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Abstract

In this article, we deal with the existence of non-negative solutions of the class of following

da:dy) (~A); u = </Q Gly,v) dy> g(z,u) in Q,

|z —y|»

non local problem

{ SATRS =

u=0 in R™\Q,

| n

where (=A); s the n/s-fractional Laplace operator, n > 1, s € (0,1) such that n/s > 2,
Q C R" is a bounded domain with Lipschitz boundary, M : R* - RT andg: O xR — R

are continuous functions, where g behaves like exp(|u|7=) as |u| — co.
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1 Introduction

Let n > 1, s € (0,1) such that n/s > 2 and Q@ C R™ be a bounded domain with Lipschitz
boundary then we intend to study the existence of a non negative solutions of following

fractional Kirchhoff type problem with Trudinger-Moser type Choquard nonlinearity

(M) M (/n /n ya; - \2n)‘2 dwdy) (=A) = </Q % dy> g(@,u) in €,

u=0 in R"\Q,
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where (—A)? /s is the n/s-fractional Laplace operator which, up to a normalizing constant, is
defined as

dy, = €R" ueCRM).
e—0t Jrn\ B, (2) |z — y[*" 0

The functions M : RT™ — RT and ¢ : Q x R — R are continuous satisfying some appropriate
conditions which will be stated later on.

Our problem (M) is basically driven by the Hardy-Littlewood-Sobolev inequality and the
Trudinger-Moser inequality. Let us first recall the following well known Hardy-Littlewood-
Sobolev inequality [Theorem 4.3, p.106] [13].

Proposition 1.1 (Hardy-Littlewood-Sobolev inequality) Let t, r > 1 and 0 < p < n
with 1/t + pu/n+1/r =2, g € LY(R™) and h € L"(R™). Then there exists a sharp constant
C(t,n,u,r), independent of g, h such that

2n—

z)h
[ [ S dnay < 0t ) g 1l oy (L)
n Jre |z =Yl
Ift=r= Q”M then

)

{N%) }
J\Tw

In this case there is equality in (1.1) if and only if g = (constant)h and

LT (2 —
C(t,n,p,r) =C(n,p) =72 (3
F(n—

O ol

—(2n—p)
2

h(z) = AV + [z —af)
for some A€ C,0#v€R and a € R".

The study of Choquard equations originates from the work of S. Pekar [19] and P. Choquard
[12] where they used elliptic equations with Hardy-Littlewood-Sobolev type nonlinearity to
describe the quantum theory of a polaron at rest and to model an electron trapped in its own
hole in the Hartree-Fock theory, respectively. For more details on the application of Choquard
equations, we refer [17]. On the other hand, the boundary value problems involving Kirchhoff
equations arise in several physical and biological systems. These type of non-local problems
were initially observed by Kirchhoff in 1883 in the study of string or membrane vibrations
to describe the transversal oscillations of a stretched string, particularly, taking into account
the subsequent change in string length caused by oscillations.
Lii [14] in 2015 studied the following Kirchhoff problem with Choquard nonlinearity

- <a + b/ |Vu? dZE> Au+ (14 pg(x))u = (|27 * [uP)u/P~2u in R?
R3

fora >0, b>0, a € (0,3), p€ (2,6 — ), p > 0is a parameter and g is a nonnegative

continuous potential with some growth assumptions. He proved the existence of solution to
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the above problem for y sufficiently large and also showed their concentration behavior when
w approaches +o00. In [11], authors discuss the existence and concentration of sign-changing
solutions to a class of Kirchhoff-type systems with Hartree-type nonlinearity in R?® by the
minimization argument on the sign-changing Nehari manifold and a quantitative deforma-
tion lemma. In the nonlocal case that is problems involving the fractional Laplace operator,
Kirchhoff problem with Choquard nonlinearity has been studied by Pucci et al. in [21] via

variational techniques.

The study of elliptic equations involving nonlinearity with exponential growth are moti-

vated by the following Trudinger-Moser inequality in [15], namely

Theorem 1.2 let Q2 be a open bounded domain then we define Wg’n/s(Q) as the completion

of C°(Q)) with respect to the norm HuH% = / / —’u(r) — u‘(za)\ : dxdy. Then there exists a
R n r—vY
positive constant o, s given by

B n F(ngs) T n—s
Ap s = 9
T wpor \I(s/2)257m/2

where wp—1 be the surface area of the unit sphere in R" and C,, s depending only on n and s
such that

sup / exp (oz|u|n7_i8> dz < C,, 5|9 (1.2)
ueWy (@), |lufl <17

for each o € [0, oy, 5]. Moreover there exists a o, ; > o, s such that the right hand side of (1.2)

n,s =

is +o0 for o> ay ..
bl

It is proved in [18] (see Proposition 5.2) that

o =n <2<nwn>2r<% 1§ (i 1)!)ﬁ

n!

where W,, = w’:f is the volume of the unit sphere in R™. It is still unknown whether

Qy, s = Qs O 1OL.

The p-fractional Kirchhoff problems involving the Trudinger-Moser type nonlinearity has
been recently addressed in [16, 23]. We also refer [6, 7] to the readers, in the linear case
i.e. when p = 2. The Choquard equations with exponential type nonlinearities has been
comparatively less attended. In this regard, we cite [1] where authors studied a singularly
perturbed nonlocal Schrédinger equation via variational techniques. We also refer [2] for
reference. On a similar note, there is no literature available on Kirchhoff problems involving
the Choquard exponential nonlinearity except the very recent article [3] where authors studied

the existence of positive solutions to the following problem

F
-m </ |Vu|™ dm) Aju = </ Mdy) flz,u), w>0in Q, v =0 in 0N
Q Qlz—yl»
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where —A,, = V.(|[Vu|"2Vu), u € (0,n), n > 2, m and f are continuous functions satisfying
some additional assumptions, using the concentration compactness arguments. They also
established multiplicity result corresponding to a perturbed problem via minimization over
suitable subsets of Nehari manifold. Whereas in the p-fractional laplacian case, motivated by
above research, our paper represents the first article to consider the Kirchhoff problem with

Choquard exponential nonlinearity.

