that
/ [t |? da < 7’/ 9(x) [ty |* dx < LHumeM < i — 0as m — oo.
- Cr Hm Hm

This holds for every r which implies that v = 0 in R™ \ . Since 02 is smooth, we have
u € Hg’l(Q). The next step is to show that u,, — u strongly in L2(R"). Let D = {z € R" :
g(x) < M}, where M is defined as in (¢2). Then

1 / K’

2 2

uy, dr < pmg(z)us, do < — 0 as m — oo. (3.1)
jé”\D pom M R"\D pom M

Let B ={z € R": |z| < R} and ¢ € (1, %) such that ¢’ = ;. Then using (2.1) and

equivalence of norms || - ||, and | - ||z, we have
/ [ — ul* da < Jup — ul3,(L(BE N D)V < 1B lum — ul[H(L(Bg N D))V,
B$ND
where C is a positive constant and Bf = R" \ Bg. Hence by (g2) we get

/ U — ul?* dz — 0 as R — oc. (3.2)
B$ND

Lastly, as we know wu,,, — u strongly in L2 (R") we get

/ [t — ul? dz — 0 as m — oc. (3.3)
Bpr
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Therefore using (3.1), (3.2) and (3.3), we get u,, — u strongly in L?(R") as m — oo. ]
Now let T}, := —A 4 + pg(x) , where —Ay = (—iV 4+ A)?, be an operator defined on E. Also

let v € E and denote (-,-) as L? inner product then we write

(T, (u),v) = Re ( / (v AuV 40 + pg(2)uD) dx> .

Clearly T}, is a self adjoint operator and if a, := inf o(7},), i.e. the infimum of the spectrum

of T},, then a,, can be characterized as
0<ay,=inf{(T,(u),u): ueE, |us =1} = 1nf{||u\|i cu€E, |ulp =1}

Thus a, is nondecreasing in . Therefore we get

(T = ) = [ (Fau + pg@ul® - Auf?) da.

n

In the next lemma, we will show that the map (7}, — A) is coercive.

Lemma 3.2 For each A € (0, \1(R2)), there exists a u(\) > 0 such that a, > (A + X\ (€2))/2
whenever p > (). As a consequence

(T = Myu,w) = Bl
for allu € E, p> u(X), where By := (A1 (2) — X)/(A1(Q) + ).

Proof.  Assume by contradiction that there exist a sequence p,, — oo such that a,, <
(A+A1(2))/2 for all m and ay,, — 0 < (A+A1(€2))/2. Let us consider a minimizing sequence
{um} € E such that |u,|2 =1 and ((T),,, — apu,, )tm,um) — 0. This implies

il = [ (17 0P + g ) i

= ((Tﬂm - aMm)um7 um) + aum (um7 um)
< ((Tum - aum)um,um) + (1 + aﬂm)|um|%
2(1+A1(2))

for large m, using A < A1(Q2) and 0 < (A+A1(£2))/2. So using Lemma 3.1, we get u € Hg’l(Q)
such that u,, — u weakly in F and u,, — u strongly in L?(R") as m — co. Therefore |u|s = 1

and lim inf |V au, |3 > |V aul3. Since g > 0 and 1, — 00, we have
m—0oQ

[ 0Vaul? = 01 < tmmint [ (Vawnl? + g = e funf?) d
Q m=—oo Jrn

= lg&lglof ((Tﬂm - aﬂ7rl)um7 um) = 0.

Hence

SSTC

/ |V qul? dz < 6 <
Q
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which is a contradiction to the definition of A;(€2). Therefore there exists a p(\) > 0 such
that a, > (A + A1(Q2))/2 whenever p > p()). For the second part, let v € E and p > p(\)

2
then a, < % which gives

27|Jull;
Muld < ——F
SRS S ()
Therefore A (9Q) - A
T, — >l = Mul3 > 252w
(T = M) = = Ml > Tl

Our next lemma assures that all (PS). sequences are bounded.

