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ON A CLASS OF WEIGHTED P-LAPLACE EQUATION WITH
SINGULAR NONLINEARITY

P. Garain* and Tuhina Mukherjeef

Abstract

This article deals with the existence of the following quasilinear degenerate singular

elliptic equation
) —div(w(z)|VulP72Vu) = gx(u), u > 0in Q,
A
u = 0 on 012,

where 2 C R" is a smooth bounded domain, n > 3, A > 0, p > 1 and w is a Muckenhoupt
weight. Using variational techniques, for gx(u) = Af(u)u~? and certain assumptions on f,
we show existence of a solution to (Py) for each A > 0. Moreover when gx(u) = Au~7+u"

we establish existence of atleast two solutions to (Py) in a suitable range of the parameter
A. Here we assume ¢ € (0,1) and r € (p — 1,p% — 1).

Key words: Weighted p-Laplacian, Singular Nonlinearity, Multiple Weak So-
lutions, Variational Method.
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1 Introduction

In this article, we are interested in the question of existence of weak solutions to the following

singular weighted p-Laplace equation

) —Ap pu = gx(u), u>0in Q,
A
u =0 on 0,

where 2 C R"™ is a smooth bounded domain, n > 3, A > 0 and p > 1. We consider the

nonlinearity gy of the following two types:

Case (I) gx(u) = Af(u)u™? where ¢ € (0,1) and f : [0,00) — R satisfies
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(f1) f(0) > 0 such that f is non decreasing and satisfies the following hypothesis:
ft) ft)

=0and lim — = >
t—oo tatp—l t—0 t4

Case (IT) ga(u) = Au=9 + u" where g € (0,1), r € (p — 1,pt — 1). Here p = N"_L;S for 1 <ps<n

where ps = £5 and s € [p%l,oo) N (%, 00).

We observe that in both the cases, Case (I) and Case (II), gy is singular in the sense that

lim gyx(t) = +o0.

t—0t

Here
Ay = div(w(z)|VuP~2Vu)

is the weighted p-Laplace operator for some weight function w. When w =1, A, ,, = Apu
(which is the usual p-Laplace operator) which further reduces to the classical Laplace operator
A’ for p = 2.

In this article, we discuss the existence of weak solutions to the problem (P)) depending
on the range of A\. The study of singular elliptic problems has been a topic of considerable
attention throughout the last three decade and there is a colossal amount of work done in
this direction. Now, we state some known results in this direction which are essential to
understand the difficulties and the framework of our problem. The following quasilinear

singular problem has been investigated in quite a large number of papers:

h(z,u) )
—Apu = A——% 4+ pu”, u>0in Q,
P wi M (1.1)
u = 0 on 0f).

When p = 2, A > 0 and g = 0 (that is the purely singular case) Crandall, Rabinowitz
and Tartar [7] proved the existence of a unique classical solution uy € C%(Q) N C(Q) of the
problem (1.1) for any ¢ > 0 and h(z,u) = h(z) being nonnegative and bounded in . For
the same problem, existence of a weak solution in H}(f2) was proved by Lazer-Mckenna [18]
when 0 < ¢ < 3. Boccardo-Orsina [5] investigated the following purely singular problem in
case of arbitrary ¢ > 0 with a weight function

—div(w(z)Vu) = M, u>0inQ,
ud (1.2)
u = 0 on 0,
where w(z) satisfies
w(@)y - 2 alnl?, jw(z)] < B (1.3)

for some positive constants «, 3 and n € R™. They proved existence of a weak solution
u € HYQ) for 0 < ¢ <1 and u € HL () for ¢ > 1 such that W € H(Q). Recently,
Canino-Sciunzi-Trombetta [6] generalized the problem (1.2) for the p-Laplace operator and
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obtained both the existence and uniqueness of weak solutions. This problem in the weighted
case has been studied in [10]. When h(z,u) = h(u) > 0 and p = 0, (1.1) was investigated by
Ko-Lee-Shivaji in [17] for any p > 1 and 0 < ¢ < 1 in a certain range of \.

