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GLOBAL EXISTENCE OF SOLUTIONS TO REACTION DIFFUSION
SYSTEMS WITH MASS TRANSPORT TYPE BOUNDARY CONDITIONS

VANDANA SHARMAT AND JEFF MORGAN*

Abstract. We consider a reaction-diffusion system where some components react and diffuse on the bound-
ary of a region, while other components diffuse in the interior and react with those on the boundary through
mass transport. We establish local well-posedness and global existence of solutions for these systems using
classical potential theory and linear estimates for initial boundary value problems.
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1. Introduction. The idea that reaction-diffusion phenomena is essential to the growth
of living organisms seems quite intuitive. Indeed, it would be rather hard to envision how any
organism could grow and operate without moving its constituents around and using them in
various bio-chemical reactions [16]. For example, bacterial cytokinesis is one process which
can be modeled by reaction-diffusion systems. During the bacterial cytokinesis process, a
proteinaceous contractile ring assembles in the middle of the cell. The ring tethers to the
membrane and contracts to form daughter cells; that is, the “cell divides”. One mechanism
that centers the ring involves the pole-to-pole oscillation of proteins Min C, Min D and Min E.
Oscillations cause the average concentration of Min C, an inhibitor of the ring assembly, to be
lowest at the midcell and highest near the poles [35], [27]. This centering mechanism, relating
molecular-level interactions to supra-molecular ring positioning can be modelled as a system
of semilinear parabolic equations. The multi-dimensional version of the evolution of the Min
concentrations can be described as a special case of the reaction-diffusion system

uy = DAu+ H(u) re, 0<t<T
vy = DAy + Flu,v) xeM, 0<t<T
0
(1.1) Da—u:G(u,v) reM, 0<t<T
n
U = ug reN, t=0
v =1 reM, t=0

where 2 is a bounded domain in R™, n > 2, with smooth boundary M, A and Aj; denote the
Laplace and Laplace Beltrami operators, n is the unit outward normal vector to € at points
on M, and D and D are k x k and m x m diagonal matrices with positive diagonal entries
{dj}lgjgk and {di}lgigm respectively. F: Rk x R™ — Rm, G: Rk x R™ — Rk, H: Rk — Rk,
and ug and vy are componentwise nonnegative smooth functions that satisfy the compatibility
condition

ou
D(?_?]O = G(ug,v9) on M.
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For this model, 2 may represent the cell cytoplasm and M may represent its membrane. There
are some components that are bound to the membrane, and other components that move freely
in the cytoplasm. Also, the components on the membrane and cytoplasm react together on
the membrane through mass action and boundary transport. In Section 7, we present two
applications associated with (1.1), with one modeling the chemical reaction involving Min
protiens for positioning of the ring, explained in [27]. We point out the study in [35] that also
modeled these reactions.

In general, system (1.1) is somewhat reminiscent of two component systems where both of
the unknowns react and diffuse inside €2, with various homogeneous boundary conditions and
nonnegative initial data. In that setting, global well-possedness and uniform boundedness has
been studied by many researchers, and we refer the interested reader to the excellent survey of
Pierre [23].

In the remainder of the introduction, we assume H = 0 and & = m = 1. A fundamental
mathematical question concerning global existence for (1.1) asks, what conditions on F' and
G will guarantee that (1.1) has global solutions, and how are these conditions related to the
results listed in [23]7 The focus of this paper is to give a partial answer to this question and to
apply our results to (1.1).

From a physical standpoint, it is natural to ask under what conditions the solutions of (1.1)
are nonnegative, and the total mass is either conserved or reduced. It is also important to ask
whether these conditions arise in problems similar to the above mentioned cell biology system.
Conditions that are similar in spirit to those given in [20], [13] and [23] result in nonnegative
solutions for system (1.1). More precisely, (1.1) has nonnegative solutions for all choices of
nonnegative initial data ug and vy if and only if F', GG, and H are quasi-positive. That is
F(a,0),G(0,a) > 0 whenever a > 0 (recall from above that H = 0 in the remainder of this
introduction). Also, some control of total mass can be achieved by assuming there exists o > 0
such that

(1.2) F(u,v) + G(u,v) <afu+v+1) for all u,v > 0.

Assumption (1.2) (discussed later), generalizes mass conservation by implying that total mass,
Jou(z,t) de+ [, v(¢,t) do, grows at most exponentially in time ¢.

We suspect that the natural conditions, quasipositivity and conservation of mass, are not
sufficient to obtain global existence in (1.1), and that it is possible to construct an example
along the same lines as constructed in [24]. To this end, we impose a condition similar to
Morgan’s intermediate sums [21] and [22]. Namely, there exists a constant K, > 0 such that

G v) <Ky C+v+1) foral v, ¢>0.

In addition, we adopt a natural assumption of polynomial growth, which has been considered
in the context of chemical and biological modeling (see Horn and Jackson [14]). That is, there
exists [ € N and Ky > 0 such that

F(u,v) < Kp(u+v+1)" forall v>0, u>0.

In our analysis, we extend recent results of Huisken and Polden [25], Polden [15], and Sharples
[31] associated with W5 (M x (0,T)) results for solutions to linear Cauchy problems on a
membrane. We also verify and make use of a remark of Brown [4] which states that if d > 0
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and the Neumann data + lies in L, (M x (0,7)) for p > n + 1, then the solution to

o = dAyp reN, 0<t<T
dp
1.3 — = eM, 0<t<T
(1.3) an = z
=0 xef), t=0

is Holder continuous on € x (0,7"). We provide the proof of this result in section 5 for com-
pleteness of our arguments.

Note that the results of Amann [3] can be used to guarantee the local well posedness of
(1.1) subject to appropriate conditions on initial data and on the functions F' and G. However,
those results do not provide the explicit estimates that are needed in our setting. Our approach
keeps the analysis on comparatively simpler L, spaces.

It is worth mentioning that some of the results in section 5 are valid for domains that are
only C'. Handling cases with weak smoothness conditions on curves or domain boundaries was
one of the motivations for the results obtained in [4], [5],[9] and [10] , and these results may be
of independent interest.

2. Notations, Definitions and Preliminary Estimates. Throughout this paper, n >
2 and Q is a bounded domain in R” with smooth boundary M (9€2) belonging to the class
C?*# with pu > 0 such that Q lies locally on one side of its boundary. 7 is the unit outward
normal (from Q) to M, and A and Aj; are the Laplace and the Laplace Beltrami operators,
respectively. For more details, see Rosenberg [30] and Taylor [34]. In addition, m, k, n,i and j
are positive integers, D and D are k x k and m x m diagonal matrices with positive diagonal
entries {d; }1<j<x and {d; }1<i<m, respectively.

2.1. Basic Function Spaces. Let B be a bounded domain on R with smooth boundary
such that B lies locally on one side of 953. We define all function spaces on B and By = Bx(0,T).
L4(B) is the Banach space consisting of all measurable functions on B that are ¢** (¢ > 1) power
summable on B. The norm is defined as

full = (] |u<x>|qu);

ltlloe.5 = esssup{[ua)] : @ € BY.

Also,

Measurability and summability are to be understood everywhere in the sense of Lebesgue.

If p > 1, then WPQ(B) is the Sobolev space of functions u : B — R with generalized deriva-
tives, O%u (in the sense of distributions) |s| < 2 belonging to L, (B). Here s = (s1, 82,...,5,), |s| =
S14 S22+ ..+ Sn, 8| <2, and 93 = 071 052...05" where 0; = %. The norm in this space is

2
2
ull s = > llozull,.s

|s|=0

Similarly, Wg’l(BT) is the Sobolev space of functions u : By — R with generalized deriva-
tives, 0307w (in the sense of distributions) where 2r + |s| < 2 and each derivative belonging to
L,(Br). The norm in this space is

2

2
Py, = > 1050]ully.s,
2r+|s|=0
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In addition to Wg’l(BT), we will encounter other spaces with two different ratios of upper
1
indices, Wy " (Br), Wy (Br), Va(Br), Vo' (Br), and V;’2 (Br) as defined in [19].
We also introduce Wé(B), where [ > 0 is not an integer, because initial data will be taken
from these spaces. The space Wé(B) with nonintegral [, is a Banach space consisting of elements

of W,y] ([1] is the largest integer less than [) with the finite norm

1 l
1l = ()P + D

where

([t s
[ Z 13l 5

O _ S S p dy »
(u >p3— > (/Bdgc/lgwxu(x)—ayu(yﬂ m)

Wé’%(aBT) spaces with non integral [ also play an important role in the study of boundary
value problems with nonhomogeneous boundary conditions, especially in the proof of exact
estimates of their solutions. It is a Banach space when p > 1, which is defined by means of
parametrization of the surface 9B. For a rigorous treatment of these spaces, we refer the reader
to page 81 of Chapter 2 of [19]

The use of the spaces Wp (8BT) is connected to the fact that the differential properties
of the boundary values of functions from W2'(Br) and of certain of its derivatives, 959y, can

1
be exactly described in terms of the spaces W,i’Q (0Br), where l =2 — 2r — s — %.

For 0 < a, B < 1, C*#(Br) is the Banach space of Holder continuous functions u with the
finite norm

and

() _ (@) )
Ul = sup |u(z,l)|+ |u], +[u
| |BT (ac,t)GBT| ( )| [] B []t,BT
where
W@ = ey @) Zu@l bl
SET (@t),(2' )€Br |x — o' |
r#x’
and
t) — t
iﬂg _ sup lu(z,t) ?gp )|
T (), (2,t")EBr [t —t']
t£t!

We shall denote the space C2'3(Br) by C2(Br). C(Br,R") is the set of all continuous
functions u : By — R", and C*%(Br,R") is the set of all continuous functions u : By —
R" for which u,, is continuous for all 1 < i < n. C?1(Br,R") is the set of all continuous
functions u : By — R™ having continuous derivatives s, Uz,;+; and u; in Br. Note that similar
definitions can be given on By. Moreover notations and definitions for Holder and Sobolev
Spaces on manifolds are similar to the ones used in the Handbook of Global analysis [17]. More

developments on Sobolev spaces, Sobolev inequalities, and the notion of best constants may be
found in [6], [7], [12] and [34].
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2.2. Preliminary Estimates. For completeness of our arguments, we state the following
results, which will help us obtain a priori estimates for the Cauchy problem on the manifold
M, and prove the existence of solutions in W>!(Mr). Lemmas 2.1, 2.4 and 2.6 can be found
on page 341, Chapter 4 in [19], as (2.24) and (2.25) on page 49 in [18], and [12] respectively.
Lemma 2.2 is stated as Lemma 3.3 in Chapter 2 of [19].

Let B be a bounded domain in R™ with smooth boundary 98 belonging to the class C2+#
with © > 0 such that B lies locally on one side of the boundary 05. Let T' > 0 and p > 1.
Suppose © € L,(Br), wo € WZ(B), v € Wp27%’17%(6BT). Also, let the coefficient matrix
(ai,;) be symmetric and continuous on Br, and satisfy the uniform ellipticity condition. That
is for some A > 0

a;i(x, t)&E > or all (z,t) € Br and for all £ € R®
> aij(z, )€€ > A¢|? for all (x,t) € Br and for all £

i,j=1
Finally, let the coefficients a; be continuous on Bz. Consider the problem

ow - 0w - ow
En —ijzzl aij(x,t)m —i—;ai(:v,t)a—xi = O(x,t) (z,t) € By

(2.1) w = y(x,t) (x,t) € OBr
w|t:O:w0(a:) reB

LEMMA 2.1. Let p > 1 with p # %, and in the case p > %, assume the compatibility
condition of zero order, wolos = Ylt=o. Then (2.1) has a unique solution w € W, (Br), and
there exists C' > 0 depending on T, p and B, and independent of ©,wy and v such that

(2) <2—%71—ﬁ>)

2-2)
wlly s, < CUBI, s, +llwoll,s ™ + 1Vl,.08,

LEMMA 2.2. Suppose ¢ > p, 2 —2r — s — (% — %) (m+2)>0and 0 <6 < min{d; VT}.

