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accuracy in both space and time. The method is based on minimization of a functional
given in terms of the sum of squares of the residuals in the partial differential equation
and initial condition in different Sobolev norms, and a term which measures the jump in
the function and its derivatives across inter-element boundaries in appropriate fractional

gfg’g;zrsdcsﬁoles equation Sobolev norms. To obtain values of the solution and its derivatives the initial condition is
Hermite mollifier mollified and the computed solution is post processed. Error estimates are obtained for this
Least-Squares method method. Specific numerical examples are given to show the efficiency of this method.
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1. Introduction

Consider the Black-Scholes (BS) equation [1,2] for European Option
1
V, + Eazszvss +71SVs —1V =0 in (0, 00) x [0, T] (1.1)

where V, S, r and o are respectively Option price, underlying asset price, risk-free interest rate and volatility.
Now, we define the European Call Option and the European Put Option.

Definition 1.1. In European Call Option the holder has the right, but not the obligation, to buy an asset at a prescribed price
K (strike price) at maturity time T in future. The payoff function for European Call Option is

Ve(S, T) = max(S — K, 0). (1.2)

Definition 1.2. In European Put Option the holder has the right, but not the obligation, to sell an asset at a prescribed price
K (strike price) at maturity time T in future. The payoff function for European Put Option is

Vp(S,T) = max(K — S, 0). (1.3)
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Recently, Spectral methods [3] have been used to solve Option Pricing problems. In 2000, Bunin et al. [4] proposed Cheby-
shev Collocation methods to solve the European Call Option problem on parallel computers. After this, Greenberg [5] solved
American Options problem by Chebyshev Tau method. For smooth initial conditions, De Frutos [6] has presented a Laguerre—
Galerkin Spectral Method to price bonds. More recently, Zhu et al. [7] have used a Spectral element method to price Euro-
pean Options. These methods give quadratic accuracy in time, while being spectrally accurate in space. Schotzau et al. [8]
proposed hp-version of the Discontinuous Galerkin Finite Element Method to solve parabolic problems. In [9], Dutt et al.
proposed Least-Squares Spectral Element Method for parabolic partial differential equations (PDE) on bounded domains
and proved exponential accuracy for analytic data.

In this paper, we develop a Non-Conforming Least-Squares Spectral Element Method (LSSEM) for parabolic initial
value problems with nonsmooth, unbounded initial data and variable coefficients on unbounded domains using parallel
computers. One of the applications of this method is in finance, namely Black-Scholes equation for European Options. It will
be shown that the proposed LSSEM is exponentially accurate in both space and time. Sobolev spaces of different orders in
space and time are used for the results, as presented in [10]. If the data belong to certain Gevrey spaces then the solution
also belongs to a Gevrey space [11].

The proposed method is a Least-Squares method as presented in [9]. The space domain is an interval which is divided into
a number of sub-intervals. The functional is the sum of the squares of the residuals in the partial differential equation and
initial condition in different Sobolev norms, and a term which measures the jump in the function and its derivatives across
inter-element boundaries in appropriate fractional Sobolev norms. We minimize the functional on a given time interval.
Hermite mollifiers, as described in [12,13], are used to resolve the difficulty of non-smooth initial data.

Now we describe the organization of this paper. In Section 2 the function spaces and a priori estimates for parabolic initial
value problem, as presented in [14,10,11], are given. Discretization of the domain and stability estimates are discussed in
Section 3. In Section 4 we describe the numerical scheme, parallelization and preconditioning for our method. Estimate for
non smooth initial condition, in negative Sobolev normes, is presented in Section 5. In Section 6 error estimates are obtained
for this method. Finally, in Section 7 specific numerical examples are provided to show the effectiveness of the method.

2. Function spaces

We consider £2 = R as the domain of the logarithmic price x = log(S/K) and define t = T% on the time interval
I = [0, 1]. We shall focus here on the Black-Scholes equation for the European call with the assumption that the rate of
interest r and volatility o are smooth (or even analytic) functions of x and t with bounded derivatives. The coefficients a, b
and c belong to 2, 1(£2 x I) as defined in [11] and satisfy

IDID}a(x, )|l x1) < AB™ il(j1)?,

where A and B are positive numbers.
The price u(x, t) has to satisfy the BS equation

LU=1U —auy —buy—cu=0 in2 x1,

u(x,0) = f(x) in £ x {0}. (2.1)
Note that f (x) may not be in L?(£2), for example

fx) = Ke* —K)*.
To resolve this difficulty, let us define

v(x, t) = u(x, t) sech(nx), (2.2)

where 1 > 0is sufficiently large so that the initial data
v(x, 0) = u(x, 0) sech(nx), (2.3)
is such that ve**, ve ™" e [%(£2) for some 1 > 0.
Substituting v(x, t) in Eq. (2.1), we get the partial differential equation that v satisfies, as:
]Lv=vt—otvxx—,3vx—)/v=q in2 x1, (2.4)
v(x,0) = f(x) sech(nx) = g(x) in £ x {0}.

We assume the coefficients a, b and c in(2.1) are smooth or even analytic and all derivatives are bounded. Clearly the same
assumption will continue to hold for the coefficients @ = a, 8 = 2 a n tanhnx + b and y = n*a + by tanh nx + c, since
tanh nx has bounded derivatives of all orders. Moreover the coefficients belong to 2, ; (£2 x [0, 1]).

