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Abstract

In this article, we study the Brezis-Nirenberg type problem of nonlinear Choquard equa-
tion involving a fractional Laplacian

2% X
(—A)’u = ( ful™ dy) [u|?ms"2u 4+ Au in Q,

oz —yl»

where ) is a bounded domain in R™ with Lipschitz boundary, A is a real parameter,
5 €(0,1), n > 2s and 2}, ; = (2n — p)/(n — 2s) is the critical exponent in the sense of
Hardy-Littlewood-Sobolev inequality. We obtain some existence, multiplicity, regularity
and nonexistence results for solution of the above equation using variational methods.
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1 Introduction

In the present paper, we study the existence of solutions of the following doubly nonlocal

fractional elliptic equation:

jul%

Wdy) lu?0+ 720 + Xu in Q, u=0 inR"\Q,
0lr —

(Pr) s (=A)°u = (

where 2 is a bounded domain in R™ with Lipschitz boundary, A is a real parameter, s € (0, 1),

n>2s,2; o= (2n—p)/(n —2s) and (—A)? is the fractional Laplace operator defined as

(—A)*u(z) = —P.V./ ulw) — uly) dy

gn |z —y[nt2s

*e-mail: tulimukh@gmail.com
fsreenadh@gmail.com



Fractional Choquard equation 2

(up to a normalizing constant), where P.V. denotes the Cauchy principal value. The fractional
power of Laplacian is the infinitesimal generator of Lévy stable diffusion process and arise
in anomalous diffusion in plasma, population dynamics, geophysical fluid dynamics, flames
propagation, chemical reactions in liquids and American options in finance. For more details,
we refer to [5, 14]. Problems of the type (Py) are inspired by the Hardy-Littlewood-Sobolev
inequality:

1

2% 25 s 2% s 1
</ / ) [P Juy) [ dxdy) " <O uf, forallu € HYRY.  (11)

|z — yl|~

2n
n—2s"

where C' = C(n, 1) is a positive constant and 2% =

In the local case s = 1, authors in [9] studied the existence of of ground states for the nonlinear
Choquard equation

1 —2 : n

—Au+V(zx)u= T2l « [ulP ) JulP""u in R, (1.2)

x
where p > 1 and n > 3. In the case when p =2 and p = 1, S. Pekar [28] used this equation
to describe the quantum theory of a polaron at rest and P. Choquard [20] adopted it as an
approximation to Hartree-Fock theory of one component plasma. In [26], authors considered

the existence of ground states under the assumptions of Berestycki-Lions type. With condi-

tions on the potential V', problems of type (1.2) are also studied in [2, 1].

In [19], Lieb considered the problem of the form
—Au+u = (|z|" * F(u))f(u) in R",

where f(t) is critical growth nonlinearity such that |tf(¢)| < C|[t|* + ‘t‘i’i—;/: |, for t € R, some
constant C' > 0 and F(t) = foz f(z)dz. Under some appropriate structure conditions on the
nonlinearity f author proved the existence and uniqueness (up to translations) of the ground
state solutions. The existence of a sequence of radially symmetric solutions was shown by
Lions in [21]. The nonlocal counterpart of this problem with fractional Laplacian has been
studied in [33]. A class of Schrodinger equations with a generalized Choquard nonlinearity
and fractional diffusion has been investigated in [11]. Some existence, nonexistence and reg-

ularity results has been studied in [12]. For more details, we refer to [34, 15, 10, 3, 4].

In the pioneering work of Brezis-Nirenberg [6], authors studied the critical exponent problem
—Au = [u|* %u+ X uin Q, u=0in dQ,

where 2* = Z—J_rg They proved the existence of solutions for A > 0,n > 4 by analysing the .local

Palais-Smale sequences below the first critical level. In [13], Gao and Yang established some
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existence results for the Brezis-Nirenberg type problem of the nonlinear Choquard equation

[ul %

—Au= (/ 7dy> u[*?u+ Auin Q, u=0on 0L, (1.3)
Q

|z — y|»

where 2 is a bounded domain with LIpschitz boundary in R™ , n > 3, A is a parameter and
2;, = (2n — p)/(n — 2). Here again, authors obtianed the existence results using mountain
pass structure of the energy functional and and carefully analysing the local Palais-Smale

sequences below the first critical level as in [6].

Recently, many people studied the Brezis-Nirenberg type results for semilinear equations with
fractional Laplacian, for details and recent works we refer to [7, 31, 32, 8, 25, 24, 27, 17| and
the references therein. In [22, 23], the authors discuss recent developments in the description
of anamolous diffusion via fractional dynamics and several fractional equations are obtained
asymptotically from Lévy random walk models, extending Brownian walk models in a natural
way. Particularly, in [18] a fractional Schrodinger equation with local power type nonlinearity

has been studied.