The problem of the type (M) are categorized under doubly nonlocal problems because

of the presence of the term M / / dedy and </ M dy) g(x,u)
e Ty Q |z —yl

which does not allow the problem (M) to be a pointwise identity. Additionally, we also deal
with the degenerate case of Kirchhoff problem which is a new result even in the case of s = 1.
This phenomenon arises mathematical difficulties which makes the study of such a class of
problem interesting. Generally, the main difficulty encountered in Kirchhoff problems is the
competition between the growths of M and g. Precisely, mere weak limit of a Palais Smale
(PS) sequence is not enough to claim that it is a weak solution to (M) because of presence
of the function M, which holds in the case of M = 1. Next technical hardship emerge while
proving convergence of the Choquard term with respect to (PS) sequence. We use delicate
ideas in Lemma 3.4 and Lemma 3.5 to establish it. Following a variational approach, we
prove that the corresponding energy functional to (M) satisfies the Mountain pass geometry
and the Mountain pass critical level stays below a threshold (see Lemma 3.3) using the Moser
type functions established by Parini and Ruf in [18]. Then we perform a convergence analysis
of the Choquard term with respect to the (PS)-sequences in Lemma 3.4. This along with the
higher integrability Lemma 2.5 benefited us to get the weak limit of (PS)-sequence as a weak
solution of (M) leading to build the proof of our main result. The approach although may

not be completely new but the problem is comprehensively afresh.

Our article is divided into 3 sections- Section 2 illustrates the functional set up to study
(M) and contains the main result that we intend to establish. Section 3 contains the proof

of our main result.

2 Functional Setting and Main result

Let us consider the usual fractional Sobolev space
wer() = {u e ro), WD) ¢ prg o q)
|z —yl» ™
endowed with the norm

1
_ P >
lullweny = lulloy + (jé Sllﬁﬁfl——ﬁﬁﬁl-d$dy)p

o — gl
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where Q C R" is an open set. We denote W (2) as the completion of the space C°(£2) with
respect to the norm || - [|yys.»(). To study fractional Sobolev spaces in details we refer to [5].

Now we define
= {ue W*/*(R") :u=0inR"\ Q}

with respect to the norm

(v)[* / Juz) —u()l® o \"
= —————dzd ——————dxd
il </ e s )

where Q = R?"\ (CQ x CN) and CQ := R™\ . Then X is a reflexive Banach space and
continuously embedded in W*(2). Also Xy <»< L%(Q) compactly for each ¢ € [1,00). Note
that the norm ||.||x, involves the interaction between 2 and R™\ Q. We denote ||| x, by [|.|| in
future, for notational convenience. This type of functional setting was introduced by Servadei
and Valdinoci for p = 2 in [22] and for p # 2 in [8].

Moreover, we define the space
Wr(52) = Gof@) e

The space W;P(Q) is equivalent to the completion of C§°(£2) with respect to the semi
norm [, [pn dedy (see for example [[9], Remark 2.5]). If 9 is Lipschitz, then

‘LB y‘Qn
W§P(Q) = Xo, (see[[10], Proposition B.1]). The embedding Wg’g(Q) > u — exp(|ul?) €
L'(2) is compact for all B € (1

We now state our assumptions on M and g. The function M : Rt — R™ is a continuous

and is continuous when 3 =

' n—s n—s"’

function which satisfies the following assumptions:

(M1) For all t, s > 0, it holds
M(t+s) > M(t) + M(s),

where M(t) = fg M (s)ds, the primitive of M.

(M?2) There exists a v > 1 such that ¢ — Mftl) is non increasing for each t > 0.

(M3) For each b > 0, there exists a r := k(b) > 0 such that M(t) > x whenever ¢t > b.
The condition (M3) asserts that the function M has possibly a zero only when t = 0.

Remark 2.1 From (M2), we can easily deduce that yM(t) — M(t)t is non decreasing for
t>0 and
YM(t)—M(t)t>0 Vt>0. (2.1)

We also have the following remark as a consequence of (2.1).
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Remark 2.2 For each t > 0, by using (2.1) we have

d (M(t)) _ M) M) _
Y 1 =

dt \ v

So the map t — Mist) is non increasing for t > 0. Hence

M(t) > M)t for allt € [0,1],

and
M(t) < M)t for allt > 1.

We note that the condition (M1) is valid whenever M is non decreasing.

Example 1 Let M(t) = mo + at?""!, where mg,a > 0 and v > 1 such that mg +a > 0 then
M satisfies the conditions (M1) — (M3). If mg = 0, this forms an example of the degenerate

case whereas of the non degenerate case if mg > 0.

The nonlinearity g : 2 xR — R is a continuous function such that g(z,t) = h(x,t) exp(|t| #),

where h(x,t) satisfies the following assumptions:

(g1) h € CY(QY x R), h(z,t) =0, for all t <0, h(z,t) > 0, for all t > 0.