However, the initial data g(x) = f(x) sech nx is not smooth. To resolve this difficulty we use the Hermite mollifiers [12]:

N
2 =Y X

D(x) =e 2 E —Hy | —= ). 2.5

M= 21(&) =
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Let us further define the following scaled functions:

By (X) = b (x) (2.6)
X)=-2(-), .
’ 5 \s
and
Ous () = -y (Nx) = ——p (X (2.7)
X) = — X) = —— — . .
N/s 21 s 21md 1)
Using Egs. (2.5) and (2.6), we get:
G 2 (-1y N
e 2 — X
@5(NX) = 2 Hy <—>
’ 5 ; 4ijt "7\ 2s
where § = /BiN, B1 = 01dy and P = 67d,N. Here
1
dy = —dist{x, {c1, ..., ¢}}[mod r].
T
Further 0 < 6; < 1andcy, ..., ¢ are points around x where the initial function is not regular and (x — wdy, x + 7dy) is a

neighborhood of analyticity around x.
We use the above mollifier to replace the initial function g (x) by its mollified version gs(x) as:

500 = (2% ) () = /| By Yxe 2. (2.8)
y|<max

Then we define vs(x, t) to be the solution of the following mollified IVP:
Zvs =0 in2 x1, (2.9)
vs =gs on§2 x {0}.

We must now define some required Sobolev spaces. Letting w(x, t) be a smooth function, the following norms can be defined:

||w||£,r,smx,)=// <Z|agw|2+ > |af’w|2> dx dt. (2.10)
1J82

a<r 0<pB<s
Now, if h(x) is a smooth function, with

1l ) = f > 192 h|? dx. (2.11)
2

a<r

Then for smooth F and h, the following initial value problem can be defined:
ZYw=F in2 xI,

2.12
w=~h ong x {0}. ( )
The solution w(x, t) of Eq. (2.12), then satisfies the a-priori estimate:
||a)||12.12r+2,r+1 (2x1) + ||a)||12.,2r+1 (2x{1}) S Cr(||‘fw”22r<r(9x1) + ”w”iZYJrl (QX{O}))’ (2]3)
where C; is a constant which depends onr.
We now introduce the negative Sobolev norm on §2 as:
[(w, @)l
”C{)”Hfm(g) = sup ——mmm. (2]4)
oenm(2) |9 llume)
Similarly, over (§£2 x I) the negative Sobolev norm is given as:
[(w, P)axil
lolg—r-s@xy = sup ———"— (2.15)

venrs(@xn 1P llurs@xn
We further define some Gevrey Spaces, which are needed in the error analysis.

Definition 2.1. Let @ (x) € 2;(2), then @ is an infinitely differentiable function in £ such that there exist two positive
numbers A; and B; with:

IDEP ()2 < ABDH!, o =i, i=0,1,2,....
Definition 2.2. Let ¥/ (x, t) € %,1(9 x [0, 1]), then v (x, t) is an infinitely differentiable function in £2 x [0, 1] such that
there exist two positive numbers A; and B; with:

IDZDIY (%, Oll 2@ xjo. < A1BDHiGH?, el =i, foralli,j > 0.
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Fig. 1. Inter element boundary.

3. Discretization and stability estimates

3.1. Discretization

Let N and p be integers and p be proportional to N. We solve the initial value problem (2.9) for Iy = [—N, N] First we
divide the interval Iy = [—N, N] into a number of sub-intervals {.Ql},qN,where =01+ 1)andly = U{.Q,},,fN Each

of these intervals {.Q,}I,_N is mapped to the standard element S = (0, 1) by a set of smooth maps {M, ,,_N, where M; is
amap from S = (0, 1) to £2; = (I, [ + 1). The map M,; is affine and has the form:
M) =1+§,

where £ € (0, 1).

The discretization uses results in a uniform mesh of interval size h = 1 and the corresponding time step k is proportional
to h? (that is of order 1 here). Let {x;};—_y .y be the inter-element boundaries and boundary of Iy = U{Ql},_,N N—1, Which
means that x;, = L. In all the results that follow, this nomenclature for the spatial and temporal discretization will be needed
(see Fig. 1).

3.2. Stability estimates

Let {)f (&, t) be the spectral element function which is defined to be a polynomial of degree p in the space variable £ and
of degree q in the time variable t, and is given by:

p

q
WE D= > 8

i=0 j=0
foré € (0,1),t € [0, 1]. Here 8,?’ jare the coefficients and q is proportional to p?. The corresponding function on the physical
domain (x, t) is given by:
W(x, 0) = 0T (M; (%), 0).
vP(x, t) can thus be defined piecewise, as:
wx, t) = v (x, t), for(x,t) € 2 xI, forall —=N <I<N-—1,
=0, for(x,t) e (Iy)° x1I. (3.1)
Thus v?(x, t) = 0 for |x| > N. Using the chain rule, we can write the derivative as:
p

v
—’ = (e @)x. (3.2)

Assume (S)x to be the polynomial of orthogonal projection of (£), into the space of polynomials of degree p with respect to
the inner product in H2(0, 1). Then the polynomial approximation of Eq. (3.2) at an interior point is defined by

P\ . .
(%) = @)@ (3.3)

Let x; be the common interior point of the subintervals £2,_; and £2;, which are the image of £ = 1 under the map M,;_; and
the image of & = 0 under the map M, respectively. Now we define the jump in the derivative at the inter element boundary

x; as follows:
’ P\ v\
=|l—-) ©,0— (1,¢)
HS ({x) <) ax 8X

1G]

2

H ({q} <)
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Also, the corresponding H'-norm of v,p at initial time (t = 0) of each sub-intervals (£2)) is given by:

P2 P2 ¥p2 vD |2
o = [P [ DS = 100 (3.4
(0,1)x{0} (0,1)x{0}
and the [2-norm of the residual in the PDE with zero data is as follow:
[ I (35)
21%(0,1) (0,1)x(0,1)

where .4 is the differential operator .# in £ and t coordinates. Now we take the orthogonal projection of the coefficients of
the differential operator .% into the space of polynomials with respect to the usual inner product in H>1((0, 1) x (0, 1))
and define a new differential operator .. The coefficients of the differential operator " are polynomials of degree p in &
and of degree q in t. Hence

[ e [ i (36)
21x(0,1) (0,1)x(0,1)

up to a negligible error term (see [15,9] for details).
We now state the stability theorem which is needed to formulate the numerical scheme. Define the quadratic form

PPV, D) nzizn1) = Z||<z,“vp>||m(m,)+ D AP 3y + NTED M 178 )

I=—N xjeint(Iy)
+ ) WP ssa gy + 1O W/ + Z 197 171 0.1y 0 (3.7)
xjedly

Here int (Iy) denotes the interior of Iy and dIy denotes the boundary of Iy, where IN =[—N, N].
Then, from Theorem 11 in [9], the following result holds.

Theorem 3.1. There exists a constant C such that the estimate

N—-1
D I e oy < € (0 p)? 7P (&, O} nzten—1) (38)
I=—N

holds.
We now define a modified version of the quadratic form, //p(vf’ ), which is given by:

PP E, O} nzizn—1) = Z ICE o+ Do UMy + TR W sa )

I=—N xjeint(Iy)Udly

N—-1
¥P 2
+ Z ”vl ”Hl((ov])x{o})' (39)

I=N
Then, from Theorem 3.1, the following result follows immediately.

Theorem 3.2. There exists a constant C such that the estimate

N—1
D 5 121 01y < € (0 DY’ #PUT (&, O} n<i=n—1) (3.10)
I=—N

holds.

4. Numerical scheme and parallelization

Let (gs)1(§) = gs(M;(&)), where gs is as defined in (2.9) and let (g5),(§) be the orthogonal projection of g5 (&) into the
space of polynomials of degree p in & with respect to the usual inner product in H'(S).

Following definition (3.1), we define our approximate solution to be the unique w? (where w? = {a)p N-1 v in £2; x I and
zero for (Iy)¢ x I) which minimizes the functional

N-1 N
RO, O nzisn-1) = D I 0.1yxn + D U sty + I 1 1))
I=—N

I=—N

N—1
P > 2
+ Z ”(U] - (g8)1)||H1((0,1)X{0}), (4'1)

I=—N

over all {Df}-NglsN—l'
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The mollified IVP, which is defined in Eq. (2.9), is as follows:

ZLvs =0 in§ xI, (4.2)
vs =gs ons2 x {0}. (4.3)

Clearly, g5 € 21(£2 x {0}). Hence vy € %, 1(§2 x I). Now, for t = 0, we get
vs(x, 0) = g5(x) = g(x) * Onss(X), (4.4)
with the following boundedness property:

llvsllus@2xtop = 18 X) * Onys ) Ius2) < 811112y 1On/5 () s (2)- (4.5)

Lemma 4.1. The estimate

|On/sls < By s! (4.6)

(/Ne/B1)
holds. Here Oy 5 (x) is the Hermite mollifier which is defined in (2.7) and By = N /e (Ne3/By)~ = =~ KNdVN1ogN \yhere
K, d and a are constants.

Proof. From Eq. (2.7), we know that

N N Nx
Onss(X) = E(pa(NX) = 2]73@ 5 )

where § = /f1N.

Let ¢(¢) be the Fourier transform of & (x), which is given by:

R 2 (LY
Q) =) =e 7 (ZZJJ,) (4.7)
j=0

¢(¢) satisfies:

N 2 §2j+s
Bl = e > : (48)
j=0 T ll2m
The right hand side of Eq. (4.8) is given by:
2 #2j+s 1 o0 ) 1/2
H - = ( / e ¢ g dc) : (49)
2j ! 12(R) 2j ! —00
Substituting n = ¢2, we obtain,
2 #2j+s o0 1/2
H _%é‘ _ _ i </ e " 772j+5_1/2 d’?) , (410)
2jl 2wy 25! \ Jo
1
= —JTQ2j+s+1/2). (4.11)
25!
The maximum of 7\,1“(2]2-;]5'—0—1/2) is achieved when 7”2”25]_1/2) ~ 1. This happens when
NS
J 5
Hence
|65 N (s+sH'?
O < (VN/B1)’. (4.12)
s! 2% (ﬁ), s!
&)
16N

Let A; =

s/f‘s . Since, by Stirling’s formula,

nl~+2rnn"e ™.
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This leads to the estimate

1O s N (5 + 5)W5H9) e (5+9)y1/2

A =
* s! N sse=s

(VN/BD)’.

The above estimate can be rewritten as:

: \/5(12+ﬁ> e
v (1+3%) P et
As ~ NS s % ( N/ﬂl) .
sde 2 s2”"2e S
Therefore

A~ Ne(JNef(Brs) e s%.