In this paper, we consider the nonlocal counterpart of the problem in (1.3) namely (P)). Here,
we study the existence, multiplicity, regularity and nonexistence results for (P)y) in the spirit
of [13]. We show several estimates while studying the compactness of Palais-Smale sequences
using the minimizers of the inequality in (1.1) and show the L and C%® regularity for the
solutions of (P)). To the best of our knowledge, there is no paper considering the choquard
equation with critical growth and fractional Laplacian. We aim at studying the existence and
multiplicity of choquard equation with upper critical exponent 2, ; = (2n — pu)/(n — 2s) on
bounded domain in R™, n > 2s and answer completely to the question of existence, multiplic-
ity and nonexistence of solutions. We are interested in the problem that how perturbation
with a linear term along with double nonlocal terms affect the existence and multiplicity of
the problem (Py).

The paper is organized as follows: In section 2, we give the functional setting for the problem
to use variational approach and state our main results. In section 3, we show that the weak
limit of every bounded Palais-Smale sequence gives a weak solution for (Py) by analyzing the
Palais-Smale sequences below the critical level. In section 4, we give the proof of our first
main theorem (when n > 4s) for the cases A € (0,A1) and A > \; separately, where \; is
the first eigenvalue of (—A)® with homogenous Dirichlet datum given in R™ \ €. In section
5, we prove the existence result for (Py) when 2s < n < 4s, that is we show that there exists
A > 0 such that for any A > A, different from the eigenvalues of (—A)®, (Py) has a nontrivial
solution. In section 6, we present the multiplicity results for (Py). In section 7, we show some
regularity result for weak solutions of (P)). Finally, in section 8, we prove a non-existence
result for A < 0.
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2 Functional Setting and Main results

In [31], Servadei and Valdinoci discussed the Dirichlet boundary value problem for the frac-
tional Laplacian using variational methods. Due to the nonlocalness of the fractional Lapla-

cian, they introduced the function space (Xo, ||.||x,). The space X is defined as

d (u(x) —u(y))
z—y|2 "

where Q = R?"\ (CQ x CQ) and CQ := R™\ Q. The space X is endowed with the norm

X = {u| u: R"™ — R is measurable, u|g € L*(Q) an c L2(Q)} 7

lullx = llullL2@) + [ulx

where ) )

— 2

s = ([, e s
Then we define Xg = {u € X : v = 0 a.e. in R"\ Q}. Also we have the Poincare type
inequality: there exists a constant C' > 0 such that ||u[[z2(q) < Clu]x, for all u € Xy. Hence,
lu|| = [u]x is a norm on (X, ||.||). Moreover, Xy is a Hilbert space and C2°(2) is dense in Xj.
Note that the norm ||.|| involves the interaction between Q2 and R™\Q2. We denote ||.|| = []x
for the norm in Xy. From the embedding results, we know that X, is continuously and
compactly embedded in L"(£2) when 1 < r < 2%, where 2! = 2n/(n — 2s) and the embedding
is continuous but not compact if r = 27. We define
Jo ) vy
2/2;

Ss = inf
23 dx)

w€Xo\(0} ([ |u

The key point to apply variational approach for the problem (Py) is the following well-known
Hardy-Littlewood-Sobolev inequality.

Proposition 2.1 [20] Let t,r > 1 and 0 < u < n with 1/t + p/n+1/r =2, f € L*(R™) and
h € L"(R™). There exists a sharp constant C(t,n,u,r), independent of f,h such that

/ L@ 304y < Ot my 0y £l
n w!w—m

In general, let f = h = |ul|? then by Hardy—Littlewood—Sobolev inequality we get,

()| uly
/7L/7L |II:— |/J' d dy

is well defined if |u|? € LY(R™) for some t > 1 satisfying

2
LB
t n
Thus, for u € H*(R™), by Sobolev Embedding theorems, we must have
2n — u <q< 2n — p

n n—2s
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From this, for u € Xy we have

1
el )P .
[ O gy ) < O

where C'(n, p) is a suitable constant. We define

= m o) 7
s(Rn 2% . " o . 7
<fR" fon )‘@_'y\ff’" i dmy) ;

as the best constant which is achieved if and only if u is of the form

n—2s

t
Clm——5 , zeR",
t2 + |z — xo|?

for some zp € R™, C' > 0 and t > 0 (refer Theorem 2.15 of [12]). It is well-known that this

characterization of u provides the minimizer for Ss. Also,it satisfies
2" | )
(—A)*u = / P4} e =20 in R™. (2.1)
e [T —yl#

SH=—= (2.2)

Moreover,

Consider the family of functions {U.} defined as
Ue(x) = T (£> , x € R",
€

where u*(z) = @ (Sl/(2s)> u(z) = Ux) and a(z) = (% + ]az\2)_% with « € R\ {0} and