(92) For any e > 0, lim sup h(z, t) exp(—e|t|7=) = 0, lim inf h(z,t)exp(e|t|7=) = oo.
t—oo & t—00 1)

zef)

(g3) There exist positive constants T', Ty and vy such that

0 < t"°G(z,t) < Tog(z,t) for all (x,t) € Q x [tg, +00).

(g4) For v > 1 (defined in (M2)), there exists a [ > 3= — 1 such that the map ¢ —

increasing on R™ \ {0}, uniformly in x € Q.

Remark 2.3 Condition (g4) implies that for each x € ),
g(z,t)

A
t2s 1 =0t $35

g(z,1)

t—

uniformly in x € Q. Also, for each (x,t) € Q x R we have
(+ 1)G(z,t) < tg(z,t).

_n_ 0t <0
Example 2 Let g(x,t) = h(z,t)ell™, where h(x,t) = s

x,t)
7

is increasing fort >0 and lim —— =0,

1o+ (2 1) exp(dt?) if t > 0.

is

for

some o > 0,0 <d < aps and 1 < B < 2. Then g satisfies all the conditions from

n—s

(91) — (g4)-
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Definition 2.4 We say that u € X is a weak solution of (M) if, for all ¢ € Xy, it satisfies

o lule) —ul)| ) —u) 6@ 6w, [ ([ Ol
Ml | dody = [ ([ 5y gt ds

|z — y[" |z — y|#

Before stating our main Theorem, we recall a result of [18] which will be used to find an
upper bound for the Mountain Pass critical level. Assume that 0 € Q and B;(0) C ©. Then
we consider the following Moser type functions which is given by equation (5.2) of [18]. For
each z € R" and k € N,

n—s 1
|log k|, ifoglaz\gg,
~ _ log(|x 1
0, if |z| > 1,

then supp(wy) C B1(0) C 2 and Wy, (o) € W(]S’E(Bl(O)).
Now by Proposition 5.1 of [18] we know that

n
s

el — | @ (2) — Wi (y)]
1 | dzdy = e, 2.
i ol = i [ [ S daty . >

where

N 2(nWp)*T(2 +1) i (n+i—1)!

n! il(n 4 26)s

i=0
where W,, denotes the volume of n-dimensional unit sphere. We also recall the following
result of Lions known as higher integrability Lemma in case of fractional Laplacian, proved
in [20].
Lemma 2.5 Let {vy : ||vg| = 1} be a sequence in WOS’"/S(Q) converging weakly to a non-zero

—S

function v. Then for every p such that p < o s(1— |Jv]|=)7=,

sup/ exp(p]vk]n%s) < +o0.
k Q
Now we state our main result:

Theorem 2.6 Suppose (M1) — (M3) and (g1) — (g4) hold. Assume in addition that for
20,
5 > n,s

Qn,s ’

Lty )G, 1)

— = = oo uniformly inx € Q. (2.6)
t—+o00 eXp (/Btm)

Then, problem (M) admit a non negative non trivial solution.
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3 Proof of Main result

We begin this section with the study of mountain pass structure and Palais-Smale sequences

corresponding to the energy functional J : Xy — R associated to the problem (M) which is

defined as PR 1/ </ Gy, w) dy> G, u) da
n 2 Ja \Ja ’ |

|z — yl|~

From the assumptions, (g1) — (¢g4), we obtain that for any e > 0, r > 1, 1 < o <1+ 1 there
exists C'(e¢) > 0 such that

|G(x,t)| < €|t|]* + C(e)|t|" exp((1 + e)|t|%), for all (z,t) € Q x R. (3.1)

Now by Proposition 1.1, for any u € Xy we obtain

/Q</Q M@) Gla,w) dw < Clm|GE )l 52)

|z =yl F(Q)
This implies that J is well defined using Theorem 1.2. Also one can easily see that J is
Fréchet differentiable and the critical points of J are the weak solutions of (M).

Lemma 3.1 Assume that the conditions (M1) and (g1) — (g4) hold. Then J satisfies the

Mountain Pass geometry around 0.

Proof. From (3.1), (3.2), Holder inequality and Sobolev embedding, we have

L ([ 22 ay) o as

2
n nao n rn 2 1 n
< Cln 2 (525 [ Jul 5 + ()7 [ ol exp (oD o
Q Q 2n—p

_n_ n_ 3 D
<o lets [ oo | [ e LA (L0 SNEE)
Q Q 2n—p (||

4n(1 + o) ||uf| ==
n—p
fractional Trudinger-Moser inequality (1.2) in (3.3), we obtain

n—p

So if we choose € > 0 small enough and u such that < ay s then using the

2n—p

G(y, 2na 2rn \ T
(225 ) 6o do < Cale) (Jull#5 -+ ] #5)
Q \JQ

|z —y|»

< Cs(e) (llull® + Jlul®) -
Using (2.2) and above estimate, we have

J(w) 2 S M)l = Ca(e) (lul™ + [[u]*)

when ||ul| < 1. Choosing o > =, > 22 and p > 0 such that p < min {1, (%)T}

we obtain J(u) > o > 0 for all u € X with |Ju| = p and for some o > 0 depending on p.