Lemma 3.3 Let {un,} be a (PS). sequence for Iy ,. If X € (0,A\1(2)) and p > pu(X), then
{um} is bounded in E and

Jim (7, = Nt tn) = i Blun) = 2o
where B(-) is defined in (2.2).

Proof. Using definitions of I , and T},, we get

1 2 1
Ppli) = g (B lm)on) = (B30 ) [ (7l 4 g = Al )

(3.4)
n+2—«
= 570 T - A ms m
2(2n—a)(( b= At tm)
and 1 2F —1 + 2
I (tm) = ~(Th (i) tm) = [ 2= ) Bltm) = o= Blup,). .

i) = 5t} = (2522 ) Bl = 322 Bun). (9

Using Lemma 3.2 and (3.4), we get
n+2—ao n+2—-ao 9

T Aos m > Y79 T - ms m 2 Y79 m .

This implies {u,,} is a bounded sequence in E. Taking limit m — oo in (3.4), we get
) 2¢(2n — «)
]. T - A myUm ) — —
300 (( a i, ) n+2—ao
and taking limit m — oo in (3.5), we get
2c(2n —
lim Bluy) = 2420 =)
m— 00 n+2—«

This completes the proof. [ |
Let 9wl d

weHLE\(O0}  B(y)%ha
For the preceding sections, enlarging p(\) if necessary, we assume p(A) > A\/M, where M is
defined in (¢2). Thus,
uM — X >0, for all u > p(X). (3.6)
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Proposition 3.4 If A € (0,\(Q2)) and p > p(X), then the functional Iy, satisfies the (PS).

condition, for all
n+2—q 2n-a
c _ , 7511«%27& .
¢ < o 22n —a) 4 >

2n—o

Proof. Let {un,} C E beasequence such that Iy , () = ¢ < 2’?2 o §7 2 and I (um) —

2n—a)
0 as m — oo. By Lemma 3.3, {uy,} is bounded in E that is |||, < K for some constant

K; > 0 and for all m. Therefore, there exists a subsequence(still denoted by {u,,}) such
that wu, — u weakly in E, u, — u weakly in L2 (R"), u,, — u strongly in L2 (R") and
Um(z) = u(x) a.e. for x € R™. This implies that as m — oo

[t % — |u|? in Lzs (R™) and |um)? 2up — |u)?* 2w in Lw¥ia (R™).
Therefore by Hardy-Littlewood-Sobolev inequality we get
2] # [ |25 — 2] * [u|2% in L& (R™) as m — oo.

Hence we obtain that

*

%)

This implies that for any ¢ € E C L (R?)

(|]® * |um, 272, — (|| * |ul*)|u)?* 2w in L%(R”) as m — 0o.

Um

/ (|| * \um\23)\um\23_2um¢ doe — / (|| * ]u\23)\u]23_2u¢ dz as m — oo.
R~ R~

Thus we get (I} ,(u), ¢) = li_I}n (I} . (um), @) = 0. Therefore u is a weak solution of (P ).

Let w,, = uy, — u, so by Lemma 2.3 of [25] we have
B(um) — B(tnm) — B(u) as m — co. (3.7)
Also since I} (um) — 0, we get
(T = N, um) — B(um) — 0 as m — oo. (3.8)
Then using (3.7) and (3.8), we get

tim (T, — Nt ) — Bliin)) = 0.

m—o0

Let lim ((T,, — N)tm,um) = lim B(up) = d (say). Then it is easy to show that Iy ,(u) > 0

and using this we get

nti-o S”2f2aa>c lim T ,(u )>1/ |V Aty |? da — 1B(17)+0 (1)
202n —a) A T moog VIS =g o Y ATm ggx AT T OmAL):
This implies
2 2 _ 2n—a
< M < Sz+2—a‘ (39)

T n+2—«



Magnetic Choquard equation 11

Let D ={x € R": g(x) < M}, where M is defined in (¢g2). Then using similar arguments as

in Lemma 3.1, we can show that
/ |t |? dz — 0 as m — oc. (3.10)
D
Then using (3.6), definition of S4 and (3.10) we get

1
SaB(am)# < / IV it |2 da < /R 1V it 2 da + / (ng(x) = V]| de

Rn\D

< (T = N, ) + A/D [nl? dz = (T — N)iam, @) + om(1).