— Julax

B > 0 are fixed constants. Then for each ¢ > 0, U, satisfies

(=A)u = |u|*"2u inR"

and verifies the equality

_ 2 * 3=
n n |x - y| R

(For a proof, we refer to [31].) Then

(n—p)(2s—n)

Uelw) = 8, "0 Cn, ) =D U, ()

gives a family of minimizer for S and satisfies (2.1) and

Uc(z) — Ue(y)| // x) P | Ue ()P o oH
/n/n Iw—yln“s ddy_ n Jrn |z —y|r dady = (57w

Next lemma gives a property about S which is known to be true for S;.
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Lemma 2.2 Let n > 2s and we define

@) qzdy
SH(Q) = inf fQ =] NCeidia T

Xo\{0) . . %s
<jbjbuwﬂﬁm|u@n%% dxdy>2“

[z—y[#

Then SH(Q) = S and SH(Q) is never achieved except Q = R™.

Proof.  Clearly SH < SH(Q). Let {up} C C(R") be a minimizing sequence for S¥. We
choose 7, € R™ and 6;, > 0 such that

vp(z) =7, 2 wi(mee + 0k) € C°(Q)

which satisfies

v (x) — v (y)| lug () — ug(y)|?
/n /n |ZU — |n+28 d dy o n n |II: — |n+28 dxdy
|Uk ) s o, (y) %0 dody = |k () [P g (y) [P dzdy.
|z — yl|~ n Jrn |z — y|~

By deﬁnition,

and

Jo ‘\T dody
f f vk (@)] “Slvk(y)\ dajdy

lz—yl#
which implies S (€2) < S¥. Thus, S () is never achieved except when Q = R™ because {U, }

are the only family of minimizers for which the equality holds in Hardy-Littlewood-Sobolev

S{(Q) <

inequality and the best constant is achieved. O

Definition 2.3 We say that u € X is a weak solution of (Py) if
| o) =) o) o,

‘.Z' _ ‘n+28

/ [u(@)[Prs July) P 2uly) ()

d:Edy—l-)\/ up dx,
|z —y|~ Q

for every ¢ € C(Q).

The corresponding energy functional associated to the problem (Py) is given by

ul|? w(z) s [u(y) s A
L(u) = I(u) = ”H (//‘ MH%)’ M@—Eﬁm%m

Using Hardy-Littlewood-Sobolev inequality, we can show that I € C''(Xg,R) and

‘.Z' _ ‘n+2s

/ ) 2o u(y) P> 2uly)ew) o o /
xdy — A | uyp dr,

|z —y|+ 0
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for every ¢ € C2°(€2). Thus, u is a weak solution of (Py) if and only if w is a critical point of

functional I. We now state the main results of this paper.

Theorem 2.4 Let \; denote the first eigenvalue of (—A)® with homogenous Dirichlet bound-
ary condition in R™ \ Q. Then, for any A € (0,\1), if n > 4s for s € (0,1), (P\) has a
nontrivial solution.

Theorem 2.5 Let s € (0,1) and 2s < n < 4s, then there exist A > 0 such that for any
A\ > X different from the eigenvalues of (—A)* with homogenous Dirichlet boundary condition

in R™\ Q, (Py) has a nontrivial solution.

Theorem 2.6 Assume n > 2s and s € (0,1), then there exists a constant A\ such that if
there are q number of eigenvalues lying between A and X\ + As, then (Py) has q distinct pairs

of solutions.

Theorem 2.7 Let 0 <wu € Xy, n > 2s and X\ > 0 be such that

/ (u(z) —u(y))(p() — ) dzdy

|z =yl

/ [u(@) [Prs July) P 2uly) ()

|z —y|»

daxdy + )\/ up dx,

Q
for every ¢ € C°(Q), i.e. u is a nonnegative weak solution of (Py). Then, u € L>®(2).
Theorem 2.8 Letn > 2s, A < 0 and Q # R" be a strictly star shaped (with respect to origin),
CH! and bounded domain in R", then (Py) cannot have a nonnegative nontrivial solution.
3 Preliminary Results

We consider €2 to be a bounded domain in R™ with Lipschitz boundary and A to be a real

parameter throughout this paper.

Definition 3.1 Let I be a C' functional defined on Banach space X, we say that {v;} is a
Palais-Smale sequence of I at ¢ (denoted by (PS).) if

I(vg) = ¢, and I'(vy) — 0, ask — +oo.

And we say that I satisfies the Palais-Smale condition at the level c, if every Palais-Smale

sequence at ¢ has a convergent subsequence.

The following lemmas can be proved using the standard methods but we give some of their
proof here for the sake of completeness. To begin, we recall that pointwise convergence of a

bounded sequence implies weak convergence.
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Lemma 3.2 Let ¢ € (1,00) and {ur} be a bounded sequence in LY(R™). If up — v almost

everywhere in R™ as k — oo, then u, — u weakly in LI(R™).