Then there exists c1,c2 > 0 depending on r,s,m,p and B such that
|D; D3l s, < 18> =G D B o=t G | s,

for allu e Wg’l(BT). Moreover, if 2 —2r — s — (m+2) 0, then for0 < a <2—2r—s— @
there exist constants c3,cq depending on r,s,m,p and B such that

m (m )
|D{Df£u|§;;) S 0362727"75— ;r? 70‘”’[1/”(2) + 0457(27"4’54' ;2 +a)Hu|

p,Br p,Br

for all w e W2 (Br).
COROLLARY 2.3. Suppose the conditions of Lemma 2.1 are fulfilled and p > mT“ Then

there exists ¢ > 0 depending on m,p and B such that the solution of problem (2.1) is Holder
continuous, and

(2—mt2y 2
wlg, " <élw]Ch,
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LEMMA 2.4. Suppose 1 < p < oco. If p < m then WZ}(B) embedds continuously into

1
ngl P)(BB) and Lq(B) for p < q < p* = 2. Furthermore, if € > 0 there exists Ce > 0 such
that

lvllg.s < €llvallps + Cellvlly 5
Jor allv e W)(B), and
[0113.05 < ellvally 5 + Cellvls
for all v € W} (B).
LEMMA 2.5. Let p>m and 0 < a <1— 2. Then W, (B) embedds compactly in C*(B).

LEMMA 2.6. Let M be a compact Riemannian manifold of dimension m > 1 and p > m.

Then the embedding W, (M) C C*(M) is compact for all 0 < ov < 1 — .

The following result follows from the Gagliardo Nirenberg inequality in [8] on bounded C*
domains, and Young’s inequality on page 40 in [18].

LEMMA 2.7. Let € >0 and 1 < p < oo. Then there exists Cc , > 0 such that

||’U1Hp,B S 6HU$CU||;D,B + C€7P| U”p,B

Jor all v e W2(B).

3. Statements of Main Results. The primary concern of this work is the system

uy = DAu+ H(u) re, 0<t<T
ve = DAy + F(u,v) reM, 0<t<T
0

(3.1) Da—:;:G(u,v) zeM, 0<t<T
U = Ug .’,EEQ, t=0
V=1 reM, t=0

where D and D are k x k and mxm diagonal matrices with positive diagonal entries, F' = (F;) :
RFXR™ — R™ G = (G;) : RFxR™ — R¥ and H = (H;) : RF — RF, and uy = (uoj) € Wg(Q),
vo = (vo;) € W3 (M) with p > n. Also, ug and v satisfy the compatibility condition

6’11,0

¥ = G(ug,v9) on M.

REMARK 1. Since p > n, ug and vy are Holder continuous functions on Q and M respec-
tively (see [1], [8]).

DEFINITION 3.1. A function (u,v) is said to be a solution of (3.1) if and only if

ue C(Qx[0,T),R)NCHQ x (0,7),RF) nC?1(Q x (0,T),R¥)
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and
veC(M x[0,T),R™) NC* (M x (0,T),R™)

such that (u,v) satisfies (3.1). If T = oo, the solution is said to be a global solution. Moreover,
a solution (u,v) defined for 0 < ¢ < b is a mazimal solution of (3.1) if and only if (u,v) solves
(3.1) with T'= b, and if d > b and (@, D) solves (3.1) for T' = d then there exists 0 < ¢ < b such
that (u(v C)a 1)(~, C)) 7£ (ﬂ(, C)a 5('7 C))

We say F, G and H are quasipositive if and only if F;((,&) > 0 whenever { € R and
(e Ri with & = 0 for i = 1,...,m, and G;(¢,§) > 0, H;(¢) > 0 whenever { € R and ( € Ri
with (; =0, for j =1,..., k.

The purpose of this study is to give sufficient conditions guaranteeing that (3.1) has a
global solution. The following Theorems comprise local and global existence of the solution.

THEOREM 3.2. Suppose F', G and H are locally Lipschitz. Then there exists Tmax > 0
such that (3.1) has a unique, maximal solution (u,v) with T = Tax. Moreover, if Thax < 00
then

lim sup [|u(-, ) [loc, + limsup [[v(-, )| oc, 0 = 00

t—Tmax t—=Tax
In addition to the assumptions stated above, we say condition V; ; holds for 1 < j < k and
1 <i < mif and only if
(Vi,;1) There exist a, 5,0 > 0 such that

oF,(C,v)+G; (¢ v) < af(+ri+1) and  H;(C) < B(¢+1)  forall veRZ), ¢ €RE,
(Vi,;2) There exists Ky > 0 such that
Gi(¢v) S Ky(G+vi+1) forall veRZy, ¢eRE,
(Vi,;3) There exists [ € N and Ky > 0 such that
F(¢v) < Kp(I¢] + v+ 1)" forall veRY, (€RE,

REMARK 2. (V; ;2) is related to the so - called linear “intermediate sums” condition used by
Morgan in [21], [22] in the special case when the system has only two equations. This condition
in [21], [22], as well as [23] pertains to interactions between the first m-1 equations in an m
component system. Again, see [21], [22] and [23]. (Vi ;1) helps control mass, and allows higher
order nonlinearities in F, but requires cancellation of high-order positive terms by G. (V; ;3)
implies F' is polynomially bounded above.

REMARK 3. We will show that (V; ;1) provides Li estimates for u; on Q and M, and v;
on M. (V; ;2) helps us bootstrap Ly, estimates for w; on M x (0, Timaez) and Q X (0, Thas), and
v; on M x (0, Thae). Finally, (Vi ;2) and (Vi ;3) allow us to use L, estimates to obtain sup
norm estimates on u; and v;.

THEOREM 3.3. Suppose F, G and H are locally Lipschitz, quasi positive, and ug, vy are
componentwise nonnegative functions. Also, assume that for each 1 < j <k and 1 <i < m,
there exists l; € {1,...,k} and k; € {1,...,m} so that both Vi,;, and Vy, ; are satisfied. Then
(3.1) has a unique component-wise nonegative global solution.

COROLLARY 3.4. Suppose k =m =1, F, G and H are locally Lipschitz and quasipositive,
and ug, vy are nonnegative functions. If Vi1 is satisfied, then (3.1) has a unique nonnegative
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global solution.

In the process of obtaining our results, we will derive ngl(MT) estimates of the Cauchy
problem on My, and Hoélder estimates of the solution to the Neumann problem on Q7. The
Holder estimates for the solution to the Neumann problem are given as a comment in Brown
[4]. We give the statement as Theorem 3.6 below, and supply a proof in section 5. Let d,d > 0.
Consider the systems

U, = dAy ¥ + f (&,t) € M x (0,T)
(3.2) v|,_, =Y EeM
and
oy =dAp + 0 zeQ, 0<t<T
)
(3.3) d%2 = 5 zeM, 0<t<T
on
® = ©o xeQ, t=0

THEOREM 3.5. If 1 < p < oo and T > 0, then there exists CA'p_,T > 0 such that whenever
_2
Uy € Wj "(M) and f € L,(Mr), there exists a unique solution ¥ € W2 (Mr) of (3.2), and

2 A (2-2)
191, < Cot (1 llpate + 1%oll, ")

THEOREM 3.6. Suppose p>n+1 andT >0 and 6 € L,(2 x (0,T)), v € L,(M x (0,T))
and @y € WZ(Q) such that

d— =~(z,0) on M.

1
Then there exists Cp v > 0 independent of 0,y and ¢o and a unique weak solution ¢ € V21" 2(Qr)
of (3.3), such that if 0 < B <1 — "Tfl then

2
eler, < Cor(8lp.07 + [lp,ar + l20ll50)

The proofs of Theorems 3.5 and 3.6 are given in sections 4 and 5. The remaining results are
proved in section 6, and examples are given in section 7.

4. szl estimates for the Cauchy problem on a manifold. Let n > 2 and M be
a compact n — 1 dimensional Riemannian manifold without boundary. Consider (3.2) where

2
d >0, f € L,(Mr) and ¥, € Wj_E(M). Searching the literature, we surprisingly could not
find W2'(Mr) estimates for the solutions to (3.2). Tracing through the work in this direction,
we found that Huisken and Polden [15] and [25], and J.J Sharples [31] give a result in the
setting where p = 2. Using their W;"' (M) estimate, we obtain W2!(Mz) a priori estimates
for solutions of (3.2) for all p > 1. For a > 0 and smooth functions f,g : M x [0,00) — R,
Polden considered weighted inner products:

)L, = / T e (1), g ) pqany e
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.9 pws = / €2 (1), (> ) oyt

(f. 9wz = / €2 (1), g D)z oyt

<f7 g>WWa = <f('7t)ug('7t)>LW; + <th7 Dtg>LLa

Where LL,, LW, and WW, are the Hilbert spaces formed by the completion of C*°(M x [0, 00))
in the corresponding norms, and WWY? is the completion of subspace of C>(M x [0, c0)) with
compact support in WW,. See [31] for the proof of the following result.

THEOREM 4.1. Suppose W lies in W (M) and f € LLy(M x [0,00)). Then for sufficiently
large a, the system (3.2) has a unique weak solution in WW2.

Furthermore using a priori estimates in [31], they showed that the solution belongs to Wi (M x
[0,00)).

THEOREM 4.2. Let W € WW, be the unique solution of (3.2) with ¥o € W3(M) and
f € LLy(Mr). Then ¥ € LW2, and there exists C > 0 independent of Wo and f such that

1902 < U0l ap) + 11£132,)

Proof. See Lemma 4.3 in [31]. O
The result below is an immediate consequence.

COROLLARY 4.3. Let 0 < T < oo. Suppose Vg € Wi (M) and f € La(Mr). Then there
exists a unique weak solution to (3.2) in Wy' (Mz), and there exists C > 0 independent of Wy
and f such that

H‘I’”‘%V;J(MT) < C(H‘I’OHIQ/V;(M) + 112 atry)

We will use the W5"' (My) result to derive W2:!(Myz) a priori estimates for solutions to
(3.2) for all p > 1. To obtain these estimates, we transform the Cauchy problem defined locally
on M to a bounded domain on R"~! and obtain the estimates over this bounded domain.
Then we pull the resulting estimates back to the manifold. Repeating this process over every
neighborhood on the manifold, and using compactness of the manifold, we get estimates over
the entire manifold.

Let F be a subset of Ry with following property:

2
p > 1 belongs to F if and only if there exists Cp, + > 0 such that whenever ¥ € Wp2 v
and f € L,(Mr), then there exists a unique W € W' (Mr), such that ¥ solves (3.2) and

(M)

2 (2—2)
191, < Cor (1 llpate + 1%oll, ")

Note: From Corollary 4.3, 2 € F. Also note that we can prove Theorem 3.5 by showing
F = (1,00).
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LEMMA 4.4. [2,00) C F.