Concerning the perturbed case i.e. p > 0, Haitao [13] proved the existence of at least

n+2
n—2’

h =1 and g = 1 for certain range of A > 0. Simultaneously, using the Nehari manifold

two solutions for (1.1) using Perron’s method and assuming p = 2,0 < ¢ <1 <r <

approach, Hirano-Saccon-Shioji [15] proved multiplicity result for the problem (1.1) with the
assumptions as in [13] in a certain range of A > 0. In a natural way of extension, the weighted

Laplace equation with singular nonlinearity and a perturbation term that is

—div(w(z)Vu) = % +u", u>0inQ, (1.4)

u = 0 on 0,

where w(x) satisfies the hypothesis (1.3), existence of a weak solution for (1.4) has been proved
in [4] for any ¢ > 0 and multiplicity result has been established in [1] under the restriction
0 < g < 1. Later on, authors in [2] obtained multiplicity results for the problem (1.4) for any
q > 0 when w = 1 and A lies in an appropriate range. Moving on to the quasilinear case,

multiplicity result for the following singular p-Laplace equation

—Ayu = i—i—uT, u > 01in €,
ud (1.5)

u = 0 on 0,

has been established by Giacomoni-Schindler-Tak4¢ in [12] assuming 0 < ¢ < land p—1 <
r < p*—1 for certain A > 0. The problem (1.5) with ¢ > 1 has been recently settled in [3]. We
refer to [11] for a comprehensive list of bibliography related to semilinear singular Dirichlet
problems.

From the above literature it is clear that singular problems has been almost settled for
the p-Laplace operator which is degenerate for p > 2 and singular for 1 < p < 2 at the
critical points (see [19]). Such degeneracy behavior of the operator also depends on the
weight function ’w’ as in our case for the operator A, ,, even in the case p = 2 (since
Ag oy = w(z)Au + Vw - Vu). Motivated by the singular problems with weighted p-Laplace
operator studied in literature, it is natural to ask the question of existence when w violates
the hypothesis (1.3), specially if w — 0 or w — oo (e.g.,w(x) = |x|*) which captures the
degenerate behavior of A, ,,. For more details on such operators, we refer to [8, 9, 14].

The problem (Py) for Case (I) when w(x) = 1 has been studied by Ko, Lee and Shivaji
in [17] and (Py) for Case (II) has been studied by Arcoya and Bocardo in [1] when p = 2 and
w(z) satisfying (1.3). Our main focus in this article is to provide a class of weights w which
assures the existence of weak solutions to the problem (Py) in both Case (I) and Case (II).
We start with choosing the weight function in the class of Muckenhoupt weights A, (refer to

section 2 for definition and see [20] for more details). Then we define a subclass Ay of A,
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which ensures some crucial embedding results (see section 2). When w € Ay, Garain in [10]

proved existence of solution to
—Appu=u"1 u>0inQ, u=0on0N

such that u(z) > c¢x > 0 when z € K CC Q. We use this property of solutions to the purely
singular problem with —A,, ,, very efficiently to construct sub solution for (Py). Then using
Perron’s idea, we show that (Py) in Case (I) possesses a bounded weak solution. To prove
the multiplicity result, later we consider a parameter dependent perturbed problem (Py) in
Case (II). Here, we consider an approximated problem (P).) and showed existence of two
weak solutions (., v, to it using the Mountain pass Lemma. Next, we lead to passing the
limit as € — 0 on {(.} and {v.} which contributes two weak solutions to (P)) in Case (II).
The key point of this article is that we do not require any regularity results and proved our
main theorems using purely variational techniques although the weight w here can be possibly
singular. The results proved here are completely new concerning the singular problem with
weighted p-Laplace operator.

We have divided our paper into four sections: Section 2 contains the variational framework
and preliminaries. Section 3 contains the main result related to (Py) in Case (I) and Section

4 contains the multiplicity result for (Py) in Case (II).

2 Variational Framework

We begin this section by briefly introducing the weighted Sobolev space corresponding to the
Muckenhoupt weight, for more details refer to [8, 9, 14, 16, 20].