Lemma 3.3 Let n > 2s, 0 < u < n and {ug} be a bounded sequence in L% (R"™) such that

ur — u almost everywhere in R™ as n — oo, then the following hold,

|k () P g (y) |50 ded (g — w) ()% | (g, — w) (y) [P dud
n n |;U—y|” y- n n |;U—y|l" y
s 2*,5
— / / i [uy) ™ dzdy ask — oo.

Iw —yln

Proof.  Proof follows similarly as proof of lemma 2.3 [13]. O

Lemma 3.4 Letn > 2s, 0 < u < n. Then every Palais-Smale sequence of I is bounded and

its weak limit is a weak solution of (Py).

Proof.  Let {u} be a Palais-Smale sequence of I at ¢ € R". We can assume ¢ > 0 and by

definition, there exist positive constants C; and Cy such that

u
I(uy)| < Cy, and |<I'<uk>,m>| < Co.

We have

i s 2*,3
ST ) ) = Huy) ~ 2l [ [P g,

2(2n —p) Iw —ylr

which implies

u MS u 2;,5

Iw - yl“

for some positive constant Cg. Also, we have

Lo _ 2 3N |ug (2 “S|Uk( )|2T"S
Tlug) + 50 () ) = g |2 = =t [ [ T U iy
< Cs(1+ IIUkII),
for some positive constant C'5. This implies
3n g (@)= [ug () [P
2 o
dady + C5(1
ol < Tyt [ [ T gy 401+ )
< 04(1 + Huk\l),

for some positive constant Cy. Thus, we get {ur} to be a bounded sequence in X which
implies that there exist a subsequence and u € Xy, still denoted by uy. such that up — w in
Xy and also uj, — u in L% (Q) as k — +oco. Then

% 2
fug s = ful%ies in L7 (Q)
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and
* * 72
g 2s "2y, — |ul?s "2 in Lt s Q)

2n 2n
as k — +o0. The Reisz potential defines a continuous map from L2=#(Q) to L (), using

Hardy-Littlewood-Sobolev inequality. This gives

2*&‘ 2*,5 2n
lug (y) |+ dy lu(y)| " dy in L% (Q)
|z — y|+ o lv—yl»

as k — +o0o. Combining all these, we get

2% 2% s s 2* s—2 n
/WMWMMHM Pug( dé/w P ju@)Feeu@) 4 ()
Q

|z — y|~ |z — y|~

as k — 4o00. Since I'(ug) — 0 as k — 400, for any ¢ € C°(Q2), we get

(/(w@%ﬂwwxﬂ@—¢@D¢my

lim |l‘ _ y|n+2s

k——+o00

s 2*,3_2
// |Uk 25, |uk(y)| s uk(y)(p(y) dl‘dy—)\/ upp dr | =0
|z — y|# @

This gives
0:/’W@ﬁ—U@»w@ﬂ—w(Ddﬂw
|$ _ |n+2s
2% 2%,
[ [ DD g,
lz—y ’” Q
for any ¢ € C2°(00). Thus, u is a weak solution of (Py). O

Let uw be the solution obtained in above lemma and we take ¢ = w as the test function in

s 2,
HuH2:// (@) P fuly) P da:dy+)\/u2 dz.
’l’—y’” Q

I(u)—"+23_ //’“ P fu)l*e 4> 0. (3.1)

2(2n — p |z — y[#

(Py), then we get

So,

Lemma 3.5 Letn > 2s, 0 < p <n and {ux} be a (PS). sequence of I with

n+2s—p, g, 2n-n
< (857 )z,
2(2n _ ,U) ( S ) "

Then {ux} has a convergent subsequence.

Proof. Let u be the weak limit of {uy} obtained using lemma 3.4. We set wy := ug — u, then
wp — 0in Xg and w, — 0 a.e. in Q as k — +oo. By Brezis-Lieb Lemma, we have

el = llwrll + l[ul® + 0 (1), and [ugf3 = [wrl3 + [ul3 + or(1).
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Also, using Lemma 3.3, we have

s 2*,5
// g () %0 g (1) |2 dudy
M—M“
s 2*, s 2 n,s
|wk - [ (y)[ e dzx dy+ |u i [u(y) dzdy + o (1)
Isv—yl“ Isv—yl“

Since I(ug) — ¢ as k — +00, we get

o o Jurl® // () 205 g () [Fos )\/ 9
c_kEI-lI-loo[(Uk) _kEI-iI-loo< 2 ]a:—y\“ dxdy 2 Q’Ulk’ dx

HwkH2 A/ 5 [Jul|? A/ 9
- 2 do+ WU A2
+ 5 3 Qu z
wy ()2 [wy, () |Pos
dxd
2%L// m—mu S