Doubly nonlocal problems with Trudinger-Moser type Choquard nonlinearity 9

The condition (g4) implies that there exist some positive constants C and Cy such that
G(z,t) > Cittt — Oy for all (2,t) € Q x [0,00). (3.4)

Let ¢ € Xy such that ¢ > 0 and ||¢|| = 1 then by (3.4) we obtain

G(y,t¢) ) (C1(tg) 1 (y) — Co)(C1(td) T (x) — Ca)
gé<zﬁx—m“ i) ez [ [ § - gl ey
Cztz(’“)/ ¢ (y)o ! () drdy
Q

M—yw

l+1
—woﬂﬂ//”’ M@+@//ﬂ———mw
olr—yl~ olz—yl#

This together with (2.3), we obtain

s09) < 2ulieol - 5 [ ([ F00y) Glanto) da

o |z —yl~

< O34 Cyts — Cxt?THD 4 Ottt

where C/s are positive constants for i = 3,4,5,6. This implies that J(t¢) — —oo as t — oo,
since [ +1 > Z=. Thus there exists a vg € Xo with [|vg|| > p such that J(vg) < 0. Therefore,

J satisfies Mountain Pass geometry near 0. g
Let I' = {v € C([0,1], Xo) : v(0) = 0,J(y(1)) < 0} and define the Mountain Pass critical

level ¢, = mfj m[gul(] J(7(t)). Then by Lemma 3.1 and the Mountain pass theorem we know
te

that there exists a Palais Smale sequence {uy} C X for J at ¢, that is

J(ug) — ¢y and J'(uy) — 0 as k — .

Lemma 3.2 FEvery Palais-Smale sequence of J is bounded in X.

Proof. Let {u;} C X( denotes a (PS). sequence of J that is
J(ug) — cand J'(ug) — 0 as k — oo

for some ¢ € R. This implies
. " )
sM(Jlugll <) —/ < 7G(y’uk)dy> G(z,up) dr — cas k — oo,
n a lz—yl

' ol [ [ 240~ =) et o,

|z — gy

< ex|9|] (3.5)
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where ¢ — 0 as k — oo. In particular, taking ¢ = up we get

R e A M = M PERA T

Now Remark (2.3) gives us that

(z+1)/ﬂ< M@ Gz, wp) d:z:ﬁ/ﬂ( M@ o, do. (3.7)

o lr—yl* o lr—yl*

< efJur]. (3.6)

Then using (3.5), (3.6) along with (3.7) and (2.1), we get

k) = s ) = 0l ) - 5

[ (] 2ot (] S

sM(Jlugl|*) M (|fugl)®) gl
- n 2(0+1)

S 1 n n
> (2 - 3y ) Ml Dl 9

To prove the Lemma, we assume by contradiction that {||ug||} is an unbounded sequence.

M (JJug]l*) sl >

Then without loss of generality, we can assume that, up to a subsequence, ||ug|| — oo and
llukl| > a > 0 for some « and for all k. This along with (3.8) and (M3) gives us

1

Tlu) = 5071

) > (2 = g ) el 3.9)

where k depends on «a. Also from (3.5) and (3.6) it follows that

1
201+ 1)

J(ug) — (T (ug), g §C<1+ek I ) (3.10)

21+ 1)

for some constant C' > 0. Therefore from (3.9) and (3.10) we get that

s 1 n ”uk”
S s < 1
(m 20 + 1)> llugll= < € < DT

which gives a contradiction because I + 1 > 3% and % > 1. This implies that {u;} must be
bounded in Xj. O

Assume that 0 € © and p > 0 be such that B,(0) C Q. Then for z € R", we define
wi(x) = Wy <%>, where 1wy, is same as (2.4) then supp(wy) € B,(0) C €. We note that

wy € WOS’%(R") and by (2.5), we have

hm wkl s = hm / / [ ’x_y’2£y)!5 dxdy = vp, . (3.11)

Next, we use wy’s efficiently to obtain the following bound on c,.
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Lemma 3.3 It holds that

. 2 _ n;s
o<c*<fM<< z “an,5> )
n 2n

Proof. Using Lemma 3.1, we deduce that ¢, > 0 and J(t¢) — —occ ast — o0 if 0 < ¢ €

X0\ {0} with ||¢|| = 1. Also by definition of ¢, we have ¢, < m{g}f} J(tg) for each non negative
telo,

¢ € Xo \ {0} with J(¢) < 0 which assures that it is enough to prove that there exists a non
negative w € Xy \ {0} such that

. om — =
max J(tw) < “n (( n Man,s> ) .
te[0,00) n 2n

To prove this, we consider the sequence of non negative functions {wy, }(defined before this

Lemma) and claim that there exists a k € N such that

S . 2n_/j/ 7L;S
tup) < S 1 . .
sy Ton) < 3 (( 2n a’) )

Suppose this is not true, then for all £ € N there exists a t > 0 such that

. I — =
max J(twg) = J(tpwg) > M < n 'uozn,s>
t€[0,00) n 2n (3.12)
d
and E(J(twk))‘tZtk =0.

From the proof of Lemma 3.1, J(twy) — —oo as t — oo for each k. Then we infer that {t;}
must be a bounded sequence in R which implies that there exists a ty such that, up to a
subsequence which we still denote by {t;}, tx — to as k — oo. From (3.12) and definition of
J(trwy) we obtain

n—s

. Iy — s
fM<< i Mans>
n 2n ’

‘ ) < SN (ltewe|7). (3.13)

Since M is monotone increasing, from (3.13) we get that

n—s

n 2n — s
HtkwkHS > < m Iuan,s> . (314)

From (3.14) and since (3.11) holds, we infer that

n—s

tp(logk) » — oo as k — oo. (3.15)

Furthermore from (3.12), we have

n n G ,t w
M ([[tpwg]|s ) [tewel| =/Q</Q Mdy) g, trw,)twy, do

|z —y|*

(3.16)
2/ g(ﬂfatkwk)tk’wk/ ——= dy dx.
B,k By 1T =yl
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In addition, as in equation (2.11) p. 1943 in [1], it is easy to get that

dxdy P\ 2n—H
_(j,n 7 ’
/p/k /p/k ’H g <k>

where Ou n is a positive constant depending on p and n. From (2.6), it is easy to deduce that
for 5 > 2% and for each d > 0 there exists a ry € N such that

rg(x,r)G(z,r) > dexp <5|r|ﬁ) whenever r > ry.
Since (3.15) holds, we can choose a Ny € N such that
tr(log k‘) >y for all k > Ny.