Definition 2.1 (Muckenhoupt Weight) Let w be a locally integrable function in R™ such that
0 <w < oo a.e inR™ Then we say that w belong to the Muckenhoupt class A,, 1 < p < 00

if there exists a positive constant ¢y, (called the A, constant of w) depending only on p and
w such that for all balls B in R™,

< 1 d 1 = p_1<
— | wdr ) | — | w ridx Cpw-
|B| Jp !B\/B -

Example w(z) = |z|* € A, if and only if —n < o < n(p — 1) for any 1 < p < oo, see
14, 16).

Definition 2.2 (Weighted Sobolev Space) For any w € Ay, we define the weighted Sobolev
space WHP(Q,w) by

WhP(Q,w) = {u: Q — R measurable : |ul|ipw < o0},

with respect to the norm ||.||1 pw defined by

g = ( [ utoiPuto dx)% + ([ 1t o) g (21)
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Also we define the space Wol’p(Q,w) = (C(Q), || - l1,p,w) and denote it by X.

Lemma 2.3 (Poincaré inequality [14]) For any w € Ap,, we have

/ (6P (x) dx < C (diam Q)P / VoPw(z)de, ¥ ¢ € C(Q), (2.2)
Q Q
for some constant C' > 0 independent of ¢.

Using Lemma 2.3, an equivalent norm to (2.1) on the space X can be defined by

Joll = ([ 1vut@)P ) g (23)

A subclass of A,: Let us define a subclass of A, by

1
A, = {w € A, :w® € LYQ) for some s € [ﬁ,oo) N (g,oo)}

For example, w(z) = |z|* € A, for any —% < a < 2, provided 1 < p < n.
Lemma 2.4 (Algebraic Inequality, Lemma A.0.5 [21]) For any x,y € R™, one has

Cp|x - y|p’ pr 2 27
([P 2x = [yl 2y, x —y) > z — y|?

c )

P(lz| + ly)?

where (.,.) denotes the standard inner product in R™.

ifl<p<2,

Lemma 2.5 (Embedding) For any w € As, we have the following continuous inclusion map

L1(Q), forps < q<pkin case of 1 < ps <n,
X<—>W01’pS(Q)<—> L1(Q), for1l<q<oo,in case of ps = n,
C(Q), in case of ps > n,

where ps = B and p; = %}j’s 18 the critical Sobolev exponent.

Moreover, the above embeddings are compact except for ¢ = pk in case of 1 < ps < n.
Proof. For proof refer to Theorem 2.15 of [10]. |

Definition 2.6 (Weighted Morrey space) Let 1 < p < oo, t > 0 and w € A,. Then we say
that u belong to the weighted Morrey space LPY(Q,w), if u € LP(Q,w), where

LP(Q,w) = {u : Q — R measurable : / |u|P w(z) de < oo}
Q

and

Tt / P
wl| 1ot Q) = sup _— w(y)Pw(y)dy | < oo,
lealer (@w) €Q,0<r<do (N(QQB(%T)) QOB(:c,r)| W)Fu) )

where dy = diam(QQ) and p(QN B(x, 7)) = meB(m " w(z)dz, and B(x,r) denotes the ball with
center x and radius r.
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Assumption on the weight function ’w’: Throughout the paper, we assume the
following

e for ps; > n, the weight function w € Ag and

e for 1 < p, < n, the weight function w € A such that

1 e LaPn—edP=1)(Q) )
w Y Y

. pn
for some ¢ > n and 0 < o < min{1, —q(p_l)}.

Lemma 2.7 Let u € X be positive which solves the equation —A, ,u = g for some g €
L>(Q). Then u > cx > 0 for every K CC €.

Proof. Let ps > n, then the result follows by Lemma 2.5. If 1 < ps, < n, then arguing
similarly as in Theorem 3.13 of [10] we get w € L*°. Now applying Theorem 1.3 of [22] we
get the desired result. [ |

Definition 2.8 We say that uw € X is a weak solution of (Py\) if u > 0 in Q and for all
» € CX(Q), one has

/ w(z)|VuP™2Vu - Vo dr = / gr(u)o dz. (2.4)
Q Q
Moreover we say a function u € X to be a subsolution (or supersolution) of (Py) if

/w(x)\Vu]p_ZVu-V(bde (or 2)/g>\(u)¢dx (2.5)
Q Q

for every 0 < ¢ € C°(Q2).