= I(u) + lxll® _ é/ 2 4y // |wk “S|wk( ) [P dady + op(1)

2 2 |z — y|+

)% Juy) e

Iﬂc —yln

dzdy + og(1)

22*
el _ / J ) P o )
> dzd 1 3.2

using (3.1) and fQ w? dz — 0 as k — +oo (because Xo < L%*(2) compactly). In a similar

manner, since u is a weak solution of (Py), u must be a critical point of I which gives
(I'(u),u) = 0 that is

u 25 U 2
or(V) = gl — [ [ PO gy [ g
|:E_y| 0

— Jlwxll? = A / w2z + [l — A /Q ju?da

w () 20 Jwy (y) |20 // Ju(a)[es Ju(y)| 2
- 1
// P dzdy |$_y|u dzdy + ok (1)

uéu) 2
= ("), u) + w2 — A/|wk| dz — //’“’k @4y 4 on(1)

|z — y|~

205 w 2.
= flwk|l? = //“W Fok@I™ 4y + o(1). (3.3)

|z — yl|~

This implies

S 2*,3
lim |Jwg|® = hm / [ () P oo () dzdy = a,
k—+00 |x—y|“

where a is nonnegative constant. From (3.2) and (3.3), we deduce

n+2s—u
—a
T 2(2n - p)
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Using definition of S¥, we get

n—2s
2% 2% 2n—p
wk‘ €T HySs wk‘ y HySs
sp ([ [ LBt 4 )y
QJQ |z —y

n—2s . 2n—p
which gives a > SH a2, Thus, either a = 0 or a > (SH)"+2—u. If a = 0, we are done, else
2n—p .
a > (SH)» =5 gives

n+2s—, g, _2n-n
- S nt+2s—p < .
This contradicts the hypothesis that
n+2s—p, g, _2n—n
< ——— (85" ) ntzs—n,
Thus, a = 0 which implies |Jur — u|| — 0 as k — +o0. O

4 Proof of Theorem 2.4

We fix n > 4s and €2 be a smooth bounded domain in R™. We divide the proof of 2.4

considering two cases.

4.1 Case (1): A€ (0, \)

Without loss of generality, we assume 0 € Q2 and fix § > 0 such that Bys C 2. Let n € C*°(R")
be such that 0 <7 <1in R™ n=1in Bs and n =0 in R™ \ Bys. For € > 0, we denote by u,

the following function
uc(z) = n(z)Ue(z),

for x € R”, where U, is defined in section 2. We have the following results for u. using
Proposition 21 and 22 of [31].

Proposition 4.1 Lets € (0,1) andn > 2s. Then, the following estimates holds true as e — 0

B 2
(Z) ’ujix) y’zi(i)’ dzdy = S?/(Zs) +O(6n_28),
R -

(i) / jue|* dao = ST/ 4 o(e™),
Q

(iii)
Cy€% + o(e"™%) if n>4s
/ lue(z)|? de = Cse®|loge| 4+ o(€2*) if n=4s ,
¢ Cy€" 25 + o(e®) if n < 4s
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for some positive constant Cs, depending on s.

Using (2.2), Proposition 4.1(i) can be written as

— 2 n—2s n
[ D iy < 53/ 4 o) = (Cn ) SENE 4 o). ()

We now prove the following proposition in the spirit of section 3 of [13].

Proposition 4.2 The following estimates holds true:

n—2s

s 2*,3 2n—p n(n—2s)
</ [ e dwdy) < (Clm. )R (SH) "5 4 o(r),
and
n—2s
ue 15 |, 20 n-p n on— n nnizs
(//' Jiadi dmdy> > ((Clm, ) (1) +oe))

Proof. By Hardy-Littlewood-Sobolev inequality, Proposition 4.1(ii) and 2.2, we get

n—2s

// ’uE Hs‘ue( )‘2:‘78 df]}'dy nn
\fc—y\“

3. = (Cln, ) T (S2/C9) 4 ofe™))

n—2s

n—2s

< (C(n, ) Fr e

n(n—2s) n

= (Cln )5 (<0<n W) FE (SHYE 1 ofc >) '

n(n—2s) n—2s

= (C(n, p)) @ (871) 2

+ 0(6"‘25).