Now the maximum of A, is achieved when X¢ ~ 1ors ~ ¥¢ Hence, we get

Bis
/5 Wiriny
~N+e() 2 (Ne/py)
This gives a bound on A, as:
e/ﬁ
A <N Ve (Ne /) 7 =By

Hence
|Onysls < Bys!. O
Using Lemma 4.1, the estimate for Eq. (4.5) is given by:
llgsllHseaxiopy < Bn s!=KN do/NlogN ¢

where K, d and a are constants. Here By < KN dovNlogh

Following Lions et al. [ 10,11], the fundamental results for Gevrey spaces can be written as:

ID}, D} vsll;2(x1y < € By il ()™,

where C and « are constants.
Moreover

Igs el 2xpop < C,
for some p > 0. This means that
lvs €[l (2xqop < C-
Further

lgs e Nl (@ xop < C-

Hence, we can conclude that

llvs €Iy @xqop < C-

Egs. (4.18), (4.20) and (4.22) lead to the following estimates for the local region and the exterior region:

s 21 (gupy < € and Vst wry < Ke ™

Here K and p are generic constants and I = R \ Iy, Iy = [N, N].

53

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

Let sf(x, t) be the approximate representation of vs(x, t) on §2; defined in Theorem 13 in [9] and Theorem 4.2.1 in [15].

Then, we obtain the error estimate

N—1

b —p N
D lvs = STl gy < K,
I=—N

provided q is proportional to p> and N is proportional to p.

(4.24)
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Now sP(x, t) = O for (x, t) € Iy x I. Then from (4.18) and (4.23),

IWs)x = SDxllai/aquyxny < Ke ™Y, forxy=£N,

(4.25)
llvs — s7 l3/a gy < K e ”N  forx, ==+ N.
Hence
RP({sV (%, 0)} _n<ien—1) < Ke N, (4.26)
provided p is proportional to N and N is large enough.
Moreover, the residual of the approximate solution decays as:
RP({f (%, )} _n<ien—1) < RP({s] (%, )} _n<ien—1) < Ke M. (4.27)
Using Egs. (4.26) and (4.27), we obtain:
R ({(@ — sP)(x, )} _n<ien—1) < Ke PN, (4.28)
Therefore by Theorem 3.2, we can conclude that
N1 1/2
(Z llwf — sf||,32_1(9lx,)> <KeN. (4.29)
I=—N
Moreover, w” (x, t) = 0and sP(x, t) = O for (x, t) € Iy x L.
Combining the above with (4.23), (4.24) and (4.29) we obtain
N—1
D lvs = & llyza gy + lvs — P ly21gg ) < Ke PN (4.30)
I=—N

Here Iy =R\ Iy and Iy = [—-N, N].

4.1. Symmetric formulation
As defined in (4.1) we choose our approximate solution to be the unique {a)fJ }f’: __1N which minimizes the functional
Rp({f)f (&, )} _n<i<n—1) over all {{;}’(S, t)}-n<i<n—1- Let the above overdetermined system [9,16] of Eq. (4.1), be of the form
AW =G. (4.31)
Then the Normal Equations are
ATAW = ATG, (4.32)

where W is a vector assembled from the values of {f)f(é, t)}—n<i<n—1, and G is assembled from the data. Here A is a matrix.
Since, our method is a Least-Squares method [17], we use the preconditioned conjugate gradient method (PCGM) for
solving the Normal Equations. Now from [16]

RP(U + eW) = RP(U) + 2¢(W)T (SU — TG) + 0(€?),

for all W. Here U is the vector assembled from the values of {wf}lz,N,Nq and S, T are matrices which contain valuation of
integrals in Eq. (4.1) using quadrature rule.
Define

Uf’(zﬂ)k“ =of(EF,t]) for0<i<p, 0<k<gq.
Similarly
Uffiﬁink“ = a)f’(éizp, t,fq) for0 <i<2p, 0<k<2q.

The integrals, which arise in the above minimization formulation, are computed by the Gauss-Lobatto-Legendre (GLL)
quadrature formula. Then the minimization formulation is represented as:

(VIZp,Zq)T O[Zp,Zq’ (4.33)
where O,z” 20 is a (2p + 1)(2q + 1) vector which can be easily computed. Now we can always find a matrix F,p "9 such that

2p,2 qyPs
viPs = Fpivpa
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CPU #I-1 . CPU #1+1

Fig. 2. Parallelization.

Thus, expression (4.33) can be rewritten as:

(Vlzl’vz‘J)T 012p~2q — (‘/IPﬂ)T(F’PqQ)TOlvazQ' (434)
Hence the residuals satisfy the relation

RP — (FIIL‘J)TOIZPJQ'

Note that, neither is a need to compute any mass and stiffness matrices, (as we can calculate the residuals in the normal
equations inexpensively and efficiently) nor do we need to filter the coefficients and data. A detailed description can be
found in [15,16].

4.2. Parallelization and preconditioning

From (3.9) and (4.1), we can conclude that the quadratic form #* ({1, P(g, t)},_fN) (which is defined in (3.9)) is obtained
from the functional R”({f)f(é t)}-n<i<n—1) with zero data. For the quadratlc form W"({{){’(E, t)}-n<i<n—1), we define the
preconditioner which is denoted by @/p({vf(g £)}-N<i<N—1), aS:

N—-1
2P (O] E D) nzisn-) = D N5 2 o1y (435)
——N

Then from [9] the following result holds:

PPV €, D) n<ien—1) < K 2P ({0 (€, O} n<i=n—1), (4.36)

where K is a constant. By Theorem 3.2, we get the following result:

#%P({ﬁp(%— t)} | ) < Wp(wp(g £) l ) (437)
C(log p)? 1355 PI=N=IsN-1) = 1 (55 D)} -N<i<N-1)- .