Throughout the article we denote by X1 = {u € X : u > 0Oae. inQ}, vi(z) =
max{v(z),0}, v~ (x) = max{—v(x),0}, |S| = Lebesgue measure of S, p’ = p%l for p > 1.
Then we have the following property of weak solutions.

Lemma 2.9 (2.4) holds for every ¢ € X.

Proof.  Following the proof of Lemma A.1 of [15], we get for any v € X, there exists a
sequence {v,} € X such that each v, has a compact support in 2, 0 < vy < vy < ... and
{vn} converges strongly to v in X. Now arguing similarly as in Lemma 9 of [15] we get the
result. [

Our main results related to problem (P)) reads as:

Theorem 2.10 There exists a weak solution to (Py) for every A > 0 under the assumption

(f1) in Case (I).

Theorem 2.11 There exists a A > 0 such that when X\ € (0,A), (P\) admits at least two

weak solutions in Case (II).



Singular Problem 7

3 Existence result in Case (I)

In this section, we head towards proving our first main result that is Theorem 2.10 using the
method of sub and supersolution. Let us first define our energy functional Ey : X — RU{+o00}

corresponding to (Py) as
1
Ey(u) = - / w(x)|VulP de — )\/ F(u) dz
P Ja Q
where .
/ m dr, ift > 0,
o T4
0, ift <0.
Then the following Lemma is a crucial result to obtain the existence of solution and we follow

13].

Lemma 3.1 Let u,u € X N L>®(Q) be sub and supersolution of (Py) respectively such that
0<u<uwandu > cxg >0 for every K CC §, for some constant cx. Then there exists a
weak solution u € X N L>¥(Q) of (Py) satisfying u < u < 7w in ).

Proof. Consider the set
M={veX:u<v<uin Q}.

By the given condition u < @ in €2, so M # (). Also it is standard to check that M is closed
and convex.
Claim (1): E) is weakly sequentially lower semicontinuous on M.

To show this, consider a sequence {vy} C M such that vy — v weakly in X. Then using (f1)

( Q)

Therefore from Lebesgue Domlnated Convergence theorem and weak lower semicontinuity of

we have

norms, the claim follows. So there exists a minimizer u € M of E) that is Ey(u) = inj\fd Ey\(v).
ve

Claim (2): u is a weak solution of (Py).
Let ¢ € C2°(2) and € > 0 then we define

uw ifutep>u
Ne=4 ut+ep ifu<u+ep<u
u ifu+ep <u.

Observe that n. = u + ep — ¢ + ¢, € M. For notational convenience, let us denote ¢¢ =



Singular Problem 8

(u+ep—u)t and ¢ = (u+ ed —u)~. Now from definition of u, we have

< i a1 = w) = Bx(w)

t—0 t
1 / w(@)([Vu + £V (1 — )P — [Vuf?) de / (F(u+ (e — ) — F(w)) de
= lim — < — A lim =€
t—0p t t—0 t

=11 — A5 (say).

(3.1)
It is easy to see that
I = / w(z)|VulP2Vu. V(1. — u) d.
Q
Next, we consider the quantity /s and get that
€ t €
I, = lim (ne = ) f(u+ 6t(ne — u)) dx, for some 0 € (0,1).
t=0 Jq (u+ 0t(ne —u))d
If (ne —w) > 0 then from Fatou’s Lemma, it follows that
Q uf
Otherwise if (ne — u) < 0 then since (7. —u) > €, so ¢ < 0. Hence in this case
(1= )+ 0tn— )| _ ~tn = w)f(all) _ =t () ¢ 1 gy
(u+ 0t(ne —u))? uf uf
since ¢ € C°(Q2) and u > cx > 0, whenever K CC €.
By Lebesgue Dominated Convergence theorem,
Moy =\ / (e —w)fw) .
Q us
Using these in (3.1) we obtain
0< / w(x)|VulP2Vu.V (g — u) dx — )\/ (e =) f(v) dz
o o Ul (3.2)

| =

—

where

Q° = /Qw(x)\Vu]p_2Vu.V¢e dx — )\/Q %qﬁg da

and Q. = /Qw(ac)]Vu\p_2Vu.V¢E dx — )\/Q %@ dz.
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Now we estimate Q¢ and . separately. So consider