2n—a

Passing on the limits we get d > S which is a contradiction to (3.9). Therefore, d = 0
that is u,, — u strongly in E as m — oo. [ |

4 Proof of main Theorems

Before proving the main theorems, we prove some results that will help us to achieve our

goal. The theorem below is similar to Theorem 1.1 of [8].

Theorem 4.1 If g >0 and A € L} (R",R"), then the infimum Sa is attained if and only if
curl A= 0.

Proof. At first, we prove that Sy = Spg,. By Proposition 2.2 and Theorem 2.1, for
u € H}(R") we have

- fRn ]V\uli dx - fRn \VAfﬁfi da:.

B(u)2n-a B(u)2n-«a

This implies Sy ;, < Sa. Without loss of generality, we assume 0 € € and for some § > 0,
B(0,0) € 2 C B(0,20)(B(0,7) is an open ball of radius r and center 0 ). Let

Su.1

, —=

n—2

Udz) = (n(n = 2)'T (")
e\T) = A €2+ |z|?
and ue(z) = Y(z)Uc(z), where ¢ € C°(R™,[0,1]) such that ¢ = 1 in B(0,d) and ¢ = 0 in
R™\ €. We recall the following asymptotic estimates from section 3 of [25]-
n(n=2) n
(1) |Vuel3 = C(n,a)2@—a Sir+ O(en~2).

(2)
9 de?|lne| +O(e?) ifn=4
|uels > 2 n—2 .
de® 4+ O(e"7) if n>5,
where d is a positive constant.

n—2)/(2n—a
(3) B(ue)(n—2)/(2n—a) > (C(nya)n/%ggz—a)/? i O(E(2n—a)/2))( )/( )
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(4) |uc3 = S™2 + O(e).

We have u, is bounded in L2 (R") and u(x) — 0 a.e. in R as ¢ — 0. Since A € L? (R",R")

loc

we have

/ Au? do = (JAP, Juc?) — 0 as e — 0

where the duality product is taken with respect to L™?(R™) and L*/2(R™). Now, let &' > 0

be given then choosing € > 0 small enough and using (1) and (3) we get

Jgn [V aue|* da - Jgn [Vue* + [Auc? da

B(ue) 277LL:2a o B(ue) 277LL:2a
n(n—2) n/2
C(n, a)2Cn=a) SH7L + O(e)
= ) n-2
n Zn—o n—ao 2n—a
(C(n, a)38y% - 0(&))
<Sur+9d.

This implies S4 < Sy 1, therefore Sy = Sy . Let u be minimizer of S4 normalized by
B(u) =1. Then

S :/ IVl > / Vlul? de > Sg1. (41)
Rn Rn

Consequently, |u(z)| = Ue(z — a)/B(Ue), for some a € R™ because the minimizers of Sy ;, are
of the form U, which are invariant under translation and dilation(Lemma 1.2, 1.3 of [25]).
We can take |u| > 0 and the equality in (4.1) occurs when the diamagnetic inequality in
Theorem 2.1 has an equality a.e. Therefore Im((V au)u/|ul) = 0 that is A = —Im(Vu/u).
Since curl(Vu/u) = 0, we are done. The condition is also sufficient, the proof follows similarly
as in Theorem 1.1 of [8]. ]

The next step to prove our main theorem is introducing the Nehari manifold. Let

Ny ={ue E\{0}: <I§\7M(u),u> =0} ={ue E\{0}: (T, — Nu,u) =B(u)}.