Using these estimates in (3.16) and from (3.14), for d large enough we get that

n 2n—p
M (|t ¥) gy | ¥ = dexo (Bt [log k) Cpn (£)

= dC), ,p*" " exp <<5t,:TS — (2n — ,u)) log k‘) (3.17)

2n — n,S
> dCy, np*" " exp <log/<; <% —(2n — u)))
20w 7=
20,

Since § > ons — 2Mms” 44 (3.11) hold, the R.H.S. of (3.17) tends to +oo as k — oo.

Qn,s Qn,s

Whereas from continuity of M it follows that
tim A (ol ) il = M (15 5n,0) (£ 7ns):
k—o0
which is a contradiction. This establishes our claim and we conclude the proof of Lemma. [J

In order to prove that a Palais-Smale sequence converges to a weak solution of problem (M),
we need the following convergence Lemma. The idea of proof is borrowed from Lemma 2.4
in [1].

Lemma 3.4 If {uy} is a Palais Smale sequence for J at ¢ then there exists a u € X such
that, up to a subsequence.
( Gly, ue) dy> G(z,u) — </ Gly,w) dy> G(z,u) in LY(Q) (3.18)
|z —yl alz -yl

Proof. From Lemma 3.2, we know that the sequence {u;} must be bounded in Xj.

Consequently, up to a subsequence, there exists a u € Xy such that up — u weakly in Xg
and strongly in L4(2) for any ¢ € [1,00) as k — oo. Also, still up to a subsequence, we can
assume that ug(z) — u(z) pointwise a.e. for x € Q.

From (3.5), (3.6) and (3.7) we get that there exists a constant C' > 0 such that

/Q </Q %d@ G(z,up) dr < C,

/Q </Q %@) gz, up)uy, dz < C. (3.19)
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Now, it is well known that if f € L'(Q) then for any e > 0 there exists a § > 0 such that

/Uf(a:) dz

for any measurable set U C Q with |U] < §. Also f € L'(Q) implies that for any fixed § > 0
there exists M > 0 such that

<€,

o € Q: |f(2)| > M| <.

Now using (3.19), we have

( / G@’“’f)dy) G up) € L'(Q)

|z —y[#

and also by (3.2)

</Q Gly,v) dy> G(-,u) € L(9).

|z — y|~

1
Now we fix 6 > 0 and choose M > max { (%) Yo+l ,to}. Then we use (¢g3) to obtain

orfu.>my \Ja |z —yl* onfu>M} \Jo [T =yl uy

< — d T, up)u dr < 0.
T MOt Jongusay \Ja |z =yl y ) ot uelur

Next we consider

/. </Q o dy) o) do— [ </g g(f/’:ﬂdy) Glar,u) do

/ (/ G(y’uk)dy> G(z,uy) dx —/ </ Gly,w) dy) G(z,u) dx
arfu,<ay \Ja |z —yl* onfu<ay \Ja [z —yl#

To prove the result, it is enough to establish that as k — oo

/ </ G(y’uk)dy> G(x,u) de — (/ Gly,w) dy) G(z,u) dr. (3.20)
onfue<m} \Ja [T =y~ arfu<my \Jo [z —y[#

Since (/ ‘i(%;‘l dy) G(-,u) € L'(Q), so by Fubini’s theorem we get
0lr —

<20+

lim / Gly,u) dy | G(z,u) dx
K=o Jonfu<ay \Jon{uzky [T — yl#

= lim / Gly,u) dy | G(z,u) dx = 0.
K=o Jonfu>k} \Jonfu<ary [T — yl#
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1
Thus we can fix a K > max { (%) Tt ,to} such that

/ / Gy, u) dy | G(z,u) dx <.
onfu<iy \Jon{usky [T — yl#
From (g3), we get

/ / G(y’uk)dy G(z,u) dx
aon{up<my \Jon{u>ky [T — y[#
“/0+1
<t | [ e WO ) G da
K% Jon{us<my \Jon{u,>K} |z — yl|~

K Jongue<ary \Jonfuezkxy 12— yl#

1o G(y, up)
< W/Q </Q o=y dy | g(x,ug)ug dx < 4.

Thus we have proved that

/ / Gly,u) dy | G(z,u) dz
onfu<m} \Jonfusky [T — yl*

—/ / G(y’uk)dy G(x,uy) dz
onfus<M} \Jor{u,>k} 17— y[*

Finally, to complete the proof of Lemma, we need to verify that as k — oo

/ / G(y’uk)dy G(x,uy) de—
an{up<my \Jon{up<ky} [T — y[*

/ / Gly,u) dy | G(z,u) dx
anfu<i} \Jongu<ry 17— yl*

for fixed positive K and M. It is easy to see that

<24

—0

14

(3.21)

G U G , U

nup<iy |7 =yl A{u<k} 1T —yl*

pointwise a.e. as k — oo. Now choose r = « in (3.1), which gives us that there exist a

constant Cps g > 0 depending on M and K such that

/ / G(y’uk)dy G(z,u)dx
aon{up<my \Jon{ue<ky [T — y[¥

u r
SC'M,K/ / | k(y)|“dy lug ()| dz

<CMK// <"Zk_ ylF y> lug(z)[" dx

< Car kC(n, 1) || ur]|?” 20 — CurxC(n, p)||ul|?” 20 as k — oo,
< Car Ol ) ol g, = vt Ol g,
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where we used the Hardy-Littlewood-Sobolev inequality in the last inequality and then used
the fact that uy — u strongly in L(Q2) for each ¢ € [1,00). This implies that, using Theorem
4.9 of [4], there exists a constant h € L'(2) such that, up to a subsequence, for each k