1 1
EQEZE/Qw(x)ﬂVuP’_zVu \Va[P~2Va).Ve© de + = Qfﬁq)qb dx —; ;

f()

1
= E/ w(z)(|VulP2Vu — |ValP~2Va).V(u — 1) dx

+/Q€w(a:)(‘Vu!p—2Vu— yvmp—2va).v¢dx+%/ﬂ (@ _ %) o da

wd
-2 =2 A 1 1 _
> w(z)(|VulP™*Vu — |Vu|P~*Vu).Vedr + - | fu) | =——= ) (v —u)de
Qe € Jae ul  ud
1
>0(1)
using Lemma 2.4, @ is a supersolution of (Py), u < and %qﬁ dx < (HUHOO) |9l <
0e

400, where 2¢ = supp ¢°. Next we consider

1 1 1
EQE < — / w(z)|VulP2Vu.V(u+ ep — u) dx + - / w(x)|VuP2Vu.V(u + edp — u) dx
Qe

[ ) 6
d.Z' — E/Q u

</ o)V T [TuP V).V dr - 3 fw G - ui) (u—u) da
1

<o)

1 1 0o
using Lemma 2.4, u is a subsolution of (Py), v > uwand [ f(u)|— — — | ¢de < ——7——= (HUH ) lP]lco <
Q. ud ud cK

+0o . Putting these in (3.2) we obtain

og/ w(z)|VuP~2Vu. Ve dr — A/—M
Q

but since ¢ € C2°(1?) is arbitrary, Claim (2) follows. This completes the proof. ]

3.1 Sub and Supersolutions of (P,)

We begin this section with the construction of our pair of sub and supersolutions and gradually
prove our first main result, Theorem 2.10. The idea has been earlier used in [17]. Let e; € X

denotes the first eigenfunction of —A,, ,, which solves
—Ap 1 = )\1611)_1 inQ, e; =0 on 0.

Then e; > 0, e; € L>®(Q2), refer [8] and moreover, e; > cx > 0 on every K CC € by Lemma
2.7. By the hypothesis (f;) since hm u (t) = 00, one can choose ay > 0 sufficiently small such
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that
flaxer)

(axer)?’

)\1(0,)\61)17_1 <A

Denoting by u = aye; we get

Apau < A2 W

(arer)? ud

Now let @ := Ayvg where 0 < vy € X N L*°()) uniquely solves the problem

—Ap o =1y, vo > 01in Q, vg = 0 on 99,

for details, refer [10]. By the hypothesis (f1) since tlim I - — 0, we choose Ay > 0
—

—1
50 ta+p

sufficiently large such that

fAlolee) 1
(A0l 7T = Njuo &7

which gives
p—1 _
v (Axvo)? ul

where we have also used the non decreasing property of f follows from (f;). Therefore u and

—Ay, Wl = in Q

u forms sub and supersolution of (Py) respectively and the constants ay, Ay can be chosen
appropriately so that u <.

Proof of Theorem 2.10: From above construction and using Lemma 3.1, we infer that
(Py) admits a weak solution u € X N L>®(2) such that u € [u,@]. This proves Theorem 2.10.
|

4 Multiplicity result in Case (II)

This section is devoted to prove our second main result that is Theorem 2.11 using the method
of approximation. We follow [1] here. Let us denote the energy functional Iy : X — RU{%o0}
corresponding to the problem (Py) for Case (II)