Next, we consider

// @) P e
!w—y!“
,8 2*, 2 ,8
Bs J Bs \x—y\ﬂ Bs \x—y\“

Bs
2 s 2* s (4.2)
// )P U)o / Uel) Phe[U) e
R [ =yl R™\B; J B !w - y!“
2% .
-/ / U)oU) P
"\B; JRm\B; jz —yl
We estimate the integrals in R.H.S. of (4.2) separately. Firstly, consider
( )|2:;v3 HU ||2 n— 2.5 r; o on—p

/n /n |;1: _y|u dzdy = SH = (C(n,p)) @I (Ss7) 2. (4.3)
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Secondly, consider

2%, .
[ [ merw
R™\B; J Bs |z — y|~

M= 2n
<C’13/ / - dzdy
R\ o [ — g (14 22) 7 (14 22) 7T

2n uczs/ / 1 d:ndy
R™\Bs JBs |z — gl (€2 + |2f2) 7" (& + |yf2) 2"

1 1
< nHCy, / dx/ ———dy
* Jai, PRl =0 S, (@ 1 ) B

d/e =1 +o00 =1
= o(e”)/ ——dt < o(e”)/ ————— dt = o(") (4.4)
0 (1—|—t2)22# 0 (1—|—t2)22# )
where (' 4, Ca s are appropriate positive constants. Lastly, in a similar manner we have
2M s U
[ @R,
R™\Bs JR™\ Bg |z — yl|~
M= 2n

<C15/ / — sy dody
s e\ oy (14 2) 5 (14 2

2n uC / / 1 dxdy
R\ R [ — gl (2 4 Jof2) 5 (4 yf2) )
1
< e2nrC S/ / dzdy = o(2"7H).
2 Jeoy I, To = oP TP PP .
Using (4.3), (4.4) and (4.5) in (4.2), we get
n—2s
s 2*,5 2n—p n n— n,,:fs
[ [ e ) 2 (525 o) T
Iﬂc — |
This completes the proof. O

Remark 4.3 (4.6) and (4.1) still holds when 2s < n < 4s.
We prove the existence of solution to (P)) using an invariant of mountain pass lemma.

Lemma 4.4 If n > 2s and X\ € (0,)\1), then the energy functional I satisfies the following
properties:

(i) there exist 3, p > 0 such that I(u) > 5 when ||u|| = p,
(ii) there exist t € Xy such that ||| > p and I(a) < 0.

Proof.
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(i) Since A € (0, A1), using Sobolev embedding and Hardy-Littlewood-Sobolev inequality,
we get

1 A 1 2(2n—p)
I > (1— —) P = a2

=2\ "\ 22;;78
1 A 2(2n—p)
> [ [ 2 _ C C n—2s

for all u € X\ {0}, where C1,Cy are positive constants. Since 0 < p < n, so 2 <
2 <2"_”). Thus, some 3, p > 0 can be chosen such that I(u) > 8 when |Ju|| = p.

n—2s

(ii) Fix up € X \ {0}, since I(tug) — —oo as t — oo we get

t2 2 t22 s s 2*“5\ At2
) Ploll® 7% / [ ute el A2 [ e <o
Q

2 Iﬂc —yln

for sufficiently large ¢ > 0. This implies, we can obtain @ = tgug € Xg for some ty > 0
such that ||a|| > p and I(a) < 0. O

Proposition 4.5 [13] Using lemma 4.4 and the mountain pass lemma without (PS) condition
[35], there exists a (PS) sequence {uy} such that I(ug) — ¢ and I'(ug) — 0 in X§ (dual of
Xo) at the minimax level

*

= inf I(v(t)) > 0
¢ = Inf max (v(t)) >0,

where
I':={y € C([0,1], Xo) : 7(0) =0,I(~(1)) <0}.

Proof of Theorem 2.4: (n >4s, A € (0, 1))
Before proving this theorem, we claim that there exist w € Xy \ {0} such that

[w]* = A Jq [w]*dz

= <5 (47)
(fﬂf o |;SZTH wlfhe dxdy) o
If n = 4s, using Proposition 4.1(iii), (4.1) and (4.6), we get
luell* = A Jq [ue]*dz < (C(ds, 1) 57 (SH)22 — ACye|log o + o(e*)

((Clas,)2(SH)S" = o)™ " (48)

< SH _\C,e*|loge| + o(e*) < SH.

ez 2% s e 2% o Ss—p
(foQ @) b dwdy>

If n > 4s then again using Proposition 4.1(iii), (4.1) and (4.6), we get

n(n—

el = A f fu*da () 5 (S — A 4 ofe~2)

n—2s — —2s

< [ Jp, et {;”;Lfy” dxdy> = ((C(n,u))%(sgf) t —o(e")) s (4.9)

< SH _\Cye® + o(e"%) < SH.
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So (4.7) holds true if we take w = u.. We have

t2 2 t22 s 2*“5\ At2
max [ el // [w (@)% [w(y) P d:cdy——/w2d:c
t>0 2 22* |:17—y|“ 2 Jo

2n—up
n+2s—p
_ 12 p lrell® = A Jo v DA2S g
2@n =) @) 25 a0 () [P = 2(2n —p)
fQ fQ [z—y[H dady
This implies
2 — 2n
0 < max I (tw) < His(SH)wzs“M.