Then the critical points of Iy , lie in N, ,. Let X = {v € E: B(v) = 1} then using fibering

map analysis, we say that for each u € E, there exist

= ((@ - 2§>u>>ﬁ

such that t,u € Ny ,. Using Proposition 1.1 of [43], we get N, , is radially diffeomorphic to
X via the map

2

" <(<Tu - A)(u),u)>m

u.

On Ny,
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So we get

n —|— 2 — 2n—a
— DT (T — A e
ueNy,, 2(2n — «) vlgx(( b= A):v)

Now consider any domain @ C R". As we defined I ,, in a similar manner we define

1 2 2 // |u(z y)[*
2/Q(|VAU| + AMul*) dz — 7 |:1:—y|a dzdy

= %((TO —N)(u),u) — 2;* B(u)

Iuo(u) =

for u € Hg’l(Q). This is an energy functional associated to the problem

Py) (—iV + A(2))?u = Mu + (|2]® * [u|?)|u/?>"2u, u >0 in Q
Ml u=0 on 0Q.

The Nehari manifold associated to (Py) with Q = Q is given by
Nyo = {ue HY @)\ {0} ((Ty— N(w),w) = B(w) |

which is radially diffeomorphic to Xg = {v € Hg’l(Q) : B(v) = 1}. We set

n+2—a«a 2n—a
= f I = i f Th — n+2—a
K0 ueljl\a& o olw) = 2(2n — «) vg@(( 0= A)(u),u)m

Lemma 4.2 If A € (0,\(2)) and u > (), then the following holds

n+2—a« 2n—a n+2—a 22
R — S nt2—a < k; < k < 75”+2*Q
>2n —a) (BrSa) <k S ke < 5o — 550

where By is defined as in Lemma 3.2.

Proof. Using Lemma 3.2, we have 8)[|v]|% < ﬁ)\H’UHi < ((Ty — A)(u),u). This implies, taking

infimum over X, we get
n+2—«

2(2n — «)

This gives the first inequality. Now, for the second inequality, since

2*
XQ:{UGHA //|u |x|—y|°‘ dxdyzl}CX,

where Q = interior of g=1(0), we get kxu < kxo. We aim to show that

2n—a
(BrSa)m+2=a < ky .

2n—«
n+2-— a5n+2—a

2(2n — o)A

k’)\’Q <

Let U, and u, be as defined in Lemma 4.1. Define

VAu2 Mul?) dz
Jy() = Jo(IV aul ul?) .

ulx 2a u 2a 2n—a
(f fQ‘ ( \|x |y—\u 2 dﬂ?dy)2
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Let A be continuous at 0 and y(z) := — > A;(0)z;. Then it is easy to check that (A+V~y)(0) =
0 and therefore by continuity of A at 0 we get a §; > 0 such that

(A+Vy)(2)]? <k < A, for all |z] < 6.
Also let d2 = min{0, 6; } and define ve(z) = ¥ (x)Ue(x) exp(iy(x)), where

1 in B(0,65/2)
w(:”)_{ 0 inR"\Q.

Then using (1) of Lemma 4.1, we get
[ (9wl = Ny do= [ (-9 + D@V explin)? - A202) da
< [ (VQUIP -+ U2V + AP - MPU?) da
R?’L

n(n—2) n -
< Cn,0) 85+ 0(2) + (F— \) / :
B(0

Moreover, using (3) of Lemma 4.1, we get
B(ve) = B(ue) > C(n, a)"/zng_o‘)/Q — o(el2no)/2y,

It is a standard result that for € > 0 small enough

/ U2 do > Cezlloge] %fnzél
B((],%Q) Ce if n>25,
where C' > 0 is a constant depending only on n. Therefore since k— X\ <0, when n > 5, for

€ > 0 small enough we get

n(n—2)

C(n,a)2B=0 5% | + O("2) + (k — A)Ce?
)(n—2)/(2n—a)

In(ve) < < Su, = 95a. (4.2)

<C(n, a)“/ngz_a)/z — O(el2n—0)/2)