1 A 1
I,\u:—/waj VulP do — —— w1 dy — /u+T+1d3:.
W=~ [ @V de - 2= [ (@) — )
For € > 0, let us consider the approximated problem
A
—Appu=——"——+ (u")" in Q,
Py T e
u =0 on 0f)

for which the corresponding energy functional is given by
1 A 1
IAEu:—/wa: Vupdx——/ ut 4 )1 — €79 da — /u+r+1dx.
)= [ w@Ivar - 2 [ 4o Vo [
It is easy to verify that Iy, € CY(X,R), I, ((0) = 0 and I, ((v) < Iy(v) for all v > 0. We
recall the definition of e; from last section and w.l.o.g. assume that [je1]c = 1. Our next

Lemma states that I, . satisfies the Mountain Pass geometry.
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Lemma 4.1 There exists R, p > 0 and A > 0 depending on R such that whenever X € (0, A)

inf I).(v) <0and inf I . (v) > p.
<R 2 lvl=R )z p

Moreover there exists T > R such that Iy (Tei) < —1 for A € (0,A).

1

Proof. We fix | = |Q] GFD' . Then using Holder’s inequality and Lemma 2.5, we get that

r+1

1
/(U—l-)r—i-l dr < </ |U|p§> bs |Q|(fiﬁ1)’ < CZHUHT—I—I
Q Q

for some positive constant C' independent of v. We now observe that

L (t
lim & = —)\e_q/ e1dx <0,
t—0 t QO

which implies that it is possible to choose k € (0, 1) sufficiently small and to set ||v]|| = R :=
1
k’(%)rﬂﬂ’ such that | i|1|a<fR Iy (v) < 0. Moreover, since R < (H%)TH*P we obtain
vf|<

E CIR™ ! B kP r+1 -2 Clk™1 r+1 L

Iy (v) > — = — THi-p
0e(v) 2 P r+1 p = pCl r+1(pC'l ’
p
r+1\rti-p (kP Clk”l)
= —_— = 2p(say) > 0.
<pcz > (p ) p(say)
We define
P
A=
fol=r (5 oo~ do)

which is a positive constant and since p, R depends on k,r,p, ||, C' so does A. We know that
((wF + 91— o) < ()1

which gives

[[v][? 1 / +yr+1 A +1— A 1—
I (v) > — dy — —— Udx > Ip(v) — —— )y
)= B [y e = 2 @) e > Do) - 2 [ @) e
Therefore

1

inf Iy (v)> inf Iy(v)—A sup <—/Ul_qu>>2p)\sup< /vlqu>_
it Trel) 2 Il Jo (o) lol=r \1 —q o ! lol=r \1—¢q ol
if A € (0,A).

Lastly, it is easy to see that I ¢(te;) — —oo as t — 400 which implies that we can choose
T > R such that I ¢(te;) < —1. Hence

I)\@(Tel) < [075(T€1) < -1
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which completes the proof.

As a consequence of Lemma 4.1, we have

| iﬁl_fR Ic(v) > pmax{I)(te1),Ir(0)} = 0.

Our next Lemma ensures that I . satisfies the Palais Smale (P.S). condition.
Proposition 4.2 I, . satisfies the (PS). condition, for any ¢ € R that is if {ux} C X is a

sequence satisfying
Ine(ux) = cand I (ug) — 0 (4.1)

as k — oo then {ug} contains a strongly convergent subsequence in X.
Proof. Let {ug} C X satisfies (4.1) then we claim that {ug} must be bounded in X. To see

this, we consider

1 1

A
Ino(up) — ——T = (=- P2 F )=t -9 ¢
wele) = e = (5 = )l = 2 [ (e + 0770 = o0

+ ] /Q(uz + €)Yy, dx

1 1 A A
> (- — p__ _ 7 +\1—q 4 —q
_<p T+1>Huk” 1_q/Q(uk) d$+r+1/ﬂ(uk+e) up, dz

1 1 _ _

> Oslug||? — Cyllug||* =7 — Caet ™1

(4.2)

where we have used the embedding theorems and C7, Co, C3, C4 > 0 are constants. Also from
(4.1) it follows that for k large enough

1
Die(ur) = T De(un)ur| < e+ o(|[ugl])- (4.3)
Combining (4.2) and (4.3), our claim follows. By reflexivity of X, we get that there exists a
ug € X such that up to a subsequence, up — ug weakly in X as k — oo.