Proof. We will show that if p € F then [p,p + = 1] C F. To this end, let p € F
_2
and ¢ € [p,p + 25| such that ¥y € Wq (M) and f € Lg(Mr). Then f € L,(Mr) and

2

Uy € Wp ~P(M). Since p € F, there exists Cp,r > 0 independent of ¥y and f, and a unique
U e W2 (Mr) solving (3.2) such that

2) (2-2)
(4.1) 191, aer < Cor (L fllpatz + [[Woll, ")

Let B(0,1) be the open ball in R*~! of radius 1 centered at the origin. Now, M is a C?

manifold. Therefore, for each point £ € M there exists an open set V¢ of M containing & and
onto

a C? diffeomorphism ¢¢ : B(0,1) = V;. Let ® = U o ¢, f=fo ¢¢ and @9 = ¥y o ¢¢. Using
the Laplace Beltrami operator (defined in [30]), (3.2) takes the form

d
P \/det g 0;®) ,t € B(0,1), 0<t<T
(4.2) b =9 xGB(O,l), t=20

where g is the metric on M and g% is the i, j'" entry of the inverse of the matrix corresponding
to metric g. That is, in the bounded region B(0,1) x (0,7'), we have

(4.3) Z ijPaia; + Z a;®,, = f

3,j=1
(4.4) D|,_, =0
where,
ai; = Jgi]
—d g
i = ——=0,(g"\/det
a detg J(g € g)

Note ¥ € W' (M) implies ® € W2 (B(0,1) x (0,T)). Take 0 < 2r < 1 and define a cut off
function ¢ € C§°(R™~1,[0,1]) such that,

45) e) = {1 Yz € B(0,r)

0 VaeR"1\B(0,2r)

In @ = B(0,2r), Qr = B(0,2r) x (0,T) and Sy = 9B(0,7) x (0,T), w = ¢® satisfies the

equation

Ow n—1 n—
E - Z Q5 8$18IJ Z 8171 = (‘Tu t) € QT
i,7=1 i=1

w=0 (z,t) € Sp
w’tzozz/@o t=0,z€Q
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where,

Since ¥ € Cg°(R"~1,[0,1]) and ® € W21(B(0,1) x (0,7)), therefore 6 — fi» € WEL(Qr).

Case 1. Suppose p < n. From Lemma 2.4, 0 — fip € L (Qr). In particular

. 2
min{q, p+ -2}

since p + —5 <p+ and fi) € Ly(Qr), we have 6 € L,(Qr). As a result

np’

16llq.r < 1F¥laQr + Cull®lg.Qr + Cal| P ||q,QT
< 1 F¢llor + Cill®lloor + Call®a iy,

where C1,Cy > 0 are independent of f. Now in order to estimate ||, ||
of variable

.01 apply the change

N 1
19201520, = %2l det((6 )My,

and using (4.1), we get

; (2-2)
10lg.0r < 1f¥llg.r + Cill®llg.@r + Copr (I fllp.azr + [1Woll, 1)

where Cy, 7 > 0 is independent of f and Wo. At this point, we need an estimate on || ®/4,q,-
Again ||®] 4.0, = |¥]det((¢e ™) Mg.(6¢ (@), and from Lemma 2.4,

_ / ~ _ / 1
1] det((8e ™) Mg (sec@n, < ClEIdet((6e™) I o)

T

Thus

2-2)
(4.6) 10llg. @z < Kp. ([ fllp, a2 + 1ol 1"")

where K, 7 > 0 is independent of f and W.
Since g; ; are C* functions on the compact manifold M, a; j and a; satisfy the hypothesis
(bounded continuous function in Q7) of Lemma 2.1. Therefore using Lemma 2.1,

(2-2)
(4.7) el < Cor(l6lq.or + 14®ollyq*)

where Cy 7 > 0 is independent of 6 and )®,. Combining (4.6) and (4.7) we get,
-2
lwllfay < Car(19lla.0r + 4ol ™)
2-2) -2
< Kpx (I lpazr + %ol 0" + 19 ®ollyq")

where K, 7 > 0 is independent of f, # and 1®,. Note that w = ® on Wz = B(0,7) x (0,T).
Thus

(2-2) (2-2)
(4.8) 1911, < Ko (1 lpatr + 120l 0" + 140l ")
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Observe (4.8) is over B(0,r) x (0, T) CR*" ! xRy. To get the estimate back on the manifold,
apply the change of variable, ||<I>||q we = Y[ det((op~ ) )|||q s(wy) and using first mean value

theorem of integration there exist { € ¢(Wr), and K such that

<K

(4.9) 192 e s + 10+ 190 5 8)

7,9(Wr)

So far, an estimate in one open neighborhood of some point £ € M is obtained. As
one varies the point £ on M, there exist corresponding open neighborhoods V; and a smooth

diffemorphisms ¢¢ : B(0,7)—sVg, which results in different K 1. for every Ve. Consider an
open cover of M such that M = UgeM Ve. Since M is compact, there exists {&1, &2, ..., &N} such

that M C U ¢;em Ve, and K o1, corrresponding to each Ve,. Let, Cp arr = > 1<j<N Kpng
1<j<N T o
Inequality (4.9) implies

(2-2)
19120 < Counrr (1 fllaner + 1ollg 2s")

Thus [p,p + —5] C F.
Case 2. Suppose p > n.

2

By Lemma 2.4 and Theorem 4.12 in [1], if ¢ € [p, c0), ¢ € Wj_E(M), and f € Ly(Mry)
then 0 € L,(Qr), and proceeding similarly to Case 1, we get

(2-2)
1022 < Contr (1 fllgner + 1 Wollg ")

where Cy a7, > 0 is independent of f, 6 and ®y. Hence [2,00) C F.0

Proof of Theorem 3.5: From Lemma 4.4, we have [2,00) C F. It remains to show that
(1,2) ¢ F. Let 1 <p <2, fe€el (MT) and ¥y € W2=5(M). Since C=(My) is
dense in L,(M7) and C*°(M) is dense in Wp E(M ), there exist a sequences of functions
{fx} C COO(MT) and {\Ilok} C C*°(M) such that f; converges to f in L,(Mr) and ¥y,

converges to g in W b (M). Define a sequence {¥} such that,

Uy, = dA Uy + fi EeM, 0<t<T
(4.10) U, = Uy, ceM, t=0

Now, transform system (4.10) over a bounded region in R”~!. Similar to the proof of Lemma
4.4, for each point & € M there exists an open set V¢ of M containing £ and a C? diffeomorphism

onto

¢¢ : B(0,1) — V¢. Corresponding to each k, let fe=fuo ¢, Por, = Yoy 0 p¢ and using the
Laplace Beltrami operator, (4.10) on B(0,1) C U takes the form

d g -
By = Doy, 2 € B0,1), t=0

Consequently, in a bounded region B(0,1) x (0,T) of the Euclidean space, we consider
(4.11) in the nondivergence form defined in (4.3) for each @, with f replaced by fi and @, by
Doy
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Taking 0 < 2r < 1, using a cut off function ¢ € C§°(R"~1,[0,1]) defined in (4.5), and
defining Q = B(0,2r), Qr = B(0,2r) x (0,T), Sp = 0B(0,r) x (0,T), and wy, = Py, we see
that

Owy, — 32wk nl Owy,
ot Z i Bxi(?;vj + P “ a;[;l k (.I ) € QT
wy =0 (,’E,t) e Sr
wk|t:0:¢q)0k t=0,z€Q

where,
N R L S S
= fib =20 migy g ‘I”“Z%a +@kzaz
=1 J

Note that fi and Wy, are smooth functions. Therefore Lemma 4.4 guarantees d € W2 HQr)
for all ¢ > 2. Thus 0y € L,(Qr) for all ¢ > 2. Recall ¢ € C$°(R"1,[0,1]). Using Lemma 2.7
for € > 0, there exists ¢, > 0 such that

10k llp. @z < [[fxtllp.@r + Mil|®Pkllp.@r + Mol Prollp,or

< Frllp.@r + Mil|®x]lp.0x
(4'12) + M2(€||q)kmc||p,QT + Ce||(1)k||p7QT)

Here My, My > 0 are independent of f and ¥y. At this point we need an estimate for | @l .0 -
From Lemma 2.4 for 1 < p < n < ¢ there exists Cc > 0 such that

||‘1>k||LﬂL ar) < €U®kally op + 12kell50,) + Cell @kt o,

Since p < FL, from Hélder’s inequality, € and Ce get scaled to € > 0 and Ce > 0 (with € — 0t
as € — O+) and

(4.13) [Pkllp.or < €(|Prillp.r + 1Phallp.or)
+ Cel[ @il

From (4.12) and (4.13),
10kllp.@r < (M + Maco)(€([|Prillp.@r + 1Phallp@r) + Cell Pl g,)
+ 1 fellp.or + M2l ®Phssllp,or

Recall g; j are C* functions on the compact manifold M. Therefore a; ; and a; satisfy the
hypothesis (bounded continuous function in Q7) of Lemma 2.1. Using Lemma 2.1 for p # %,

2-2)
(4.14) lwrllis, < Cor(l6klpar + [¥Poxl,0")
where C) r is independent of 6 and )®,. Combining (4.12) and (4.14), we get

(2-2)
lwnllyny < Cor(I8kllpor + ¥ 2okl 0"")

< prT{||fk||P7QT + M2€||(I)km”p,QT
+ (My + Mac) (€([|Prellp.or + 1Przllpor) + Cell®klly o)

(2-2)
+ 19 @orll, 0"}
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Note that wy, = @, on Wy = B(0,7) x (0,7). Thus

1@llChy, < Cor{ll fillp.ar + Maell®hpllp.r
+ (M1 + Mace) (€(|Prellp,or + [|Prallpor) + Cell Pkl o)
(2-2)
(4.15) + 1 ®orll, 0" }

Observe (4.15) is over B(0,r) x (O T) C R xR;. To get an estimate on the manifold,
apply the change of variable, ||<I>k||p wy = [[Wk|det((¢™ ) )|||p s(wr and using first mean value

theorem of integration there exist { € ¢(Wr), and C such that

1212 4y < Coeer Ul Fullpot@r) + Mol Prasllp s(or)
+ (M1 + Mace) E(1Wkellp,o@r) + 1 Wkallps@r) + Cell ¥kl (p(00))
(2-2)
(4-16) + ||‘I’Ok||p,¢(Q)}

So, an estimate in an open neighborhood of a point £ € M can be obtained. As one varies the
point £ on M, there exist corresponding open neighborhoods V¢ and a smooth diffemorphisms
¢¢ : B(0,r) — Vg, which result in different C, ¢ for every Ve. Consider an open cover of
M such that M = {Jecp, Ve. Since M is compact, there exists {&1, &2, ..., {n} such that M C

U1£<J€IVJ[V Ve, and C &, corrresponding to each Ve, Let Cor = di<i<n ép,éj,T' Inequality
(4.16) implies

1ClPr, < Cor U fillpaatr + M€l Crpllp,ate
+ (M1 + Mace) (€([[ kil p,atr + 1 Whallpnrr) + CellYilly ar,.)

(2-2)
(4.17) + [ Worll 0}
Also, a simple calculation gives
1Wkll1,a0r < | fullrner + [ Wor 1,0z

Now, choose € > 0 such that,

A . 1
max{CprMae, Cpré(Mi+ Mac.)} < 3

For this choice of €, (4.17) gives the Wg’l estimates

(2-2)
1912, < CorUlfillpaasr + Cell filliam + 1 %orlliar) + [ Porll, 1)

(2-2)
(4.18) 1Okl < Ko (U Frllpnre + [oxllp a”)

where K, 7 > 0 is independent of fj, and Wo,,. It remains to show that the sequence {¥}}
converges to a function ¥ in W2'(Mr), and ¥ solves (3.2). From linearity and (4.18), if
m,l € N then ¥, — U; satisfies

(U = W)y = dAN (U — 1) + frn — fi §eM, 0<t<T
v, —VU; =Yy, — Yo é'EM, t=20
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and

(2-2)
10— Wil|Cy, < Kt (L fim — Fillpre + 1%om — Porll, ")
This implies {¥;} is a Cauchy sequence in W2''(My), so there is a function ¢ € W2 (My)

_2
such that Uy — W. Then f; converges to f in L,(My), Wy converges to ¥y in Wj P (M),
and W, converges to W € W' (Mr). Therefore ¥ solves (3.2), and (4.18) implies

(2-2)
12120, < Ko (I fllpare + 1%0ll, 2"
Hence F = (1,0), and the proof of Theorem 3.5 is complete.