>0 22n — p)
From the definition ¢*, we can say that ¢* < 2E25= ”(SH)n+2S #. Then, there exist a (PS)

2(2n—p)
sequence, say {ux} at ¢*, using Proposition 4.5. We know {uy} has a convergent subsequence,

using Lemma 3.5 and thus, I has a critical value ¢* € (0, g(;is /S (S )n+2s u) which gives a

nontrivial solution for (Py). O

4.2 Case (2): \> )\

Let us consider the sequence of eigenvalues of the operator (—A)® with homogenous Dirichlet

boundary condition in R", denoted by
0<)\1</\2§/\3§...§)\j§/\j+1§...

and {e;}jen C L™(Q) be the corresponding sequence of eigenfunctions. We also consider this
sequence of e;’s to form an orthonormal basis of Xj.
In this case, without loss of generality, we can assume A € [\, \,11) for some r € N and e,

denote the eigenfunction corresponding to A,.. We define

M, 41 :={u € Xo: (u,e) = /Q (ulz) - Tx(y—))g(j:bg)s — ei(y))dzndy =0,1=1,2,...,r},

and
D, := span{ej,ea,..., e, }.

Clearly, D, is finite dimensional and D, & M, = Xj.

Lemma 4.6 Let n > 2s and A € [\, \p11) for some r € N. Then the energy functional I

satisfies the following properties :
(i) There exists B,p > 0 such that I(u) > B, for any u € M,11 with ||ul]| = p.
(ii) If u € Dy, then I(u) < 0.

(iii) If E is any finite dimensional subspace of Xo, then there exists R > p such that for any
u € E with ||ul]| > R, we have I(u) < 0.



Fractional Choquard equation 16

Proof.
(i) Since A € [Ar, Ar1+1), using Sobolev embedding and Hardy-Littlewood-Sobolev inequal-
ity, we get
1 b\ 2(2n—p)
I > 1 _ 2 C n—2s
2 5 (1 325 ) Il = gl
1 A 2(2n—p)
>-(1- 2 C,C n—2s
> 5 (1 30 ) e - el

for all uw € M, 41 \ {0}, where C7,C5 are positive constants. Since 0 < p < n, so

2<2 (2" 25) and thus, some /3, p > 0 can be chosen such that I(u) > f for |ju| = p.

(ii) Let u € D,, then there exists a; € R such that u = 22:1 aje;. Since e;’s form an

orthonormal basis of Xy and L?(2), we get
T s
2 2 2 21,112
/Qu dx:Zai and ||ul| :ZaiHeiH .
i—1 i=1

This implies

LY adle? L[ [ R g
== ai(|le]” — x
g £l T2 |z — y|© Y
1 T
<§§:ﬁurango
i=1

because A € [Ar, A\ry1).

(ili)) We can assume E = span{vy,va,...,vx}. So, for every v;, there exists a t; > 0 such
that I(tv;) < 0, whenever t > t;. Let t = max{ty,ts,...,t}, then I(tu) < 0 whenever
t >t and u € E. Therefore, there exists R > p such that for any u € E with ||ju| > R,
we have I(u) <0. O

Now, we prove the fractional version of Lemma 4.2 of [13] following the same.

Lemma 4.7 Let n > 2s and Q) be a bounded domain in R™. Then

s 2*,5
lello = | |u IRECIO TR,
|z —yl»

for u € L?%:(Q), defines an equivalent norm on L% ().

Proof. Let u,v € L2§(Q), then using Hoélder inequality and semigroup property of Reisz

potential, we get

2* 22
//]u—HJ s | (u 4 ) (y) [P dxdy—//’u—ﬂj x)|*n * dedy
|z — y|~ |z — y|~
22" 22% 1
o [ [N ] Ol @,
|z — y|~ |z — y[~
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22% s 22" =g
< / [w@) gy / (At o)@)I7ee 4,
alo lz—yl* |z — y|#
227 22 22 I_T}*,s
+ |U( )™ dxdy | ut v)@)I™ dxdy '
0 0
alo e -yl yl |z —y|
U +v 22 22“3
(/ ( e y|l dxdy)
@ NP o) e\
X / ———— dady + / ————— dzdy
alo lz—yl* alo lz—yl

Therefore, we get ||u + v|jo < |lullo + ||v]|o and other properties of norm are also satisfied by

| -1lo- So, || - llo is a norm on L2 () and L% () is a Banach space under this norm(proof can
be sketched using the techniques to prove LP(f2) is a Banach space with the usual LP-norm).

By Hardy-Littlewood-Sobolev inequality, we have

1

lullo < (C(n, 1)) s Ju

2% .