‘(/ﬂ MC@) G (2, ur)Xonfu,<my| < [h(z)]

A{up<k} 1T =yl

This helps us to employ the Lebesgue dominated convergence theorem and conclude (3.21).
O

Lemma 3.5 Let {ur} C Xo be a Palais Smale sequence of J. Then there exists a u € Xy
such that, up to a subsequence, for all ¢ € Xq

/Q </ |Gx(@i’ zf“) dy> 9(z,ug)¢ dr — / (/ E _’;Tidy> g(z,u)¢ dz ask — oo . (3.22)

Proof. As we argued in previous Lemma, we have that there exists a u € X such that, up

to a subsequence, up — u weakly in Xy, up — u pointwise a.e. in R", |lug|| — 7 as k — oo,
for some 7 > 0 and u, — u strongly in LY(Q), ¢ € [1,00) as k — 0.
Let Q' cC Q and ¢ € C(Q) such that 0 < ¢ <1 and ¢ =1 in . Then by taking ¢ as

a test function in (3.5), we obtain the following estimate

/Q, </Q %@O g(w,ug) dx < /Q </Q %d@/) g(x,ug)p dx

—Uu %_2u xT)—u ) —
< el +—A4(HukH%)(Aéml|“k($) k)]s (ug(2) — u(y)) (o(z) — ¢(y))

|z — y[?"
< exlleoll + Cllug|llelI< C,

since |lug|| < Cp for all k. This implies that the sequence {ux} := {(fQ Gly.ue) g ) g(w,uk)}

[z —y[+

is bounded in L%OC(Q) which implies that up to a subsequence, ui — p in the weak™-topology

as k — oo, where u denotes a Radon measure. So for any ¢ € C2°(Q2) we get

lim ( G@””@O uuk¢@>:/¢m%v¢eomm)
Q

k—o00 Q |z —yl*

Since uy, satisfies (3.5), for any measurable set E C ), taking ¢ € C2°(€Q) such that supp¢ C
E, we get that

~[oau=gm [ [ (,x"f;@ )g<:c,uk>¢<:c> o
=i [ (E ) gt woto) da

i M) [ / s 2) = ) F~2s(x) ~ w0 (60a) = 00)

|z —y[>

oty [ [ et =t I 2(u@) ~ u@) @) — o) ,

|z — gyl
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where we used the continuity of M and weak convergence of ug to u in Xy. This implies that
1 is absolutely continuous with respect to the Lebesgue measure. Thus, Radon-Nikodym
theorem establishes that there exists a function h € L{ () such that for any ¢ € C°(9),
Jo @ dp = [, ¢h dz. Therefore for any ¢ € C°(2) we get

A, Q</g |x—y|ﬂdy> oo, m)o do = [ ohds /Q</Q |x—y|udy> glo, )¢ dr

and the above holds for any ¢ € X using the density argument. This completes the proof.[]

Now we define the Nehari manifold associated to the functional J, as

N:={0#ue Xy:{(J(u),u) =0}
and let b := inj{[ J(u). Then we need the following Lemma to compare ¢, and b.

Lemma 3.6 If condition (g4) holds, then for each x € Q, tg(x,t) — T2G(x,t) is increasing
fort > 0. In particular tg(x,t) — T2G(x,t) > 0 for all (x,t) € Q x [0,00) which implies Ci(j*;;t)

is non-decreasing for t > 0.

Proof. Suppose 0 <t < r. Then for each x € €2, we obtain

n x,t n n [T
tg(z,t) — g—SG($,t) = %t”l — g—SG(x,r) + g—s/t g(x,7)dr

g, t) 1 ﬂ o g(®,r) i
tl t G(m 74)+2$(l+1) rl (r &)

<rg(z,r)— —G(x ),

<

using (g4). This completes the proof. O

Lemma 3.7 Under the assumptions (M2) and (g4), it holds ¢, <b.

Proof. Let u € N' be non negative and we define h : (0,00) — R by A(t) = J(tu). Then
forall t >0

1) = ' eu)) = Ml 236l = [ ([ 2y oo, tupu

Since (J'(u),u) =0 and t — tg%%’f)l is increasing for ¢ > 0, we have

) 21 (AE D M)

tO-DE ||| 0-DE o 0-DEF

G(y,u)g(z,u) Gy tu)g(z,tu)

+t%,1/ /wf@:dy_/%dy u¥ (z)da
ao\Ja lz—yl Q |z =yl
o o (M) M) )
[l G=Dn o O-Dn G-Dn
|l [Jull =

*F/gz ([, (com -2 ) G @
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when 0 < ¢t < 1. So using Lemma 3.6 and (M2) we have h/(1) =0, b'(t) >0 for 0 <t < 1
and h'(t) <0 for t > 1. Hence J(u) = max J(tu). Now define f : [0,1] — X as f(t) = (tou)t,
where ty > 1 is such that J(tou) < 0. Then we have f € I and therefore

< < = < i =b.
¢ < max J(f(t) < max.J (tu) = J(u) < inf J(u) =b

Hence the proof is complete. ]

Definition 3.8 A solution uy of (M) is a ground state if ug is a weak solution of (M) and
satisfies J(up) = 1€nj{/ J(u).