5. Holder Estimates for the Neumann problem. The following result is a version of

Theorem 9.1 with Neumann boundary conditions, referred to in chapter 4 of [19] on page 351

LEMMA 5.1. Let p > 1. Suppose 6 € L,(Q x (0,T)), OGWIS

(0, 7)) with p # 3 . In addition, when p > 3 assume

_2
D(Q) andy € Wy P (Mx

o
d— fmd
on "

Then (3.3) has a unique solution ¢ € W2'(Q x (0,T)) and there exists C' dependent upon
Q,p, T, and independent of 0, pg and v such that

on M x {0}

1

H‘PHP (Qx(0,T)) < C(||9Hp (2%(0,T)) + H‘POHp Q + HVHP (8(2;2(0 275)))

DEFINITION 5.2. ¢ is said to be a weak solution of system (3.3) from V;’% (Qr) if and only

T T 9y T T
—//(pyt—//dya——i-//dVV.V(p—/ /9V
o Ja 0o Joa n o Ja 0o Ja
- [ v 00p(.0)

Q

for any v € Wy (Qr) that is equal to zero fort =T.

if

We also need a notion of solution of (1.3) which was first introduced in the study of Dirichlet
and Neumann problems for the Laplace operator in a bounded C' domain by Fabes, Jodeit
and Rivier [9]. They used Calderon’s result in [5] on L? continuity of Cauchy integral operators
for C! curves. Further in [10], Fabes and Riviere constructed solutions to the initial Neumann
problem for the heat equation satisfying the zero initial condition in the form of a single layer
heat potential, when densities belong to L,(M x (0,7)), 1 < p < co. We will consider the
solution to (1.3) in the sense of one which is constructed in [10].

The following result plays a crucial role for that construction of solution to make sense,
and is proved in [10].

PROPOSITION 5.3. Assume Q is a C* domain and for Q € M, ng being the unit outward
normal to M at Q. For 0 < e <t set

e -Q, 77@ Q —y?
N@Q, ) / / ((—s)2 exp (—m> f(s,y) do ds

Then
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1. For every 1 < p < oo there exists Cp, > 0 such that supg. ., |Je(f)(Q,t)] = J(f)(Q,1)
satisfies

Iz, arx 0.1y < Collfllz,ax .1y for all f € Ly(M x (0,T))

2. lim. o+ J(f) = J(f) exists in L,(M x (0,T')) and pointwise for almost every (Q,t) €
(M x (0,T)) provided f € L,(M x (0,T)),1 <p < co.
3. cpI + J is invertible on L,(M x (0,T)) for each 1 < p < 0o and ¢, # 0.
We consider the case d = 1 below. The extension to arbitrary d > 0 is straightforward. For
Qe M, (x,t) € Qr and t > s, consider

o (—lz=l?
Wit~ 50.Q) = % and 6(Q.1) = ~20-cal +J]74(@.1)

where ¢, is given in [10].
DEFINITION 5.4. ¢ is said to be a classical solution of system (1.3) with d = 1 and,
v € Ly(M x(0,T)) for p>1 if and only if

t
ola,t) = /0 y W(t—s,2,Q)9(Q,s) do ds for all (x,t) € Qp

REMARK 4. When 6 = 0 and ¢(x,0) = 0, the weak solution of (3.3) is the same as the
classical solution of (1.3).

In order to prove the classical solution ¢ to (1.3) is Holder continuous, let (z,7T), (y,7) € Qrp
such that

T
o(z,T) = /0 /M W(T —s,2,Q)9(Q, s) do ds
and
cr) = [ [ W= 5. Qa(Qu5) do ds

Without loss of generality we assume 0 < 7 < T'. Consider the difference
o) = o) = [ [ VT =5.2.0) = W = 5.5.Q)g(Q.5) dor ds
o Jum

* /TT /M W(T —5,2,Q)9(Q, s) do ds

Lemmas 5.5, 5.6 and 5.7 provide estimates needed to prove ¢ is Holder continuous. Throughout
the proofs we assume p’ = L5
P
LEMMA 5.5. Let p > n+1. Suppose (x,T), (y,7) € Qp with0 <7 <T and R¢ = {(Q, s) €
X (0,7): |z — Q|+ |T — sz <2(|lz—y|+|T —7|2)}. Then for0<a<1-— % there exists
K1 > 0 depending on p,n,Q, T and independent of g € L,(M x (0,T)) such that

[ 10T = 5.0.Q) = Wir = 5.5,0)9(Q.9)] do ds

1\ @
< K1 (Jz =yl +1T = 1*) 11 g lprxion
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Proof.

[ 1@ = 5.0.Q) = Wir = 5.5, Q))o(@. )| dor s

) / exp (2 exp (4= 19(Q,5)| do ds

T )% (o)
’ L ’ L
“le=@P\\ "\ " (*\%Q\z) P\
- / exp( 1(T—s) ) n / EXP \ (=) gl
= S\ (T —s)3 re \ (1 —s)3 e
By hypothesis p >n+ 1. Pick 0 < e < %, set N = ”72176. Then there exists ¢ > 0 such
that w!¥ - exp(—w) < ¢+ N for all w > 0. Consequently,
D@\ ¥ =@\ \ ¥
exp ( L(T—s) ) exp ( I(r—s) )
—— | t — 9llp, R
c (T — S)Tp ¢ (7’ — S)Tp
i o o
P P
- / c-N n / c- N gl
- ’ N / N g p, R
c np’ / I*Q 2 c np’ 4 *Q 2
(T'—s) = (%) (r—s) (%)
- - ] 1
n—l—c—np’ »’
< Cl(/ (T —s) 2 ds/7d0>
A\ W QT
T 1 1
n—l—e—np’ p’
+CQ (/0 (T - S) 2 dS/A W dO') || g ||p,RC

where A={Q e M : |z — Q| < 2|z —y|+ |T —7|2}. Since |T — 7| < [T —s|,R¢ € A x (0,7).
Let py, = ly — Q|, p» = |z — Q|. Notice that in A, 0 < p, < 2|z —y| + IT — 7|z and
0 < py <|z—y|+ps <3z —y|+|T —7|2. Therefore,

1
7

T n—l—e—np’ 1 P
cl(/ N ds/7d0>
0 ( ) Aly—Qnt=e
1
4 (/ (T 5)7"*“;*"P'ds/ L ) gl
) — —————do Re
0 Al —Qnt-e i

. 1
_ T I 3lz—y|+|T—7]2
< |Ch / (1 —29) 2 ds/ < tdr
0 0

o’

1
o7

. T R 2\a—y|+|T—7|2
+CYy / (T —s) 2 ds/ r<dp llgllpre
0 0



18 V. SHARMA AND J. MORGAN

é n+l—e—np L/
L) (3 — gl + 1T -3

€Epr

IN

6'2 ntl—e—np’ ntl—e—np’ o 1\
F 22 (T () (2|x—y|+|T—T|2)P]|g||p,nc
p

M

n+1 €

By hypothesis, p’ < . Therefore, there exists K1 > 0 depends on p,n and T such that

[0V = 50,00 = Wi = 5.0, @)9(@.5)| do ds
sp=1)

1 P
<Ki(le—gl+1T=714) 7 g lpaixiom

The result follows since 0 < e < % is arbitrary.d

The proof of the following Lemma makes use of Brown’s corollary to Theorem 3.1 in [4]. This
also provides a proof for the remark made in [4] after Lemma 3.4.

LEMMA 5.6. Let p > n+ 1. Suppose (z,T),(y,7) € Qr and R = {(Q,s) € M x (0,7) :
Az —yl +|T —7]2) < |z — Q|+ |T —s|2}. Then for0 < a < 1— "T'fl there exists Ko > 0
depending on p,n,Q, T and independent of g € L,(M x (0,T)) such that,

/R (W(T — 5,2.Q) — W(r — 5,4,Q))g(Q. 5)] do ds

1\ @
< K, (|:1: —y|l+|T - T|2) Il g llp,arx0,7) -

Proof. Using the Theorem 3.1 in [4], we have

/R (W(T — 5,2,Q) ~ W(r — 5,4,Q))g(Q. 5)] do ds

|T—T|%+|(E—y| e ( |z Q|2>
S/7ac(|T—s|%+|z_Q|>(“(T s)2)exp | J—gy ) 19(@s)l dords
- ! @ oy (=l2=QL
1 l1-a T — 7|2 + |z — ¥ exp(m)

—lz—QI* Q\2
_ 1 exp( AT )
<Dy | o (@) do ds

IN

where Dy = C(T% +1) and Dy = D, (%)1_(1 (|T — 77 + |z — y|) . By hypothesis, n +1 —
(n+a)p >0.Pick0<e< (n+1)—(n+a)p’ and set N = %E_“pl. Then there exists ¢ > 0
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such that w" - exp(—w) < ¢- N for all w > 0. Consequently,

1

' |lo— 2 7
| [ = () ) lol
1 7 p! g as g llp,R
r |z — QP (T —s)= b
L/
~ 1 c-N
<bi| [ : 9 o
I—Qap np’ Ne—0|2 N ’
® | | (T —s) 5 (p4|(T—ng )

2

1
n—l—c—ap’ Iy
A
< D, / / : do ds | 1| 9(5,Q) llparxior
(0 " (T—s)ﬂ |z — Q1< p, M x[0,7]
1

< éh, (/o (T - S)H%M ds - /M W dU) ’ Il 9 |lp,azx0,7]
Then by change of variable, there exists C, a > 0 such that
- ., o
D </0 (T — )2 g /M W do) " 9 lparxon

1
~ n—l—c—ap’—np’ “ 1 v
< CD, ((T) 2 +1-/ Tledr) 19 llp,arx10.7]
0

The result follows. O

LEMMA 5.7. Let p > n+1, and suppose (x,T),(y,7) € Qr. Then for 0 < a < % — "2';1
there exists K3 > 0, depending on p,n,Q and T, and independent of g € L,(M x (0,T)) such

that,

T
/ /M W(T — 5,2,Q)9(Q.5)| do ds < Ks(T — )" || g |

p, M x[7,T]

Proof. By hypothesis p >n+ 1. Pick 0 <e<n+1—np’ and set N =

n—1l—e

- Then there
exists ¢ > 0 such that w? - exp(—w) < ¢- N for all w > 0. Consequently,

T
[ ] W s.Qu@.)] do ds

T M

—lz—Q|?
T exp( I(T—s) )
< — Y 100, 8)| do d
< [ [ —amsi @) do ds
T jod n—1l—e
C(T—s) = 1
<cC I .5)| do d
A B e
r / 1 !