By (4.36) and (4.37), we conclude that the condition number of the preconditioned system is O((log p)?). Assume that {;f’ is
defined in terms of Legendre polynomials in &, of degree p, and in t, of degree g, for each element £2;, —N <[ < N — 1.
Then 9}’ can be written as:

P a
WE D =YY ali(2& — DL — 1), (4.38)
i=0 j=0
where the coefficients g; j are arranged lexicographically in i and j.
Therefore, we obtaina ((p + 1)(g+ 1) x (p + 1)(q + 1)) matrix corresponding to the quadratic form ||v, ||H2 10,1x1)°

Using separation of variables technique this preconditioner can be diagonalized in a new set of basis functions which is
given in [18].In Section 3.1, the discretization of the domain has already been discussed. Each element is mapped to a single
processor for ease of parallelism. During the PCGM process, communication between neighboring processors is confined
to the interchange of information of the value of function and its derivatives at inter-element boundaries on which ¥/ is
defined. Moreover we need to compute two global scalars to update the approximate solution and the search direction.
Hence inter-processor communication is quite small [15,16,19] (see Fig. 2).

5. Estimates in negative norms

Lemma 5.1. Assume g is piecewise analytic in §2 and gs is the mollified representation of g such that
g5(X) = (g *Onys) ()
with

N N
Onys(x) = *%(NX) 7¢(NX/3)
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where § = /f1N. Then the estimate

c gyt

g — gsllg-n-2¢0) < W (5.1)
holds, where C is a positive constant.
Proof. Let ¢(¢) be the Fourier Transform of @ (x), which is given by:

. I R

BQE) =) =e > (szﬂ : (5.2)

j=0

Now

(g — 8 V) = (& — &, V). (5.3)
Using the Convolution Theorem for Fourier transforms, we deduce that

& = g?G\N/zS =8 éN/6~ (5.4)
Substituting Eq. (5.4) in Eq. (5.3) and using the property of inner product, we obtain the relation

(g — 8, V) = (& — &0nss, V) = (& (1 — o)) (5.5)

Here éN/g (¢) = ¢(8¢/N). To estimate Eq. (5.5), we use the Taylor expansion of exponential function, which is given by:

N N+1
1 1
e =1 ek — 4l —,
Ttk e

where 0 < 1 < u. Hence

‘1_6—1’- (1_{_“_‘__”_’_#;;;)‘ 5(::+;)!. (5.6)
From Eqgs. (5.2) and (5.6), we obtain
N {V+1§2(N+1)
[1—6n/s(0)] < TN £ D)INV (5.7)
Now, Egs. (5.5) and (5.7) lead to the following estimate
g — g5, )1 = 1B, (1 — B2 < [l B LV e AT W (58)

2N+1 (N + 1)! NN+1 — 2N+1(N + 1)!NN+1'

Using the above estimate, we obtain the desired result

lg — 8slly-2nv—2¢0) < sup (g — 8. Ve < Cﬂi\”'l
H (£2) = W eHIN+2(2) ||¢||H2N+2(Q) - 2N+1(N + 1)!NN‘H .

6. Error estimates

In this section we recover point-wise values with spectral accuracy. We use the exponentially accurate mollifier which
was proposed by Tanner in his seminal paper [13] and obtain the error estimate for the solution at a point (xq, 1). Tadmor
has also examined the exponentially accurate mollifier in his erudite exposition [12].

Lemma 6.1. Let € = /y1N, where y; = €1dy. Here 0 < €; < 1 and dy = 1. The estimate

|(v — v % Oyse) (%0, 1)| < Ce™ N (6.1)

holds. Here C and p are constants and 6y ¢ (x) is the Hermite mollifier which is defined in (2.7).
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Proof. Note that v(x, t) is analytic for t > 0 and satisfies [8]

; K
D.D* t) < ————()3a!
t XU(X7 )_(ﬁ)a+2j0)a’
where K, j and « are positive numbers.
From Eqs. (2.2) and (2.3), we have

lv(x, t)emx‘”Lz(Qx(to}) =C,

for some 1 > 0 and all to.
We rewrite the left hand side of Eq. (6.1) and apply the triangle inequality, to obtain

[v—v* 0| = |v(Xo, 1)—/ v(xo — ¥y, D¥n/e(y)dy|,
< oo, 1) — / vt — Y, 1)9N/e(y)dy‘ + / vk — ., 1)9N/e(y)dy‘.
lyl=m

-7

J1 J2
Adding and subtracting ffn v(xo — Yy, D)On/e(¥)dy in J;, we get

i = v, 1) - / 000 — y. D¥he ()dy + / v — y. D¥he ()dy — / 00 — y. Do @)dy

- - -

Ly Ly

Here as in [12], we define

N +00
Unje®) = o Y PN+ 27).

Jj=—00
Applying the triangle inequality in (6.5), the following estimate holds:
Uil < L] + [L2|.

Using the bound on the regularization error (I; 4 L), in Theorem 11.6 of [ 12], with

L = / Wy e () (V(Xo, 1) — v(xg — y, 1)) dy| < Ce™™
e1dy<|yl<m
and
L= f e ) (00, 1) — v(xo — 3, 1) dy| < Ce ™™,
lyl<eqdx
we get:
L] < Ce™™,

where 7 is a positive constant.
Similarly, L, in Eq. (6.5), can be estimated by the process given below.

b

L, = / v(xo — ¥, D¥n/e(y)dy —/ v(xo — ¥, DOy (¥)dy,

T Jj=+o0 N
= / v(xo —y, 1) ( > S PN +27))/e) ) dy.
- j=—00,j#0

Following Eq. (2.14a) of Lemma 2.2 in [ 12], we can deduce that:

Jj=+o00 N ) 2p 00 _((Zj—l)nN)z
—OWNW+27j)/e)| < — E e 4
L = |2me €
j=—00,j#0 j=1

Moreover, we obtain
Jj=+oo p

S | an +2m/e)| <

5 Ne*nzN/Vl, x| < 7.
j=—oojzo | <TT€ 2!

57
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Here P = €2d,N = €?N. Hence we have 2" < exp(ke2N) with k := log(2). Then

LT IN . 1 (ean-m2Y)
Y ls—oWNy+2m)/e)| s ==V T ) x| <7
j=toai0 2me V7N

Substituting for y; = €1dy = €1, we get

3 s+ anpro] s Aol BN <
—_— T])/€ e € , X <m.
=t 2me ! ~ VN

For sufficiently small €; < 1, the above estimate is exponentially accurate.
Egs. (6.8) and (6.9) lead to the result:

IL| < Ce™™,

where 7’ is a positive constant.
Choose p; = min{n, n’}. Then, the bound for |J;| < |L1| + |L| satisfies

Uh| < Ce ™.
By (2.14b) in [12], we have

2P
1On/e (V)] S WEHHN for |y| > m,
1

where 74 is a positive constant. Further, it can be shown that:

v, Ol 2 xiey = v, f)emx‘||L2(9x{t0})||€7”‘x‘||L2(9x{t0}) <C.
Now from (6.12) and (6.13), an estimate for J, is obtained as

2] < Ce™ 2N,

with p,, a positive constant.

Choosing p = min{p;, p2} and combining Egs. (6.3), (6.11) and (6.14), the final estimate is as follows:

v —v*Oyel SCe M. O

Lemma 6.2. The estimate

|( % Onje — s % Onje) (X0, 1] < Ce PN,

holds. Here C and p are constants and 6y . (x) is the Hermite mollifier which is defined in (2.7) and € = /y1N.

Proof. To verify the above bound, we define

I = v* Oy — V5 % One = (V—Vs) * Oyye.
Hence, we get

2l < llv = vsllg-2n-2 1B je |l ans2.
Now, consider the adjoint problem

L =0 in xI,

with initial condition
N Nx
Y =0n(X)=—@ — on £2 x {1}.
2me €

Then, the following result follows immediately:

(v P) (X0, 1) = (v * ¥) (%o, 0).

Moreover, we have the relation

(v —vs) % ¥)(x0, 1) = ((& — &) * ¥) (%0, 0).

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)
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From Lemma 4.1, the following estimate holds:
1V lsexqiy < B s!af.

(Ne/y1)
4

Here By = CN /e (N e3/y,) ~ K'Nd'@vNlegN

From this result, as a consequence, we get:

1V lscexop < CBy s! o, (6.20)

for some constants C and «. Substituting Eqs. (6.19) and (6.20) in Eq. (6.17), and applying Lemma 5.1, we can deduce that
c gN+1

L] < llg = &l llove < sy Bv@N + 2) a2 (6:21)

= 2N+1(N + 1)!NN+1

Using Stirling’s Formula, we obtain the desired result

IL| ~ C2Brap)N! By ~ Cre N (6.22)

e(N+1)

provided B, is small enough and satisfies <M) < 1.Here§ = /f1Nande = /»;,N. O

Theorem 6.3. Define
o =0 in2 xIfor —N<I<N-1, (6.23)
= 0, otherwise. (6.24)
Let € = /y1N, where y; = e1dy. Here 0 < € < landdy, = 1.If vs € @2,1(Q x [0, 1]) then the following error estimate holds
[u(xo, 1) = (@ % ¥) (X0, D] < Cre "7, (6.25)

for any xo € Iy = [—N, N, provided q is proportional to p?, as p tends to infinity and N is proportional to p. Here C; and p are
constants and vy = 6y, (x) is the Hermite mollifier which is defined in (2.7).

Proof. Firstly, the left hand side of (6.25) is rewritten as follow:
(v —af *Y) (X0, D] = [(v —v*P)+ (V¥ —vs *Y) + (V5% ¥ — & %)) (X, 1)]. (6.26)

I I I3

Applying triangle inequality, the above estimate satisfies

(v — @ * ) (%0, D| < L] + 2| + |15]. (6.27)
Then, from Lemma 6.1, the following result can be established:

Il =l —v*¥)X, D] < Cre™”N. (6.28)
Using Lemma 6.2, we have

b = [V ¥ — vs * Y) (X0, D] = |((v — v5) % ¥)(x0, 1)| < Cre™ . (6.29)
From Eq. (4.30) and Lemma 4.1, the following result holds

3] = [((vs — @P) % Y) (%0, DI < [[(vs — )21 ¥ ll;2 < Cre N, (6.30)
Combining Egs. (6.28)-(6.30), we obtain

|(v =P % Y)(xo, DI < Gre M. O

Now we want to recover point-wise values at an interior point (xg, ty) with spectral accuracy. Assume that wP(x, t) €

2,1(0), where the set O is

O={(x,t):|x—x0| <81, |t —to] <€1} SR x(0,1).

Here we use the Hermite mollifier, which is defined in (2.7), to recover the value in space direction. We use the root
exponential accurate mollifier [ 12] to recover the value in time direction. Define the root exponential accurate mollifier

t t ct?