Since ¢, < b in order to obtain a ground state solution ug for (M), it is enough to show that

there exists a weak solution of (M) such that J(ug) = cx.
Lemma 3.9 Any nontrivial solution of problem (M) is nonnegative.

Proof. Let u € Xo\ {0} be a critical point of functional J. Clearly v~ = max{—u,0} € Xj.
Then (J'(u),u”) =0, i.e.

u(r) —u 572 (u(x) —u u (xr) —u~

|z — gy

= [ ([ 225 00) oo

For a.e. z,y € R", using |u™ (z) — u™ (y)| < |u(x) — u(y)|, we have

[u(z) —uly)] > (u(z) — u(y))(u” (z) —u(y))
= —lu(@) —u(y)|* (T (@)u(y) +u (@)’ (y) + o (@) —u y)]?)

n

< —fum (@) = (y)l*

and g(x,u)u” =0 a.e. z € Q by assumption. Hence,
0 < =M(|luf*)]u||* <0.
So, u~ = 0 since ||u|| > 0 and (M3) holds. Hence u > 0 a.e. in Q. O

Proof of Theorem 2.6: Since J satisfies the Mountain Pass geometry (refer Lemma 3.1),
by Mountain Pass Lemma we know that there exists a Palais Smale {uy} sequence for J at
¢x. Then by Lemma 3.2, {ux} must be bounded in X{ so that, up to a subsequence, u; — ug
weakly in X, strongly in L(Q2) for ¢ € [1,00), pointwise a.e. in €, for some uy € Xy and
|lug|l = po > 0 as k — oo.

Claim 1: ug # 0 in .

Proof. We argue by contradiction. Suppose that ug = 0. Then using Lemma 3.4, we obtain

/Q </Q Mdy> G(z,ug) dz — 0 as k — oo, (3.23)

|z —y|#
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This together with lim J(uy) = ¢, gives that
k—o0

.5 n 2n —p R
kh_,n;oﬁM(Hu’fHS) =, < M (( 5 an,s> >

Thus M being increasing function gives that there exists a kg € N such that [jug|* <

n—s

(2"_“an78> * for all k > kg. We fix k > ko and choose p > 1 close to 1 and € > 0 small

2n
enough such that
2np(1 +¢)

2n —p
Using the growth assumptions on g and Theorem 1.2 we have

2n—p 2na 2nr 277, 1 + € n
lotoudund %5 <06 ([ e+ [ 55 e (220D ) as
L2n—7 () Q Q 2n — p

1
(/ g | F75 dar + </ |uk|2zrp“d$>
. 1
2np(1+ € [ Jug| \ P
/exp M” M= (M) da
Q 2n — ([

where 1 <« <l+41 and 1 < r. Thus,

_n_
HukH n=s < Qpse

2n7 2n—p
U n <C gl 2%, + |Jug || 2 — 0as k — oo, 3.24
looueuel e, <><u R T k||L%m)> (3.24)

where p’ denotes the Holder conjugate of p and C'(€) > 0 is a constant depending on e which
may change value at each step. From the semigroup property of the Riesz potential and

Hardy-Littlewood-Sobolev inequality we get that

/Q </Q %d@ 9(x, ug)upda
(st ) ([ )

1
G(y7uk) > >2
< ———dy | G(z,u) dr ) C, L UR)U . 50
—</Q<Q\x—y\u y ) Gz, ux) allgCouyun] e

as k — oo using (3.23) and (3.24). This together with (J'(ug),ur) = 0 implies that
M (|lug||*)luxll= — 0. From (M3), we deduce that |jug| — 0. Furthermore, we obtain

IN

limg o0 J(ur) = 0 = ¢4, which is a contradiction to the fact that ¢, > 0. Hence, we must
have ug Z 0.

. n n G(y,u
Claim 2: Mol *) ol > | ( / Mdy) o(, uo)uod.

|z —y|+

Proof. Suppose by contradiction that M (||u||)|juol|* < Ja (fQ C|ic(yyu|% >g(x,u0)u0 dx.
That is, (J'(ug), ug) < 0.
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It is easy to see, using (M2), that M (t)t > M (1)t” when ¢ € [0,1]. So for 0 <t < Tusl ”, using
Lemma 3.6 and Hardy-Littlewood-Sobolev inequality we have that

n ny o n_ n 25 stug )ty
(I (o), o) = Mt [[uol|#)¢5 " uol|* — == ( / MO—ﬂ?(’y)dy) g(a, tup)uo(x) da
nJo\Ja |z =yl
2n—p

an n C _2n
> el ¥ - S ([l ol 75 a )

But from the growth assumptions on g we already know that for € > 0, a > 3= and r > L=,

2n—pup

2n n
</ |g(z, tug)tuo|> -+ dm)
Q
2na 2rn 4 1 t ﬁ t % 2 "
Q0 Q 2n —p [[tuol|

< C(e) (IItuoll® + lltuol®")

=

n—s

(2n — p)og, s

An(1 + €)[luo | "
for t > 0 small enough as above, we obtain

by choosing t < < ) and using Trudinger-Moser inequality. Therefore
(' (tug), uo) = M1 luo| = — C(e) (12> luo | + 7 uo |*")

which suggests that (J'(tug),uo) > 0 when ¢ is sufficiently small. Thus there exists a o € (0,1)
such that (J'(oug),up) = 0 that is, oug € N. Thus from Lemmas 3.6, 3.7 and Remark 2.1, it
follows that

e <b< J(oug) = J(oug) — i(J'(Uuo),ouo>
ny

~ n IM % % G )
= 201(oug) ) — UL ool 2 / </ . 700} ”““dy) (9, 7uo)oug = Z2G(w, ouo)
n ny ny Jo \Ja lz—yl* 2s
5 - n s o n 8 G(y, up) ny
SN (fJuol| ) = == M(JJuo|® 2y 2 d (, ——G,)d.
< 20t(luol*) = Zarhual Dol + = [ ([ ZEDDay) (gt whuo - B 60, u0)) d