<C / (T —s)" === ds-/ ——do | g lpaxier
BV AT P



20 V. SHARMA AND J. MORGAN

Similarly, by change of variable there exist Cs, o > 0 such that

o ([ w-g= = [ ) )
— S S - —— a0 g
\Js M|z = Qe

L
Iy

~ n—1l—e—np’ “ 1
<G (-0 M an) )

1—e—

n+4 = np,
SK(T—7)" 2 |l g llp,mxirm)

‘d\‘ i~

p,Mx[7,T]

p,Mx[7,T)

where K3 > 0, depends on p,n,Q and T, and independent of g € L,(M x (0,T)). The result

follows since 0 < € < n+ 1 —np’ is arbitrary, and %;np, =1- "2—21. O
PROPOSITION 5.8. Suppose v € L,(M x (0,T)) for p>n+1. Then the classical solution

of (1.3) is Hélder continuous on Q x (0,T) with Hélder exponent 0 < a < 1 — %’ and there
erists f(p > 0, depending on p,n,Q and T, and independent of ~ such that

~ 1 a
(@, T) = oy, D < K (IT =712 12 = y1) 17 Ipxcom)
for all (z,T),(y,7) € Q.

Proof. We prove this proposition for d = 1. The extension to arbitrary d > 0 follows from
a simple change of variables. Let Q be an open subset of Q with smooth boundary such that
the closure of  is contained in Q. It is straightforward matter to apply cut-off functions and
Theorem 9.1 in [19] to obtain an estimate for ¢ in Wg’l(fl x (0,7)). Moreover, there exists
L, ¢ r independent of v such that

()

p,Qp — Lp,Q,THFYHp,MT

el
Since p > n + 1, WpQ’l(Q x (0,T)) embeds continuously into the space of Holder continuous
functions (see [19]). As a result we have Holder continuity of the solution to (1.3) away from
Mrp. We want to extend this behavior to points near M.
Pick points (x,T), (y,7) € Qr. We know from Fabes and Riviere [10] that the solution of
(1.3) is given by

T
ola,T) = /0 /M W(T — s,2,Q)g9(Q, s) do ds

—lz—Q|?
A(T—s)

where W(T — s,z,Q) = %, 9(Q,t) =[I + J]717(Q7t) and

J(9)(Q,1) _6133/ / Q ”Q exp (—%) g(s,y) do ds

for almost every @@ € M (for smooth manifold it is true for all Q), 1o being the unit outward
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normal to M at Q.
o) = el = | [ [ W = 5.0,Q) = W(r = 5..Q)0(Qu5) dr ds
+ /TT /M W(T —s,2,Q)9(Q, s) do ds|
<I [ W = 52.Q) = W(r = 5.5.Q)o(Qu) dor |
1 [ W = 5.2.Q) = W(r = 5.5.Q))a(Qu5) dor |
ﬁanH@ﬂﬁ%mﬁ%ﬁgmgwww

Where R and R¢ are given in Lemmas 5.6 and 5.7. Now using Lemma 5.5, Lemmas 5.6 and
5.7for0<a<1— "Tfl, there exists K, K3, K3 > 0 depending on p,n, (2, T and independent
of g € L,(M x (0,T)), such that

1\¢@
(@, T) = oy, D < K (Jo =l + 1T = 71%)" g lpaexcor)

+Ka(IT =it +lo—yl) g

p,Mx(0,7)
n+1757np/
+K3(T—71)" 2 || g llpmxcr1)
So,
~ 1 a
@, T) =y, < K (IT =715+l = y1) 19 lprexcom)
a

Now we combine Holder estimates and Theorem 9.1 in chapter 4 of [19] to get the existence
of a Holder continuous solution to system (3.3) for any finite time T > 0.

Proof of Theorem 3.6: Chapter 4, Theorem 5.1 in [19] implies (3.3) has the unique weak
solution. In order to get Holder estimates, we break (3.3) into two sub systems. To this end,
consider

w2, = dAps + 0 re, 0<t<T
dip2 o

5.1 — =d— eM, 0<t<T
Y2 = ¥o r€eN, t=0
1: = dApy zeQ, 0<t<T
dp1 0o

5.2 d—— =~v—d—— M, 0<t<T

(5:2) on ~ 1" %%, reM, 0<t<

w1 =0 r€N, t=0
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From Lemma 5.1 there exists a unique solution of (5.1) in W2'(Q x (0,T)), and a constant
C1(T,p) > 0 independent of § and ¢ such that

Do H(l—;xa—ﬁ)

2 2
le2llt 02y < Co(To)(16lx 0.1y + 1175 )+ ol 2

p,(092x(0,T))

Using proposition 5.8, there exists C2(7,0) > 0 independent of v and g so that the unique
weak solution to (5.2) satisfies,

|<P1|QX(0 Ty S Co(T, p) 1V llp,arx 0,1y + || ||p,Mx(o T)

where 0 < 8 < 1 — %' By linearity, ¢ = ¢1 + @2 solves (3.3). Moreover, for p > n + 1,

W2 (Q % (0,T)) embeds continuously into ch5 (Qr). So, there exists C(T,p) > 0 independent
of 0, v and ¢ such that

(5.3) Pl 0.y < C(T,p)([6]

p.ax0,7) + 1Vllp.arx0.1) + H<Po||pgz)

REMARK 5. We will use these Holder estimates to obtain sup morm estimates, and local
existence results for (3.1).

6. Proof of Theorems 3.2 and 3.3.

6.1. Local Existence.
THEOREM 6.1. Suppose F,G and H are Lipschitz. Then (3.1) has a unique global solution.

Proof. Let T > 0, Fix (uo,vo) € W2(€2) x W2() such that they satisfy the compatibility
condition

D% = G(ug,v9) on M.

(6.1) 5

Set
X ={(u,v) € C(Q x [0,T]) x C(M x [0,T]) : uw(x,0) =0,¥ x € Q,v(z,0) =0,V x € M}

Note (X, || - ||s) is a Banach space. Let (u,v) € X. Now consider

= DAU + H(u + uo) xe, 0<t<T
—f)AMV—i—F(u—i-uo,v—i—vo) reM, 0<t<T
ou
(6.2) Da—n—G(u—i-uo,v—l—vo) reM, 0<t<T
U = ug reQ, t=0
V =g reM, t=0

From Theorems 3.5 and 3.6, (6.2) possesses a unique weak solution (U,V) € V;’%(QT) X
W2 (Mr). Furthermore, from embeddings, (U, V) € C(Q x [0,T]) x C(M x [0,T]). Define

S:X — X via S(u,v) = (U —up, V — vg),
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where (U, V') solves (6.2). We will see that S is continuous and compact. Let (u,v), (%,?) € X.
Then

S(u,v) — 8(a,8) = (U~ U,V — V)
Using linearity, (U — U,V — V) solves

Uy — U, = DA(U —U) + H(u + ug) — H(@t + up) reQ, 0<t<T
Vi = Vi = DAM(V = V) 4 F(u +ug,v 4+ v9) — F(i +up, 0 4+1v9) €M, 0<t<T
oU -U
D%:G(u+u0,v+v0)—G(&—i—uo,ﬁ—f—vo) reM, 0<t<T
n
U-U=0 reQ, t=0
V-V=0 zeM, t=0

From Theorem 3.6, if p > n + 1 there exists K independent of H, G, F,u, v, u, v such that
U = Ulloo,0z + IV = Vlioo,atr < K (| F(u+wuo,v +v0) = F(i + uo, &+ v0) |, p17

G + o, v +v0) = G(@ + w0, + vo)|lp, vy
+[1H (u + uo) — H(a + uo)|lp.0r)

Using the boundedness of €2 and M, there exists K > 0 such that

IU = Ullso,0r + IV = Vllso,ntr < K (|| F(u+ uo,v+v0) — F(@ + o, + v0)||oo, 011
|G (u + 1o, v + vo) — G(@ + uo, 0+ vo) || o, rry
I H (u + uo) — H (@ + o) || oo,07)

Since, F, G, H are Lipschitz functions there exists M > 0 such that
IU = Ullco.0r + IV = Vloo.atr < M(Jlu— il g, + [0 = )00

Therefore S is continuous with respect to the sup norm. Moreover, for p > n+1, from Theorem

3.5, 3.6, and Lemma 2.6, there exists C'(T, p) > 0, independent of F'(u+wug,v+vg), G(u+ug, v+

vo), H(u + ug), up and vy such that for all 0 < a < 1 — %, 0<pB<l- "Tfl,

(6.3) 16, + V1§ < CT.p)(1H (u+ 0)lpar + G+ o, v+ v0) [ atr
+ |1 (u + uo, v + o) po)

Using (6.3), S maps bounded sets in X to precompact sets, and hence S is compact with
respect to the sup norm. Now we show S has a fixed point. To this end, we show that the set
A={(u,v) € X : (u,v) = AS(u,v) for some 0 < A\ < 1} is bounded in X with respect to the
sup norm. Let (u,v) € A. Then there exists 0 < A < 1 such that (%, 2) = S(u,v). Therefore if

2
ptr + [0l 22 + ol

(G, ) = (u+ Aug, v + Avg) then A
Uy = DAG+ NH (u + o) re, 0<t<T
0y = DAND + AF(u + ug, v + vg) zeM, 0<t<T
Dg—Z:)\G(u—Fuo,v—l—vo) reM, 0<t<T
&= Aug zEQ t=0

b = Ao reM, t=0
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From Theorem 3.6 and H, F' and G being Lipschitz, there exists N > 0 such that ||(4, )| < N,
with N independent of \,u and v. Since ||(u,v)|loco < ||(%,9)]lcc < N, hence boundedness of
the set is accomplished. Thus, applying Schaefer’s theorem (see [8]), we conclude S has a fixed
point (U, V). Further, (U + wuo,V + vg) is a solution of (3.1). Moreover, bootstrapping the
regularity of this solution using well known estimates, we obtained a solution to (3.1) according
to Definition 3.1.

Finally, we show the solution of (3.1) is unique. Suppose (u,v), (i, ?) solve (3.1). Then,
(u — 4, v — 0) satisfies

vy — 0 = DA (v — D) + F(u,v) — F(@,0) reM, t>0
Dwze(u,u)—cm,@) zeM, t>0

U

u—1u=0 reN, t=0

v—0=0 reM, t=0

Taking the dot product of the v; — 0; equation with (v — @), and the u; — 4 equation with
(u — 4), and integrating over M and (Q respectively, yields

1d A . X
5= (v =05 ar + llu = a3 ) + DIV (u — @)]3

2 dt
< v =oll2,ml|F(u,v) = F (i, 0)|l2,0s + lu — @ll2,0l H(u) — H(a)]
+ lu = dll2,m |G (u, v) — G(@,D)||2,m
< Kljv = 0ll2,mr (lw = dll2,ar + [[v = 9]2,ar)
+ Kllu = allo,ar (|l = @200 + [0 = 8lle,m) + +EK|lu = dll3 o
< K([Jo = 0l13, 0 + llu = all3 )
+ 2K |Ju — al2,mllv = 0|20 + Klu—il3 g

< 2K (|lv = olf3 ar + llu = all3 ar) + Kllu—all3 o

2,0

min{d;:1<j<k}

From Lemma 2.4, for p =2 and € = dé"—;('" = bR , we have
~ dmin ~ A ~
(6.9 o= @l ar < T2V (0~ 0) g+ Cellu — il
Using (6.4)
1d <112 TP <112 A TP
537 v =0llzar + [l = @l50) < 2K|jv =05 + K(1+2C0)|lu— dllq

< Cek (lv = 0lI3 as + llu — 13 )

Observe, (u—@) = (v—5) =0at t =0 and (|lu— a3+ [[v—9]13 5;) > 0. Therefore, apply-
ing Gronwall’s inequality, v = ¢ and u = 4. Hence system (3.1) has the unique global solution. O

Proof of Theorem 3.2: Recall that ug € W2(Q2) and vy € W (M) with p > n, and u, vo
satisfies the compatibility condition for p > 3. From Sobolev imbedding (see [11], [19]), uo, vo
are bounded functions. Therefore there exists # > 0 such that |[uo(-)|/ec,0 < 7, |v0(*)|loc,ps < 7