Claim: ug — ug strongly in X as k — oo.

By (4.1), we already have that

lim </ w(z)|Vug [P~ 2Vuy,. Vg de — )\/
Q

k—o00 9]

(uy +€) Tug da — /

(u; ) o dx) =0
Q

and

lim </ w(x)|Vur|P~2Vuy. Vuy, de — )\/ (uf +€) Tuy dx — / ()", dm) =0.
Q Q Q

k—o00
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N

oW
Jim / w(@) (VP2 Vg — Vo> Viug).V (wg — ug) da
—00 (9]

= lim <)\/(u/{€F +€) Ty, dx + / (u) ) ug do — )\/ (uyf + €) g dx — /(u;)ruo da:)
Q 9) Q

k—o00 Q

— lim (/ w(x)| Vg |P~2Vug. Vuy, d:z:—/
Q

k—o0 Q

w(z)|Vug P dm) .
(4.4)

From weak convergence of {u} we get

lim </ w(z)|VuolP~2Vug.Vuy, dz — / w(x)|Vugl? dx> = 0. (4.5)
Q Q

k—o0

Also |(uf + €)"%ug| < e 9ug and Lebesgue Dominated convergence theorem gives that
lim | (v +€) 9ug do = / (ug + €) " Tug dz. (4.6)
k—o0 Q (¢}

Since up — ug a.e. in £ and for any measurable subset E of {2 we have

*
s—1

pi—l P
/ |(uff + €)"Tug| do < / € duy dr < Cl”UkHLp;(Q)\E] s < CylE| P,
E E
so from Vitali convergence theorem it follows that

lim )\/ (uy + €) "ty do = )\/ (ug +€) 9y d. (4.7)
Q

k—o0 o)

Similarly, we have

1

[t rual do < Juolls e ( [ )™ ao) ™ < capppe

and )

[l de < s o ( @iy o) < calp

for some constants o > 0,8 > 0 which using Vitali convergence theorem implies that

lim [ (uf) v do = /(ug)’"uo dr and lim [ (u)"uy dz = / (ug ) up da. (4.8)
Q Q

k—oo Jq k—oo Jo

Putting (4.5), (4.6), (4.7) and (4.8) in (4.4) we obtain
lim [ w(z)(|Vug P2V — [Vu|P>Vug).V (ug — ug) dz = 0.

k—oo J

From [10], we know that
/ w(z)(|Vug P2V — [Vuo|P > Vug).V (ug — up) d
Q

> (P~ = JluollP~) (el = fluol)



Singular Problem 14

which proves our claim. [ |
From Lemma 4.1, Proposition 4.2 and Mountain Pass Lemma, we get that there exists a
(e € X such that I} () = 0 such that

Ine(Ce) = inf max Iy (4(t)) = p >0
~el t€[0,1]
where I' = {y € C([0,1]; X) : 7(0) = 0,7v(1)) = Te1}. Furthermore, as a consequence of

Lemma 4.1, since | iﬁlf I ((v) <0, from weak lower semicontinuity of the functional I) . we
v[|[<R

get that there exists ve # 0 such that ||v¢|| < R and

inf Iy (v) =1\ (ve) <0< p<TI)(C) (4.9)

vI<R
Thus, (. and v, are two different non trivial critical points of Iy .. Testing (Py,) with
min{(., 0} and min{v,, 0}, it is easy to verify that (., v. > 0 since the R.H.S. of (P, ) re-

mains a non negative quantity.

Lemma 4.3 There exists a © > 0 (independent of €) such that ||v.|]| < © where ve = (. or

Ve.