This implies

n+2—a« 2n—a n+2—ao 22

k < 7!] . nte—a & — n+2—a
Ml = 2( Ave) 2(2n —a) 4

that is the last inequality holds for n > 5. Similarly the result follows for n = 4. [ |

2n — a)

Remark 4.3 For the case n = 3, (4.2) becomes
(A —k) —O(1))Ce

IA(ve) < Sh,L —
(O(a)?’/?S}?‘LO‘)/z _ O(E(ﬁ—a)/z))

= (4.3)

where the right hand side of (4.3) becomes less than Sy, if X > 0 is chosen large enough.
But since X € (0, A1) this can not be possible. So we remark that the question of existence and

concentration of solutions of (P ,) remains open in the case n = 3.
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Proof of Theorem 2.6: Let {u,,} be a minimizing sequence for I A ON N, Au- Then by
Ekeland Variational Principle [23], {u,, } becomes a Palais-Smale sequence. Using Proposition
3.4 and Lemma 4.2, we conclude that there exist a subsequence of {u,,} that converges to
least energy solution, say wu, of (P ). [
Proof of Theorem 2.7: Let {u,,} be a sequence of solution for the problem (P, ) such
that A € (0, A1(£2)), ptm — 0o and

n+2—a e

D (ttm) = (T = X)) ) = € < g =5 Sir 7

By Lemma 3.2, ((T},,, — A)tm,Um) = Ballum||?,, for sufficiently large m which implies that
Billuml2, < e+ o(1). So, {un} is bounded in E and using Lemma 3.1, we say that there
exists u € Hg’l(Q) such that, upto a subsequence, u,, — u weakly in £ and u,, — u strongly

in L?(R"). Since uy,, solves (P ,,.), we have

(mg(@) = Nt = (1217 # [t )t % 11 dx) -

(4.4)
for every v € E. Since Q = {z € R" : g(z) = 0}, for any v € Hg’l(Q), fin Jgn 9(2) Um0 da = 0.
Letting m — oo in (4.4), we obtain

Re < Vau,Vav dz +/
Rn

n

Re < VauV 4v do — )\/ ut do — / (J| =% s |u|?>) [u| > —2uD da:) =0,
Rn n R’!L

for all v € Hg’l(Q) which implies that u is a weak solution of (Py). Let @, = u,, — u, then
U — 0 weakly in E and i, — 0 strongly in L?(R™). Therefore,
(Tyue — Nty wim) = ((Tpie — N @im) + ((To — Au, u) + o(1). (4.5)

By Lemma 2.3 of [25], we get

B(uy,) — B(ty,) — B(u) as m — 0.
Since u is a weak solution of (P)) it is easy to see that

(Typy — N)lans U ) — Bim) = o(1). (4.6)
We claim that B(t,,) — 0 as m — oo. Suppose not, that is B(u,,) — d > 0 as m — .
Using (4.6) and arguments as in Lemma 3.4, we get

SAB (i) < / IV il A& < (T, — N, iim) + 0(1) = B(iim) + o(1).

n

n+2—«

Consequently, we get that Sa < B(4,,) ?»== + o(1) which implies

2n—o

ST < lim Bluy,). (4.7)

m—0o0
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) . 2c(2n—
It is not hard to find that rr}l_H}(l)o B(uy,) = (flgg‘_j)) Thus from (4.7) we get
2n—a 2n—a
n+2—o < 1i n+2—a
S _W%l_lgoB(um)<SA

which is a contradiction. Hence, li_])rn B(ty,) = 0 and ((Ty,, — A)lum, Uy) — 0 as m — oo.
m [e.9]

Using (4.5), we get
(To — Nu,u) = nlbgnoo (T = Aty Unmy) - (4.8)