For each r > 7, we define cut off functions ¢, € C$*(R*,[0,1]) and v, € C((R* x
R™),[0,1]) such that ¢,.(z) = 1 for all |z| < r, and ¢,.(z) = 0 for all |z| > 2r. Similarly
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Yr(z,w) = 1 when [z] < r and |w| < r, and ¥, (2, w) = 0 when |z| > 2r, or |w| > 2r.
In addition, we define H, = H¢,, F, = Fi, and G, = Gi,.. From construction, H,(z) =
H(z),F(z,w) = F(z,w) and G,(z,w) = G(z,w) when |z| < r and |w| < r. Also, there exists
M,. > 0 such that H,, G, and F,. are Lipschitz functions with Lipschitz coefficient M,.. Consider
the “restricted” system

uy = DAu+ H,(u) zeQ, t>0
vt:f)AMv—i—FT(u,v) reM, t>0

0
(6.5) Da—z = Gy (u,v) zeM, t>0
U = Ug .’,EEQ, t=20
v =1 reM, t=0

From Theorem 6.1, (6.5) has a unique global solution (u,., v,). If ||[u(-, )||sc,q, [V, )] co,p <
r for all t > 0, then (u,,v,) is a global solution to (3.1). If not, there exists 7, > 0 such that

wr (s D)oo, + lor(s Dlloo,pr <7 VE€[0,T}]
and for all 7 > T, there exists ¢ such that T}, <t < 7, and & € Q and z € M, such that
lur (@, )] + |vr (2, 1) > 7

Note that T, is increasing with respect to r. Let Tiax = lim, oo 7). Now we define (u,v) as
follows. Given 0 < t < Tiax, there exists r > 0 such that ¢t < T, < Thax. For all z € Q,
u(z,t) = up(z,t), and for all x € M, v(z,t) = v,(z,t). Furthermore (u,v) solves (3.1) with
T = Tmax. Also, uniqueness of (u,,v,) implies uniqueness of (u,v). It remains to show that
the solution of (3.1) is maximal and if Ty, < oo then

limsup |Ju(+, t)||oo, + lmsup ||[v(-, t)|| co,pm = 0.
t—Tinax t—Tmax

Suppose Tiax < 00 and set,

lim sup ||u(-, 1) oo, + limsup ||v(-, t)]|co.ar = R.

t—Trmax t—Tmax
If R = oo then (u,v) is a maximal solution. If R < oo there exists L > 0 such that

ll2]] 00,25 (0, Tmax) T 1Vl 00, 005 (0, Tmae) < L-

As a result, Top, > Tax, contradicting the construction of Thy,. O

Now we prove that under some extra assumptions that the solution to (3.1) is component-
wise nonnegative. Consider the system

ur = DAu + H(u") reQ, 0<t<T
ve = DApv + F(ut ot reM, 0<t<T
0

(6.6) Da—:; = Gut,vh) zeM, 0<t<T
U = Ug .’,EEQ, t=20

v = g zxeM, t=0
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where v = max(u,0) and v~ = — min(u, 0).

PROPOSITION 6.2. Suppose F,G and H are locally Lipschitz, quasi positive functions, and
up, v are componentwise nonnegative functions. Then (6.6) has a unique componentwise non-
negative solution.

Proof. Note that F(u™,v"), G(uT,v") and H(u™) are locally Lipschitz functions of v and
v. Therefore from Theorem 3.2 there exists a unique maximal solution to (6.6) on (0, Tiax)-
Consider (6.6) componentwise. Multiply the v;; equation by v;” and the u;, equation by u;,

(6.7) v, (?;; = cziv;AMvi +v; Fi(ut,vT)
(6.8) u;% = dju; Auj + u;Hj(qu)
Since w4 = L4 (y=)2
S A L Wy Y TS
—dju; Auj — uj_Hj(qu)

Integrating (6.7) and (6.8) over M and € respectively, gives

_ 1d ~ _ _
3 O + 5 1 0o+ [ 90 dotd; [ Va7 da

*—/u;HJ—(u"') da:—/ u;Gj(u"",v"') da—/ v; Fi(u™,v") do
Q M M

Since F,G and H are quasi-positive and d;, d;j >0,

_ 1d _
Sl (OB s+ 5 5 (58) 3= 0

Therefore, the solution (u,v) is componentwise nonnegative. O

COROLLARY 6.3. Suppose F,G and H are locally Lipschitz, quasi positive functions, and
ug,vg are componentwise nonnegative functions. Then the unique solution (u,v) of (3.1) is
componentwise nonnegative.

Proof. From Theorem 3.2 and Proposition 6.2, there exists a unique, componentwise non-
negative and maximal solution (u,v) to (6.6). In fact (u,v) also solves (3.1). The result follows.
a

6.2. Bootstrapping Strategy. The following system will play a central role in duality
arguments.

U, = —dAy T — 0 (z,t) € M x (1,T)

(6.9a) =0 reMt=T
or = —dAp — 1 (x,t) € A x (1,T)

(6.9Db) mdg—j; + ko =V (x,t) € M x (1,7)

p=20 xeQ, t=T
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Here, p > 1,0 <7 < T, 9 € L,(M x (7,T)) and ¥ > 0, and ¥ € L,(Q x (7,T)) and ¥ > 0.
Also d > 0, d> 0, and k1, k2 € R such that k1 > 0 and k1k2 # 0. Lemmas 6.4 to 6.8 provide
helpful estimates.

LEMMA 6.4. (6.9a) has a unique nonnegative solution ¥ € W, (M x (1,T)) and there
exists Cpp > 0 independent of ¥ such that

|| Hp M x(r,T) < CP;THHHP,MX(T,T)

Proof. The result follows from Theorem 3.5 and the comparison principle. O

LEMMA 6.5. Let p > 1, k1 > 0 and if k1 = 0 then ko > 0. Suppose ¥ is the unique nonneg-
ative solution of (6.9a). Then (6.9b) has a unique nonnegative solution ¢ € W2(Q x (1,T)).

Moreover, there exists C, 7 > 0 independent of 9 and J and dependent on d, ci, K1 and Ko such
that

) )
112 e (r.ryy < Cot (10llp ar ey + 1]l 2 r.1)

Proof. The result follows from Lemma 6.4, Sobolev embedding and similar arguments of
proof on page 342, section 9 of chapter 4 in [19], and the comparison principle. O

REMARK 6. If p > n+ 2 and k1 > 0, then V is Holder continuous in x and t. See the
Corollary after Theorem 9.1, (page 342) chapter 4 of [19].

LEMMA 6.6. Suppose | > 0 is a non integral number, k1 > 0, d >0, 9 € Cl’%(ﬁ x [r,TY)),
§ e Ch5 (M x [r,T]), ¢(=,T) € C*(Q) and ¥ € CH152 (M x [r,T]). Then (6.9b) has a
unique solution in C22T1(Q x [, T]). Moreover there exists ¢ > 0 independent of ¥ and
such that

1+2) 1+1)
| |§l->"<_[TT < C(|19|Q><[TT +|\IJ|(+ ))

Proof. See Theorem 5.3 in chapter 4 of [19]. O

LEMMA 6.7. Suppose 1 < p < oo, k1 > 0, and r,s are positive integers. If ¢ > p and
2—-2r—s— (% - %) (n+2) >0 then there exists K >0 depending on 2,7, s,n,p such that

1D D3¢l

q,.2x(7,T) H<PHP Qx (1,T)
Jor all p € W2 (2 x (7,T)).
Proof. See Lemma 3.3 in chapter 2 of [19]. O

LEMMA 6.8. Suppose 1 < p < oo, k1 > 0, and r,s,m are positive integers satisfying
2r+s<2m— %. There exists ¢ > 0 independent of p € W,2™ m(Q x (1,T)) such that

(2m—2r—s—

DID3¢g|—r € W22 7575(Q) and || II,,Q "<l H,,QX(TT>
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In addition, when 2r + s < 2m — 5’
m—2r— 57l m— ,,,757
D; m@'MX TT) W 2 2 ’ (M X (TvT))
(2m 2r—s—
and H‘P ||p Mx( TT) < CH‘P ||p Qx(r,T)

Proof. See Lemma 3.4 in chapter 2 of [19]

LEMMA 6.9. Let p > 1, k1 = 0 and suppose 0 < ¥ € L,(Q x (1,T)), and ¥ is a unique

1
solution of (6.9a). Then ¥ € Wj T (M x (7,T)), and (6.9b) has a unique solution ¢ €

W2HQ x (1,T)). Moreover, there exists Cpp > 0 independent of ¥ and dependent on d, and
Ko such that

, )
120y < Cor (19 ey + 19l nt )

Proof. The result follows from Theorem 9.1 in chapter 4 of [19], Lemma 6.4, and Sobolev
embedding. O

REMARK 7. Ifp > ”T” , k1 = 0 and ¢ satisfies system (6.9b), then p is a Holder continuous
function in x and t. See the Corollary after Theorem 9.1, chapter 4 of [19].

REMARK 8 By Lemma 6. 4 Lemma 6.5, Lemma 6.8, and Sobolev embedding, we have
2 _2
(-, 1) € Wp Z (Q), U(,7) € Wp P (M), and there exists ¢ > 0 independent of ¢, ¥ such that

2-2)
(-, 7) Hp,szp

= C(||19||p,szx(7-,T) + H19||p,Mx(7-,T))
1967 Iga” < el
’ P, M p,Qx(7,T)
respectively. Moreover, if p > n there exists ¢ > 0 independent of ¢, ¥ such that
(2-2)
12l o iy < el )1
(2-2)
Wl o nrx(ry < @ C T 0

respectively.

LEMMA 6.10. Letl <p<n+2andl < q< fﬁ?)p There ezists a constant C > 0

depending on p,T — 1, M and n such that if ¢ € VV2 L x (1,T)), then

||SD||p Q>< 7— T)

H@n q, M x(r,T)

Proof. Tt suffices to consider the case when ¢ is smooth in Q x [r, T, as such functions are
dense in W2 (Q x (7,T)). M is a C**, n — 1 dimensional manifold (y > 0). Therefore, for

every f € M there exists € > 0, an open set V' C R™ containing 0, and a C?*# diffeomorphism
¥V = B(£, ) such that $(0) =& v({z €V :izy > 0}) = B, e)) NQand p({z €V : ap =
0}) = B({ e ¢) N M. Since ¢ is a C? diffeomorphism, (1)~ 1),,, the nth component of =1, is
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differentiable in B(E, €¢), and by definition of 1, (1), (€) = 0 if and only if £ € B(E, €g) N M.