Also by lower semicontinuity of norm and Fatou’s Lemma, we obtain

S

S ~ n n n
S liminf (| — M s)— —M s s
co <0< timint (Z07(fuelH) ~ S MGl )
+1iminfi/ (/ Mdy) [g(:n,uk)uk—mG(x,uk) dx
Q Q 2s

k—oo My |33 - y|“
. S
< —_ — =
kll)moo [J(uk) 7W<J (uk),uk>] Cs,

which is a contradiction. Hence Claim 2 is proved.
Claim 3: J(up) = c..

Proof. Using/ /G(y’uk)dy G(z,ug)dx —>/ /Mdy G(z,up)dx and lower
Q |z —y|* |z —y|#
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semicontinuity of norm we have J(ug) < ¢,.. Now we are going to show that the case J(ug) < ¢

can not occur. Indeed, if J(ug) < ¢, then [jug||s < pg - Moreover,

~ n

. ~ n 1 G )
2t0§) = Jim N1l = 5 [ ([ 2L dy) Glouopdo, 329

n 2 |z —y|#

This gives that

n . G(y,uo)
s _ M 1 n X n / / , ‘
P = (—Sc + % YA 7|x y|udy G(x,up)dx

Next defining v, = ”Z’;” and vy = %, we have vy — vg in Xy and ||vg]| < 1. Thus by Lemma
2.5,
sup/ exp(p|vg|7) dz < 0o forall1 < p < a"’sn —. (3.26)
keN Jq (1= flvoll=) ==

On the other hand, by Claim 2, (2.1) and Lemma 3.6, we have

S - n S n n
J(uo) 2 — M([|uoll+) ~ n—,YM(HUOH luoll +

s G(y,up) ny
[ - - > 0.
o /Q (/Q Pe— dy> (9(1137“0)“0 5% G(x,uo)) dr >0

Using this together with Lemma 3.3 and the equality, 2 (cx — J(uo)) = M <p§) -M (HuOH?)

we obtain

NV n - n N 2n — N - n
M(p&)égc*+M(\|uo\|s)<M<< 5 an,s> )+M(Hu0||8)

and therefore by (M1)

n o N 2n — = ~ n 2n — = n
o < dt (M(( L) >+M(Huolls)>S< L)+l G20

Since pO%(l —lwolls) = pog — |luo|| =, from (3.27) it follows that

Thus, there exists 8 > 0 such that HukHﬁ <p< % for k large. We can choose
n(1—||vg|| s )n—s

g > 1 close to 1 such that qHukH% <pB< % and using (3.26), we conclude that
n(1—||vo||s )n—s

n/n—s n/n—s
Q 2n —p Q 2n —p

for k large
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Let us recall (2.3) and (3.24) to get that

/ ( Mdy)g@,uk)uk da
o \Jag |z —yl#

2 —
<O Nugll e A+ ]l Z
<|| || bA e o | HLQZ%(Q)

2n— 2n—p
O lluoll "5+ Iluol
L2n=#(Q) LWT@)
G(y,Uk)

as k — oo. Then the pointwise convergence of < /
o lz—y*

dy> g(x, u)ug to

G
</ (y,uo)dy> g(x,up)up as k — oo asserts that
o |z -yl

l _— pr—
. Q </Q |z —y|+ dy ) 9=, wiJui d o \Ja |z —yl* 4 ) 9(z, uo)uo dx

while using the Lebesgue dominated convergence theorem. Now Lemma 3.5, we get

/Q </Q MC@) g(x,u)(up, — ug)dr — 0 as k — oo.

|z — yl|~

Since (J'(ug),ur — ug) — 0, it follows that

_ T2 _ — _ _
M(HukH%)/ uk () — w(y)| = = (uk(@) |Zk_(y?j|)2(7guk o) (x) — (ux Uo)(y))dxdy 0. (3.28)
We define Uy (x,y) = up(z) — ug(y) and Up(z,y) = up(z) — up(y) then using ug — ug weakly
in X, and boundedness of M (|ju]|* ), we have

A4(|uk|§)J/2n|L%(x,y)|%2L@($,y)(Uk(x7y)__L%(xvyx

|z —y[>"

dxdy — 0 as k — oo. (3.29)

Subtracting (3.29) from (3.28), we get

(o LRt ) = O Ol O] = P )

dxdy — 0

as k — oco. Now using this and the following inequality
la —bP < 2P7%(|a|P"2a — [b|P72b)(a — b) for all a,b € R and p > 2, (3.30)

with a = ug(z) — ug(y) and b = ug(x) — up(y), we obtain

M(pg)/ |Uk() — UgT(L )‘ dxdy — 0 as k — oo.
R2n |z —yl

This implies that u; — u strongly in Xy and hence J(u) = ¢, which is a contradiction.
Therefore, claim 3 holds true. Hence J(u) = ¢, = klim J(ug) and |lug|| — po gives that
—00

po = |lugl|. Finally we have

|z —y[*n

for all ¢ € Xy. Thus, ug is a non trivial solution of (M). By Lemma 3.9 we obtain that wug

is the required nonnegative solution of (M) which completes the proof. O
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