‘1 _ca=
Oq.s, (1) = 5 ((32) Dq (g) ;o= e<f2*”2>1<_ﬂ,ﬂ><t), c>0, (6.31)
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Fig. 3. (Left) Numerical solution and exact solution at t = 1, (Right) Derivative (u,) of numerical solution and exact solution att = 1.

with adaptive parameterization, §; = d; = %dist{t, {0, 1}}[modx] and Q ~ d;N/./e. Here Dq (t) denotes the Dirichlet
kernel

o [emerime
o (£) == 27 sin(t/2) (6.32)
2Q +1 t =2mm.

Now we define the regularized version of w” at (xo, tp) as:
T wde
RaP (xg, to) = / / Onje () Oq 5, ()P (X — X, to — t)dxdt,
—n J—mde
and
. ) T wdt .
RD?Dlta)p(Xo, to) = (—1)a+}/ / D?QN/E (X) Dlt(")Qﬁ‘sz (t) a)p(Xo — X, [0 — [)dth.
—m J—mds

Once again it can be shown that this regularized version of w” (xg, to) approximates v(xo, ty) with exponential accuracy.

7. Computational results

The efficacy of the proposed computational strategy is established through numerical examples. All computations have
been done on 372-node HPC cluster which is based on n Intel Xeon Quadcore processors with a total of 2944 cores and high-
speed Infiniband network and it has a peak performance of 34.5 TF. The details of the configuration of Intel Xeon CPU X5570
@ 2.93 GHz are as follows: Number of CPU (Physically)-2, Cores per CPU (Physically and after Hyper-Threading)-4, Total CPU
cores (Physically)-8, Number of CPU (after Hyper-Threading)-4, Total CPU cores (after Hyper-Threading)-16, RAM-24 GB,
HDD Capacity-2 X 500 GB.

Example 7.1 (Nonsmooth Initial Data). Consider the problem

U — Uy =0 in2 x (0,1), (7.1)
u(x,0) =f(x) on £ x {0},
where
1 xe(0,1),
flo = {0 otherwise.

From the numerical results given in Table 1, Figs. 3-5, it can be seen that the point-wise error of the solution and its
derivative decay rapidly with polynomial order p. Further, from Table 1 it is observed that the number of iterations, using
the PCGM method, increases marginally with p, though the computational time increases due to increased matrix size as p is
increased. This example validates the efficacy of the proposed method (i.e. LSSEM). In the next two examples, the European
options problem is dealt with.
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Table 1
Point-wise error as function of p.

p q Error(1, 1) Error(0, 1) Error(—1,1)  Iterations No. of cores CPU (s)
5 25  725x107°  7.34x107° 698 x 107> 144 10 1.9
6 36 1.88x 107> 1.87x 107> 927 x107% 163 12 3.1
7 49 1.22x 1076 1.14x 1076 9.35 x 1077 175 14 26.7
8 64 1.99 x 1077 1.99 x 1077 9.97 x 1078 186 16 36.9
9 81 9.87 x 107° 9.75 x 10~° 8.75 x 107° 195 18 49.8

10 100 9.92x 10710 9.92x 10710 8.87x1071° 204 20 61.2

107 = =
107 s
£ 10° |
<
CDK) .
o
& 10 E
\rx
T 107k — 4
o —6—p=5
i} —8—p=6
——p=7
10° ¢ _— z:s 5
——p=9
p=10
10'9 L L L L L L L L L
5 -4 -3 2 A 0 1 2 3 4 5

Fig. 4. Point-wise error between derivative of numerical solution and exact solution.

0.1 : 10 : : : S
second exact derivative
second numerical derivative s
7 for p=10 i 3
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Fig. 5. (Left) Second derivative (uy) of numerical solution and exact solution at t = 1, (Right) Point-wise error between second derivative (u,y) of
numerical solution and exact solution.

Example 7.2 (European Black-Scholes Put Options Problem). Here a problem of the “European Black-Scholes Put option” is
considered. The method is used to solve this problem and the results are compared with those due to Zhu et al. [7]. Consider
the problem:
1
Ve — 5azszvss —1SVs +1V =0 in (0, 00) x [0, T],
V(S,0) = max(K —S,0) on £ x {0}.

Here V, S, K, r and o are respectively option price, underlying asset price, strike price, risk-free interest rate and volatility
(see Table 2).

The results obtained using the proposed method are given in Table 3. From Table 3, it can be observed that:

1. In order to achieve an accuracy of 10~%, LSSEM requires p = 6, ¢ = 36 and the computational time required is only 3.2 s.
2. LSSEM can easily obtain high accuracies. For examples, an accuracy of 10~1° is obtained with only g = 100.
3. From Figs. 7 and 8, we observe that the errors of derivatives also decay exponentially with polynomial order p.
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Table 2
Put option problem: variable value from Zhu et al. [7].
K r o T
100 0.05 0.15 0.25
Table 3
Put option problem: point-wise error as function of p for LSSEM.
p q Error(0, 1) Error(—1,1)  Error(—2,1) Iteration No. of cores CPU (s)
5 25 6.81-10> 5.98-107° 5.92-107° 151 10 2.1
6 36 6.12-107® 5.32.107° 5.29-107° 178 12 3.2
7 49  587-1077 523-1077 5.14-1077 190 14 27.5
8 64 596-107° 4.99.1078 4.88-1078 202 16 38.1
9 81 6.67 - 107° 5.87 -107° 5.57 -107° 213 18 513
10 100 6.24-107°  522.10710 5.22-10710 226 20 61.6
100
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%
*
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g |3
% 40 | 4? b
< X
= \
20+ 3; ,
\
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or Kotk ddd b 1
20 . . . . . . .
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Underlying Asset Price (S= K exp(x))
Fig. 6. Numerical solution and exact solution at t = 1.
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Fig. 7. (Left) Derivative (A) of numerical solution and exact solution at t = 1, (Right) Point-wise error between derivative (A) of numerical solution and
exact solution.