Further, V(1)~1),(€) is nonzero and orthogonal to B(E, €g) N M at each £ € B(E, €g) N M.
Without loss of generality, we assume the outward unit normal is given by

vV~ Hn(©)

18 = (@)

VEeB(E e) N M
We know,
6.0 = Vepl&t) 1(O) ¥ (€.1) € Bléie) M x (1.T),

Now in order to transform %ﬁ’t) back to R", pick L > 0, such that

E=[-L,L]x[-L,L] x ... x [-L, L] x[0, L] C V, and define ¢ such that

(n —1) times

@(xvt) - = Awn Vzw(dj(x/vz)vt)TD(d}(x/aZ))n(w(xlaz)) dz Vz= (xlvz) €L

where o/ € [~L,L] x [-L, L] x ... x [=L, L]. We know ¢ € W2'(Q x (7,T)). Therefore from

(n — 1) times
Lemma 6.7, there exists 0 < a < L and Ké > 0, depending on €2, n, p such that

(6.9) /S a

where S, = Ely,—a X (1,T) and Sz, = Elo<z,<a X (1,T). Using the fundamental theorem of

9¢((z', @), 1)
o0z,

r (2) (n+ 2)p
’ dodt < Kellllponiray ¥1<7< 25—

calculus,
S (o q S (o q
Ex(r,T) 0z Sa 0y,
Op((«, ), )" |9%@((a',5),1)
do dt
+ q/smn oz, 0x2 7
Using (6.9),
6@(($I70)7t) ! (2)
——— =2 dodt < K:(||¢ a
/| o 1212 )
Op((«',5),) "7 |9*@((', ), t)
—_ | ————"=| do dt
* q/s Oxy, ox? 7

Applying Holder inequality,

/ 0o((',0),t) ‘q
Ex(7,T)

R (2)
| do dt < Kl

p,QX(i,T))
S,

(g—=Dp

595((;;;8%1&)} " wa (/S

Tn
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Recall a 6 L,(Sz,). So using Lemma 6.7 we have

0¢((2',0),t

610 [ |ereo
Ex(r,T)

oxy,
Now, M is a compact manifold. Therefore there exists set A = {P,..., Py} C M such
that M C Ui<;<nB(P;,ep,). Let V;, K; and a; be the open sets and constants respectively

obtained above when é = P;. Then,
1
q
do dt)

T q
([ Ll ) < (5.1,
T M 877 PicA B(P;e)
dodt)

<P eA/ /Vzno
2
<C Y Killellyax )
Therefore, for some C > 0, depending only upon p,7,T, M and n, we get
H 2) o (nt+Dp
d

PeA
Cllelly oy forall1<g<
The following Lemma plays a key role in bootstrapping L, estimates of solutions to (3.1).

2
‘daﬁ<Knﬂ;@TmV

90

98 |

’ﬂ

q,MXTT) n+2_p

LEMMA 6.11. Assume the hypothesis of Corollary 6.3, and suppose (u,v) is the unique,
mazimal nonnegative solution to (3.1) and Tmax < 00. If 1 < j <k and 1 <i < m, such that
(Vi;1) holds, then there exists Kr,,,. > 0 such that

i ()|l + llvi(-, 2) < Kr,

max

forall 0<t<Thas.

Proof. For simplicity, take o = 1 in (V; ;1). Let 0 < T' < Tinax, and consider the system

o = —dAp (z,t) € 2 x (0,T)
(6.11) dg—s; =ap+1 (xz,t) € M x (0,T)
Y =T re, t=T

where « is given in (V;;1), d > 0, and o7 € C**T(Q) for some T > 0, is nonnegative and
satisfies the compatibility condition

0
dﬂ:oapT—l—l on M x {T}
o
From Lemma 6.6, ¢ € C*T1:1+3 (0 x [0,7T]) and therefore by standard sequential argument
© € CTTIHE (M x [0,T]). Also, note that g(s) = as + 1 satisfies g(0) > 0. Therefore,
Proposition 6.2 implies ¢ > 0. Now having enough regularity for ¢ on M x [0, T], consider

0;(g" /det g Dip)

A B 1
MP = Vdet g
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where g is the metric on M and ¢*7 is ith row and jth column entry of the inverse of matrix
associated to metric ¢g. Further let J = —¢, — dA mp. Then,

v = uj(—pr —dAp) + vi(—pp — JAMSD)
[ L=l ), [
— /OT /glga(wt — dAuy) +/OT /M (i — dApv;) — / / uy st / / 3uj

+ /Q (2, 0)p(x,0) + /M 0i(C, 0)plz, 0) — /Q w; (@, T)or — /M wi(¢. Tz
Using dg—‘s =ap+1

//ua//Qw // () + G (1, 0))g

+/Quj($,0)90($,0)+/M Ui(QO)cp(x,O)—/OT /ng
Using (V;;1),

(6.12) /OT /M uj < /OT/Qﬁsﬁ(uj + 1)+/OT /M a(vi + 1)
+/Quj(x,o)<p(x,o)+/Mvi(4,o)<p(x,0)) _/OT/MM

Now, integrating the u; equation over 2 and the v; equation over M,
d -
—(/uj—i—/ ’Ui>=d Auj + Hj(u)—i—d/ Avi—i—/ Fj(u,v)
dt \Jo M Q Q M M
<6 [(w+1+ [ (Gilwo)+ Fwo)
Q M
Q M

Integrating (6.13) over (0,¢) with 0 < ¢ <T < Tyax, and using (6.12), gives

(6.14) /Quj(a:,t)Jr/Mvi(c,t) gB/()tAZuj+d/()t/Mvi+i(t)

where

L(t) = a|M|t + BQIt + aBliellax o + @ llelhaxon + alluj@ 01 - o, 0) .0
+ 10i (6 0)l,ar + e[oi(C, 0)[1ar - l(; 0) oo ar + [ (2, 0)][1,0

a(t) = &®||@llco,nrx(0,0) + @+ &lfllconrxo,) and  B(t) = B+ B¢l co0x (0.0

Applying Generalized Gronwall’s inequality to (6.14) gives the bound for the first two integrals
on the RHS of (6.14), and then substituting this bound gives

Ju@o+ [ wen<ior / (als) + A L(s) exp ( / ta<r>+ﬁ<r>dr) ds
Cr

IN

Tmax
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for all 0 <t < T < Tipae. Substituting this estimate of u; on Q and v; on M in (6.12) yields

T
/0 /M w; < B (16lloe.cre o 14 0079 + 12T @l 019)

+ a ([|@lloo,arx 0.1 Vill1, 0% 0,7y + IMIT ||| 00, 1% (0,7))
+ 1w (5 0)[1,elle 0) oo, + [0+ 0) |1, a1l (+5 0) |oo,ar + [[vill1,0£][0]] 00,01

Since T < Tynax is arbitrary, the conclusion of the theorem holds. O

LEMMA 6.12. Assume the hypothesis of Corollary 6.3 holds. Suppose (u,v) is the unique,
mazimal nonnegative solution to (3.1) and Tmax < 00. If 1 < j <k and 1 <i < m, such that
(Vi;1) and (V;;2) holds, and for ¢ > 1, v; € Ly(M % (0, Timax)), then uj € Ly(M X (0, Timax))
and u; € Lg(2 % (0, Tmax))-

Proof. Let 0 <t <T < Tyax. Multiplying the u;, equation by u?il, we get

t t t
/ /U?_l’u_jt:d/ /u;]_lAuJ—i—/ /Uq_l
0 JQ 0 JQ
t
—a [ fure o] famvuwrs [
0 JM Q Q
Using (Vi,;2)

uj ( 1) 2 - ~1
/?Mrd// ———|Vu 2| <K// Y(uj + v + 1) +B//uj+1
Q
q
/ Ujo
q
t
Kg< / It v +ud” 1>+ﬁ<//u§+uj.‘1>
0 JMm 0 Jo
q
(6.15) +/ 240
Q 4
Applying Young’s inequality in (6.15)
t t
e ) e (2) [ e (i) [
Q
(6.16) +/ i < >// vl + t|M|
Q

Also, for 1 < ¢ < o0, for all € > 0 and ¢ < T < Tynas, from Lemma 2.4, for v = u? there exists
C. > 0 such that,

t t q
(6.17) / / ul < C. / /u§+e/ /|vu§|2
M Q 0o JQ

Using (6.17) and (6.16) for appropriate € > 0, gives

(6.18) th/ /Q <K, / /Qu + Ko(T)
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for

wimn () [ 72

and K7 > 0 depending on t, where t < T < Tyas. Therefore from Gronwall’s Inequailty

T T
(6.19) /Q ujd(z,t) < Ko(T) —I—/O K1 (s)Ka(s) exp (/ f(ﬂr)dr) ds

To obtain estimates on boundary, we use (6.16) to obtain

/ Q|w2|2 < 4d(q — >3K6/ /u+€(4d )) (ﬂJrT'Q'é)/T/Q“?
w )L L)

Using (6.17), (6.20) and (6.19) we have,

[ e Lo (s _1) J e Gag) (o) [ [
) (L () [ Lo T30

Now choosing € such that

q2

and using the estimate above for u; on (€ x (0,7)), we have u; € Ly(M x (0,T")). Since T is
arbitrary, u; € Lq(M X (0, Tjnqz)) O

LEMMA 6.13. Assume the hypothesis of Corollary 6.3, and suppose (u,v) is the unique,
mazimal nonnegative solution to (3.1) and Tymax < 00. If 1 < j < k and 1 < i < m so that
(Vi,;1) and (V; ;2) hold, then for allp > 1 and 0 < T < Tmax, there exists Cpr > 0, such that

%5 |lp, 2% (0, Tman) + 1Villp, a2 (0, Traw)

< CpToae (15]11,00% (0, Tman) + 13 111,0% (0, Tman) + 1Vill 1,005 (0,71000))

Proof. First we show there exists r > 1 such that if ¢ > 1 such that u; € Ly(Q % (0, Thnaa))
and v; € Lg(M X (0,Tmaz)) then u; € Lyg( X (0,Tmqz)) and v; € qu(M X (0, Trnaz))-
Consider the system (6.9a) and (6.9b) with r; = 0, kg = 1, 9 > 0, 9 € L,(M x (0, Trnaz)
with H/(g pr(MX(Omiaa:)) = 1, 9 2 O7 and ¢ S LP(Q X (OuTmaw)) with H’(g H A(2%(0,Trmaz)) =1

Multiplying w; with ¢ and v; with 9 and for 0 < T < Tnaz, integrating over Q x (0,7) and
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M x (0,T) respectively, gives

T T T T
/ /uj19+/ / vﬂ?:/ /uj(—gpt—dA<p)+/ / vi (=0 — dA D)
0o Ja 0o Jm 0o Ja 0o JMm
T T
:/ /go(ujt—dAuj)—i—/ / \I’(’Uit—dAM’Ui)
0o Ja o JMm
T T
dp ou,;
—d/ /u-——l—d/ /—J +/u-x,0 z,0
o Y, ¥ QJ( )e(x,0)

+/Mvi(x,0)\11(x,0)—/Mvi(I,T)‘I’(I,T)—/Quj(faTW(va)

Since ¥ (z,T) =0 and ¢(x,T) =0,

/OT/Quﬂ9+/OT/Mvﬂ§S/OT/Q%?HJ‘(U)+/OT/M(Fj(u,v)+Gi(u,v))\p

—d/ /u»——i—/u»x,Og@x,O
o Ju 'O Q 3(,0)¢(.0)

+ /M v;(2,0)¥(z,0)

Using (V; ;1),

/OT/Qujﬁ-i-/oT/Mvil;ﬁ/OT/QB@(UJ‘+1)+/0T/Ma(uj+vi+1)\1/

_d/OT/Mujg—s;-i-/Quj(x,O)go(x,O)
(6.21) +/MU1'($=O)\I]($70)

Now we break the argument in two cases.