Since u = 0 in R™ \ Q, 80 Uy, = Uy, in R™\ Q. Also since g = 0 in (Q, for sufficiently large m

we get
/ g(@)a, Az < jim / 9(2)@2, dz < (T, — N)(iim), @) + 0(1).
n RP\Q

Therefore, [p. g(x)u?, dz = 0 and since up, — u strongly in L*(R"), (4.8) implies

lim |V At |? d :/ |V aul? da
R" R”

m—o0

that is u,, — u strongly in E as m — oo. [ |

Corollary 4.4 If A € (0,A(2)), then lim ky, = kxq-

U—>00

2n—a

nt2-0 G727 as p — 0o. Theorem 2.6 implies

2(2n—a)
that ky , is achieved for p > p(X). Therefore, Theorem 2.7 says a must be achieved by I, o

Proof. By Lemma 4.2, k), = a < k) o <

on Ny q. Hence a >k, q. [

5 A Remark on nonlocal counterpart of (P, )
In this section, we brief the nonlocal extension of the problem (P, ,) given by

(P§) (—A)5u+ pg(e)u = Au+ (Jo| =% [uf*e)|ul > "%u in R",
MO w e HE(R,C)

where n > 4s, s € (0,1) and o € (0,n). Here 27, ; = 20-0 g the critical exponent in the
sense of Hardy-Littlewood-Sobolev inequality. We assume the same conditions on A and g
as before. For u € C2°(Q), the fractional magnetic operator (—A)?%, up to a normalization

constant, is defined by

: z+y
| u(@) — 0 ACT y(y)
—A); =21 d
(=A)4u(x) e R\, (s) |z — y[nt2s Y

for all z € R™. Up to correcting the operator by the factor (1 — s), it is true that (—A)%

converges to —Ay4 as s T 1. For further details we refer [21] and references therein.
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Functional Setting- Let Lg(]R”, C) denote the Lebesgue space of complex valued functions
with [p, glu|* < 400 endowed with the real scalar product

<u,v>L3 := Re </n g(z)uv dx) , for u,v € Lf](R",(C).
We consider the magnetic Gagliardo semi-norm defined by

. x 2
) [u(z) — A u(y)
[U]S’A . /n /n ’[]}‘ — y‘N+28 df]}'dy

The scalar product is defined as

<u7 U>8,A

u(z) — @A)y v(x) — A,y
:Ww%+Muﬂ/n“) DA u(y)) (v() VA @0@@

and the corresponding norm is given by

1
2
el = (1l + )2 1)

We define Hj  (R",C) as the closure of C2°(R",C) with respect to the norm || - [|s 4. Then
we have the following properties regarding the function space H A g(R", C) -

(i) (Hj,(R",C),(-,")s,a) is a real Hilbert space.

(ii) The embedding Hj ,(R",C) — LP(R",C) is continuous for all p € [2,27] where 2 =
nz_gs Furthermore, for any K € R" and p € [1,2]), the embedding H3 ,(R",C) —

LP(K,C) is compact.

(iii) (Diamagnetic inequality) For each u € Hj ,(R",C)
ul € Hg(R",C) and [|ullls < [lulls.a
where Hj(R",C) = Hj (R",C) with A =0.
For further details related to this topic, we refer [21, 35] and the references therein.

Definition 5.1 We say that u € Hj (R",C) is a weak solution of (Py ) if

w(z) — @A), o(z) — @A),
Re /n/n < ) ’iy_))y’af%) (y)) dxdy+u/ g(x)uv dx

n

—A ut do — / (|| 7# * |u)®e=)|u|?>s~2uD d:z:> =0
R R

for allv e Hj (R",C).
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The functional I, : H} (R",C) — R, associated to (P5 ), is defined by

P A

1 -
I ? 2d _ —H 2&,5
)= gt =5 [l e g [ el

Then I, € CY(H 44(R",C),R) and the critical points of I, are exactly the weak solutions of
(Pf’ u)‘ Based on this setting, we expect that Theorem 2.6 and 2.7 type of results can as well

20 d.

as obtained for the problem (P;f “) employing the same arguments as in this article. Lastly,

we cite [36, 24| for readers as very recent articles concerning this topic.
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