Proof. The result trivially holds if v. = v, so we deal with the case v. = (.. Recalling the

terms from Lemma 4.1, we define A = In[(z)ul{} Ip(tTey) then
t€o,

A> IetT >f IE t:Ie €.
_tgi[aﬁ Ael 61)_;2“21[3};] re(V(1) = Ine(Ce)

Therefore

1 A 1- 1- 1 r+1
E/Qw(x)\vgeyp dx—l—_q/g[(CE—i-e) 1 — 1] dx—r+1/(2CE+ dx < A. (4.10)

Choosing ¢ = —Tifl as a test function in (P, () we obtain
1 A ¢ 1
— |Pd c—d "z = 0. 4.11
T+1/ﬂw(m)\VC’ x+7‘+1/ﬂ(@+€)q x+r+1/QCE x (4.11)

Adding (4.10) and (4.11) we get

(1 S > /Qw(:n)|VCe|p dr < 1—iq /Q[(Ce + )71 — 7 da A /Q e de + A

p r+l 1 o (G Fe)
A
< — [(Ce+e)1_q—el_q] der + A
1—q /g
A
< [ (Flde+ ALl + A,
1—4q /g

where we have used Holder inequality along with the embedding result Lemma 2.5 and C' > 0

is a constant independent of e. This implies that {(.} is uniformly bounded in X with respect
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to €. This completes the proof. [ |

Now as a resultant of Lemma 4.3, up to a subsequence we get that {, — (p and v. — 1y
weakly in X as € — 0", for some non negative (y,v9 € X. In the sequel, we establish that
(o # o and forms a weak solution to our problem (P)). For convenience we denote by vy

either (y or vyp.
Lemma 4.4 vy € X is a weak solution to the problem (Py).

Proof. We observe that for any e € (0,1) and ¢t > 0

A A
— "> +¢" > min{1, =}.
(t+e) (t+1)4 24

As a consequence we get

. A
—Ap Ve = + v, > min{l, 2—q} = C, say.

(ve +€)7
Consequently, if £ € X satisfies
—Ap € =C1in Q
we get
/Q w(z)| Vo P2V, Ve do > /Q w(z)|VEP2VEN $ da (4.12)

for every non negative ¢ € X. Therefore choosing ¢ = (£ —v.)" € X as a test function in

(4.12) we obtain using algebraic inequality Lemma 2.4 that
Ve > & in .

Now by the Strong maximum principle (see [14]) we obtain £ > 0 in 2. Now by Lemma 2.7
we obtain that £ > cx > 0 for every K CC 2. Therefore

Ve > cxg >0 (4.13)

for every K CC . Therefore using Lemma 4.3 and the fact (4.13) we can apply Theorem
2.20 of [10] to pass the limit and obtain

/w(x)|Vvo|p—2Vv0.V¢dx:)\/ qul‘—F/ vy da.
¢ Q Yo Q

This completes the proof.
Proof of Theorem 2.11: Using Lemma 4.4 we get that (o and vy are two positive weak
solution of (Py). Now we are going to prove that (y # vy. Choosing ¢ = ve € X as a test

function in (P ) we get

P _ Ve r+1
/Qw(x)\Vvel do )\/Q Oy +/Q(v5) da
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Since r + 1 < p%, using Lemma 2.5 we obtain

lim [ (ve)™* d:nz/vSH dx.
Q Q

e—0

Moreover, since

Ve 1—
0< — < ol9,
T (ve+e€) Ve
by Vitali convergence theorem
AMim [ —2 dr = /\/(vo)l_q dx.
e=0 /o (1)5 + G)q Q

Therefore
lim [ w(x)|Vu|P dz = )\/(Uo)l—q d!L'—F/(’U(])T—H .
Q Q

e—0 9]

Using Lemma 2.9 we can choose ¢ = vy as a test function in (Py) to deduce that

/Q w(@)|VeolP dz = A /Q (vo) ' dz + / (vo)™ da.

Q

Hence we obtain
lim
e—0 9]
and we get the strong convergence of v, to vg in X. Now by the Lebesgue dominated theorem,

w(z)|Vue|P doe = / w(x)|Vug|? dz
Q

we get

lim [ [(ve+ €)™ — e dx = / (vo)' ™7 du,
e—0 (¢} (¢}

which together with the strong convergence of v, implies lir% I ¢(ve) = Ix(vp). Hence from
e—
(4.9) we get (o # vp. ]
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