Case 1: Suppose ¢ = 1. Then u; € L1(2 X (0, Tnaee)) and uj,v; € Li(M x (0, Tqe)). Let
e>0andset p=n-+2+e Setp = %ﬁz (conjugate of p). Remarks 6 and 8, and Lemma
6.11 imply all of the integrals on the right hand side of (6.21) are finite. Application of Holder’s

inequality in (6.21), yields v; € L, (M x (0,T)), and there exists Cp, p > 0 such that

1wl x 0,1y + 1Villpr arx0.1) < Cpr([[wll1,0% (0, Tmaw) T 1ill1,00% (0, Tmaw) + 115111, % (0, T )

Since T' < T4, is arbitrary, therefore, Lemma 6.12 implies u; € Ly (M X (0, Tmaz)). So for
this case, r = Zﬁi:
Case 2: Suppose ¢ > 1 such that u; € Ly(Q % (0, Thnae)) and uj, v; € Ly(M x (0, Thag))-
Recall p > 1,0 < 9 € Lp(M x (0, Taa)) With [0 ||, (a1 (0.15,..7) = 1and 0 < 9 € Ly(Q x (0, Traa))
!

with || Hp,(QX(O,Tmaz)) =1. Also p' = 1%, q = q_il. Note T' < Tjnas is arbitrary. Applying
Hélder’s inequality in (6.21) and using Lemma 6.10, yields

%511 57,2 (0, Tmas) + NVillp M (0,Tma0)

< Cp e (1451l 0.2 (0, Trmaw) T+ 1Vill g, 00 x (0, Tmaw) + %51l g, 0% (0, Trma))

: 1~ (n+2)g : : _
provided p’ < s So, in this case, r =

(n+2)
n+1 °
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Now, by repeating the above argument for rq instead of ¢, we get v; € Lymq(M x (0, Tnaz)),
uj € Lymg(2 X (0, Tnas)), for all m > 1. Asr > 1, lim r™q — oo, and as a result, v; €
m—r00

L,(M x (0,T)qs)) for all p > 1. Hence from Lemma 6.12, u; € L,(M X (0,T)4)) and
uj € Lp(2 x (0, Thqe)) for all p > 1, and there exists Cp, p > 0 such that

HuJ| p,QX(O,T) + H’Ui”p)MX(O)T) S vaT (”ujHQ)MX(O;Tnlaz) + HuJ| Q7Q><(07Tmam) + ||vz| Q7M><(07Tmam))

Again as T' < T},4, is arbitrary, we get

%5 |lp, 2% (0, Tman) + 1Villp, a2 (0, Tran)

< CpToae (15]11,00% (0, Tman) + 13 111,0% (0, Tman) + Vil 1,005 (0,7000))

6.3. Global Existence.

Proof of Theorem 3.3: From Theorem 3.2 and Corollary 6.3, we already have a compo-
nentwise nonnegative, unique, maximal solution of (3.1). If Ty,ax = 00, then we are done. So,
by way of contradiction assume T}nax < 0o. From Lemma 6.13, we have L, estimates for our
solution for all p > 1, on © x (0, Tiax) and M x (0, Tiax). We know from (V; ;2) and (V;;3)
that F; and G; are polynomially bounded above for each 7 and j. Let U and V solve

U, = d]AU + B(’u] + 1) (,T,t) €N x (O,Tmam)
Vi = diApV + Kp(uj +v; + 1) (z,t) € M x (0, Tha)
U
(6.22) dja—77 = Ky(uj +v; +1) (z,t) € M x (0, Thnaz)
U=U, r€eEQ, t=0
V="V, r€M, t=0

Here, d; and d; are the jth and ith column entry of diagonal matrix D and D respectively.
Also, Uy and V) satisfy the compatibility condition, are component-wise nonnegative functions,
and (ug); < Up and (vg); < Vo. For all ¢ > 1, Ky(u; +v; + 1)} and K,(uj + v; + 1) lie in
Ly(M % (0,Tynqz)). Using Theorem 3.6, the solution of (6.22) is sup norm bounded. Therefore,
by the Maximum Principle [26], the solution of (3.1) is bounded for finite time. Therefore
Theorem 3.2 implies T},q. = 00. [

7. Examples and an Open Question. In this section we give some examples to support
our theory.

Example 1. As described in [35], during bacterial cytokinesis, a proteinaceous contractile,
called the Z ring assembles in the cell middle. The Z ring moves to the membrane and contracts,
when triggered, to form two identical daughter cells. Positiong the Z ring in the middle of the
cell involves two independent processes, referred to as Min system inhibition and nucleoid
occlusion ([32], [33] Sun and Margolin 2001). In this example, we only discuss the Min system
inhibits process. The Min system involves proteins MinC, MinD and MinE ([28] Raskin and de
Boer 1999). MinC inhibits Z ring assembly while the action of MinD and MinE serve to exclude
MinC from the middle of cell region. This promotes the assembly of the Z ring at the middle of
the cell. In [35] the authors considered the Min subsystem involving 6 chemical reactions and
5 components, under specific rates and parameters and performed a numerical investigation
using a finite volume method on a one dimensional mathematical model. Table 7.1 shows the
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assumed chemical reactions. The model was developed in [35] within the context of a cylindrical
cell consisting of 2 subsystems; one involving Min oscillations and the other involving FtsZ
reactions. The Min subsystem consists of ATP-bound cytosolic MinD, ADP-bound cytosolic
MinD, membrane-bound MinD, cytosolic MinE, and membrane bound MinD:MinE complex.
Those are denoted Déﬁp , Dé? P DATP B, and E : DATE respectively. This essentially

constitutes the one dimensional version of the problem. These Min proteins react with certain
reaction rates that are illustrated in Table 7.1. These reactions lead to five component model

Table 1: Reactions and Reaction Rates

Chemicals Reactions Reaction Rates
Min D DAP" = pap? Rove = (D207
Min D pATP k2, pare Rpeyt = ko[ DATP]
arp kslDmbnl  arp ATP[HATP
Dcyt _— Dmem Rpmem = k3 [Dmem][Dcyt ]
Min E Ecyt + Drﬁgrg k_4> E: Dﬁfﬁ Rpeyt = ka [Ecyt][Drﬁy;]
ATp ks[E:DRTT ATP ATP AT P72
Ecyt + Dmem — b Dmem REmem = k5 [Dmem][ECyt] [E : Dmem]
Min E E:DATP o gy pADP Rewp = k[E : DATP)]
with (u,v) = (u1, ua, us, vy, ve), where
Ul [D?CQP} ATP
u = u9 = [D‘Ay]}?P} , U= v = [DmeA'r%jP
Yy (%) [E : D ]
Us [Ecyt] mem
B O Dcyt 0 0
D= (O’DTS&TTL . 0 ) , D= 0 O ADyet 0
E:Dmem 0 0 UEcyt
G1(u,v) —Rpeyt — Rpmem —kouy — k3viug
G(u,v) = | Ga(u,v) | = Reap = keva ,
G3 (u; 1)) Rezp - REcyt - RE’mem k6v2 - k4U31)1 - k5’01U31}22

F(u,v) = F1(u,v) = Rpeyt + Rpmem — Recyt — REmem _ kouq + kaviug — kqugvy — ksviuzva?
’ Fy(u,v)

_RELEp + REcyt + REmem

H,y (u) Reye k1us
H(u) = H2 (U) = _Rezc = —k1U2 5
H3 (’U,) 0 0

and ug = (uo;) € W2 (S2), vo = (vo;) € W7(M) are componentwise nonnegative functions with
p > n. Also, up and vy satisfy the compatibility condition

—keva + kguzvy + ksviugva
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Here expressions of the form k, and o3 are positive constants. Note F,G and H are quasi
positive functions. In the multidimensional setting, the concentration densities satisfy the
reaction-diffusion system given by

ur = DAu+ H(u) re), 0<t<T

ve = DAy + Fu,v) reM, 0<t<T
D%:G(u,v) reM, 0<t<T

on

U = Ug re, t=0

V=1 reM, t=0

Our local existence result holds for any number of finite components. Therefore, from Theorem
3.2, this system has a unique maximal componentwise nonnegative solution. In this example,
if we take two specific components at a time, we are able to obtain L, estimates for each of
the components. For that purpose we apply our results to (ug, v2), uz and (u1,v1). In order to
prove global existence, we assume T}, < co. Otherwise, we are done.

Consider (ug, v2). It is easy to see that for j = 3 and ¢ = 2, the hypothesis of Lemma 6.13 is
satisfied, since G's + F» < 0, G is linearly bounded, and Hs = 0. As a result, us € Ly(Q7,,..)
and v € L,(Mrp,,,,) for all p > 1. Using Theorem 3.6 and the comparison principle, ug is
Holder continuous on Qg for p > n + 1. Finally, consider (uq,v1). Clearly for j = 1 and
i = 1, the hypothesis of Lemma 6.13 is satisfied, since G; + F; < 0, G is linearly bounded,
and H; is bounded. Therefore, u; € L,(Q7,,,.) and v1 € L,(Mry,,,,) for all p > 1.

max max

We already have for all 1 < i < 2 and 1 < j < 3, (uj,v;) € Lp(Qr,,,.) X Lp(Mr,,,.)
for all p > 1. Therefore there exists p > 1 such that G; € L3(Qg,,,.) for all p > p, and
F, € Ly(Mry,,,,) for all p > p. Consequently from Theorem 3.6, the solution is bounded, which
contradicts the conclusion of Theorem 3.2. As a result, the system has a global solution.

Example 2. Consider the model considered by Rétz and Roger[29] for signaling networks.
They formulated a mathematical model that couples reaction-diffusion in the inner volume to
a reaction-diffusion system on the membrane via a flux condition. More specifically, consider

the system (3.1) with k = 1,m = 2, where

B
G(u,v) = —q= —bgﬁu(cmaz — vy —v2)4 +b_gv2, H(u)=0
K K
- () e (1~ SR ) + RavafSte — kot
’ Fy(u,v) —k1v290 (1 - ff}?ﬁi) — koo 2RI + kg e+

and up = (ug;) € WZSQ)(Q), vo = (vo;) € W,gz)(M) with p > n are componentwise nonnegative.
Also, up and vy satisfy the compatibility condition

D%—:O = G(up,vp) on M.

Here ko, Ko, 90y Cmaz, b—6 are same positive constants as described in [29]. We note F, G and
H are quasi positive functions. From Theorem 3.2, this system has a unique componentwise
nonnegative maximal solution. In order to get global existence, we assume T}, < oco. In
order to obtain L, estimates for each of the components, consider (u, v2). It is easy to see that
G+ Fy, < ks, H=0, and G is linearly bounded above. So the hypothesis of Lemma 6.13 is
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satisfied. As a result, u € L,(Qr,,,,) and vo € L,(Mry,,,,) for all p > 1. Now vy, satisfies the
hypothesis of Theorem 3.5. Therefore vy € W2'(Mr,,,,) for all p > 1.

We already have for all 1 <i <2, (u,v;) € L,(Q7,,,,.) X Lp(Mr,,,,) for all p > 1. Therefore
G € L,(Qp,,,,) for all p> 1, and F; € L,(Mry,,,,) for all p > 1. Consequently, from Theorem
3.6, the solution is bounded, which contradicts the conclusion of Theorem 3.2. As a result the

system has a global solution.

Example 3. We look at a simple model to illustrate an interesting open question. Consider

the system
ur = Au reN, 0<t<T
v = Apv + u?o? reM, 0<t<T
0

(7.1) e reM, 0<t<T
on
U = ug reN, t=0
v =1 reM, t=0

where ug and vy are nonnegative and smooth, and satisfy the compatibility condition. Clearly
H(u) = 0, G(u,v) = u*v? and F(u,v) = —u?v? satisfy the hypothesis of Theorem 3.3 with
F + G <0 and G(u,v) < 0. Therefore (7.1) has a unique global componentwise nonnegative
global solution. However, suppose we make a small change, and consider the system

ur = Au re, 0<t<T

v = Apv — u?0? reM, 0<t<T
(7.2) @:u%ﬂ reM, 0<t<T

on

U = ug re, t=0

v =1 reM, t=0

Then we can show there exists a unique maximal componentwise nonnegative solution. We
can also obtain L; estimates for v and v. Furthermore, it is easy to see that v is uniformly
bounded. But our theory cannot be used to determine whether (7.2) has a global solution,
and this remains an open question. More generally, it is not known whether replacing G; in
condition (V; ;2) with F; will result in a theorem similar to Theorem 3.3.
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