4. Number of iterations for PCGM increases marginally with p.
5. LSSEM is exponentially accurate theoretically as well as numerically (see Fig. 6).

Example 7.3 (European Black-Scholes Call Options Problem). Usually, in the literature, the “European Black-Scholes Put
option” problem is solved. Few researchers, e.g. Bunnin et al. [4] have addressed the “European Black-Scholes Call
option” problem. The difficulty is due to an unbounded initial state. In the following the Call option problem is solved and
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Fig.8. (Left) Second derivative (I") of numerical solution and exact solution at t = 1, (Right) Point-wise error between second derivative (I") of numerical
solution and exact solution.
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Fig. 9. Numerical solution and exact solution at t = 1.
Table 4
Call option problem: variable value from Bunnin et al. [4].
K r o T
10 0.1 0.4 1

the results are compared with those due to Bunnin et al. [4]. Consider the problem

1
vV, — 5aZSZVSS —rSVs +1V =0 in (0, c0) x [0, T],
V(S,0) = max(S —K,0) on$2 x {0}.

Here V, S, K, r and o are respectively option price, underlying asset price, strike price, risk-free interest rate and volatility
(see Table 4).

In Tables 5 and 6 the results are presented. From these results it can be seen that

1. In [4] an accuracy of 1073 is achieved for N = 100, while LSSEM achieves an accuracy of 10~ withp = 5, q = 25.
2. LSSEM achieves an accuracy of 10~ for p = 10, ¢ = 100.

3. In Figs. 10 and 11, the errors of derivatives also decay rapidly.

4. LSSEM achieves exponential accuracy (see Fig. 9).

8. Conclusion

In this paper we have presented a non-conforming least squares spectral element method for Black-Scholes equation.
Hermite mollifier has been used to resolve the difficulty of non-smooth initial conditions. We have provided error estimates
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Fig. 10. (Left) Derivative (A) of numerical solution and exact solution at t = 1, (Right) Point-wise error between derivative (A) of numerical solution and
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Table 5
Call option: point-wise error as function of p for LSSEM.
p q Error(1, 1) Error(2, 1) Error(3, 1) Iteration No. of cores CPU (s)
5 25 7.12-107°  7.10-107°  7.03-107> 246 10 25
6 36 7.09-107%  7.09-107%  7.14-107% 283 12 39
7 49 6.96 - 1077 6.96 - 1077 6.98 - 1077 319 14 29.6
8 64 6.03-1078 6.03-1078 6.06 - 1078 356 16 403
9 81 7.18-107° 7.18-107° 7.23-107° 389 18 54
10 100 7.96-107'° 7.96-107"° 7.92.107'° 412 20 65.7
Table 6
CALL option problem: point-wise error, as reported in Bunnin et al. [4].
N Stock price Error
100 3 —0.1059
100 6 —0.0021
100 9 0.0020
100 12 0.0012
100 15 0.0014
100 20 0.0043
1.2 107
1r SRRk 1 10-4 L |
0.8} 4 =
] £ 107 E
4& % —
3 061 % 1 g
= i & 10°¢ 5
[
9 oa4f j ] T 1
] g .
M 110" E
ozt § 1 e I oS
I w —8— p:g
_ ——p=
Oj Exact Derivative | 10° L ——p=8 E
*  Numerical Derivative for p=10 - gi?o
L L L L L L L -9 L L L L L
_0'20 10 20 30 40 50 60 70 80 107 0.5 1 1.5 2 25 3

Underlying Asset Price (S= K exp(x))

exact solution.

Underlying Asset Price (S= K exp(x))

0.14 ! ! . . : : : 10
A Second Exact Derivative
012t * 18 *  Second Numerical Derivative of p=10
\ -3 L 4
g _ e
o1t | | 1 =
1t 2
| & = 107 ¢ E
- 0.081 T \ ] - —_
2 ool 11 o
£ 0.061 \ 1 ¥ M3 E
g JF X gé 10
] | \ [ 1
oo4f ¥ 1 Ed
* X T O107EF E
| \ s E— — —o—p5
0.02 \ 1 5 e pes
4%% 107 —— p:; k!
A p= e
04 Hokotok R —+—p=9
p=10
~0.02 L L L L L L L 10'5 L L L L L
o 10 20 30 40 50 60 70 80 0 0.5 1 1.5 2 25 3

Fig. 11. (Left) Second derivative (I") of numerical solution and exact solution att = 1, (Right) Point-wise error between second derivative (I") of numerical
solution and exact solution.

to establish the exponential accuracy of the method theoretically. Specific numerical examples have been given to validate
the error estimate. In the first example we have shown the point-wise exponential accuracy of the proposed method. The
second example is the European Black-Scholes Put Option problem. LSSEM can easily obtain very high accuracies. European
Black-Scholes Call Option problem has been chosen as the third example. The numerical solution of this problem has been
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compared to that obtained by Bunnin et al. [4]. Bunnin et al. [4] have achieved a maximum accuracy of 1073 for N = 100,
while LSSEM achieves an accuracy of 10~ with p = 10, ¢ = 100. From the three examples, and the theoretical results,
it has been demonstrated that LSSEM is an exponentially accurate method in space and time. Further, the method is non-
conforming and hence is parallelizable. The LSSEM seems to be superior to any of the existing methods.

The method can also be used to solve jump diffusion problems and higher dimension problems of Options Pricing. We
intend to study the application of this method to these problems in future work.
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