So, the identity map from (L% (), ]| - [lo) to (L%~s(Q), |-
by open mapping theorem, we obtain || - ||o is equivalent norm to the standard norm | - |5
on L2ms(Q). O

2: ) is linear and bounded. Thus,

Before proceeding further, we define the linear space

Gy :=spanfe, ez, ..., e, U}

o= s (1l = [ Jul az).

S 2* S
where M = {u € G : [ [ (@) () dzdy = 1} and u, (from (4.7)) is such that

[z—y[#

and set

52_)\ e2d
el = A Jo e - sh

n—2s

we (1 2*,3 Ue 2*,3 2n—p
<f9 J e b dxdy>

Lemma 4.8 Let n > 2s and A € [\, \r+1) for some r € N, then the following holds true:

(i) There exist ug € Gy such that g, is achieved at ug and
Ug = W + tue

with w € D, and t > 0.
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(ii)) As e — 0, we have

= N)|wl3 ift =0
TN O = N[l + Fo(1+ [w]o(e* 7)) + (™7 ) wly if t >0,

where w is defined in (i) and F. is given by

luell® = A Jo [ *da

Ue (T 2*’5 Ue 2*’5
(fgfg ) b dxdy>

I =

n—2s °
2n—p

Proof.

(i) Clearly G, is finite dimensional, so g, . is achieved at ug, say. Then, uy € M and by
definition of G, , there exist w € D, and ¢ € R such that v, = w +tu.. We can assume

t > 0 because if ¢ < 0, then we can replace uy by —u,.
(ii) To prove this, first let t = 0, then uy = w € D, and
g =0l = A [ Juf de < (O = Wul,
Q

Now, suppose t > 0 and set

f[D:w—l—tZ(/uEeida;)eieDr and ﬁgzug—z</ugeidx>e
i=1 /8 Q

i=1

and find that @ and . are orthogonal in L?(Q2). Then, u, = @ + tu. and |ug|3 =

s 2*,3
/ / |u9 H |u9( )| m dxdy — 1’
Iw —yl*

using lemma 4.7, we get a constant Cj > O(independent of €) such that |uglox = < Co.

|3 + t2[u|3. Since

Subsequently, using Holder inequality, we get a constant C > 0O(also independent of
€) such that |uy|3 < Cy. Therefore, we can find Cy > 0 such that |ug|3 and |©]3 are
both uniformly bounded in e. This further implies that ¢ < Cjs, for some C5 > 0. By

computations as before, we get

2n—p 2n—p
3nn2;;:23 n(3n—2u+2s) n(3n—2p+2s) n
‘Ue‘ n(Bn—2u+2s) ‘u ‘(2" mn=29) dy < 5 ’U ’(2" mn=2) dg
(2n—p)(n—2s) 26
2n—p (4.10)
n—2s % Tn_l ! n—2s
S 046 2 n(3n—2u+2s) d'l" S O(E 2 )’
0 (1 _|_T2)_(2n ) (n—2s)

where C4 > 0 is constant. Since eq, e, ..., e, € L®(£), we have w € L*°(2). Using the
fact that the map ¢ — t?%.s in convex, for ¢t > 0 and I, being finite dimensional, all
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norms are equivalent, we get

. 2* ) |22
M—yw m—yw
Hue 22 tug (22)]22hs =1
// |T | ~ dady + 22, // |” || v |M|w( ) dpay
T —y T —y
‘tu& “s’tue( )‘2“’
// !w—y\“ dedy

| ()| 5
" tue(z 2
— 22 J!m/ / m—yw dzdy

[tue(x u5|tue( )|2L Sn—2u+2s
dzdy — Cs|wla|ue| 52 o -
N T S

Considering (4.10) with above inequality, we get

t e s 1tUe 2*'3 n—2s
// [t i [buc(y)[™ dedy < 1—|—C’5|w|20(572)_

M—M“

Hence, using the definition of A, and v being linear combination of finitely many eigen-

functions, we get

n—2s

s 2*,5 2n—p
Gre < (A — )\)|w|% + A, </ / [ue(= ‘;_‘Z‘i y)[™ d:ndy) + C’G/Quewdzn

< O = Vlwl + Ac (1+ Csluleo(*5) ) + Crluclifwl:

n— 2.5

< O = Vlw + Ac (1+ Cslulzo(e™2™) ) + o™ ) wl,

n—2

where we used |uc|; = o(e 2 ) (which can be derived as other estimates done before). This

completes the proof. O

Lemma 4.9 Ifn >4s and X € [A\y, \ri1), for some r € N, then for every u € G, we have
[l = A fy JufPde

(f i B ) dxdy)

Proof. 1t is enough to show that g, < SH. From lemma 4.8, if t = 0 we have

H
n—2s < SS ‘
2n—p

gre < (A — Nwf2 <0< SH.

Else if t > 0, then we consider the cases n = 4s and n > 4s separately.

Case: (n = 4s) By lemma 4.8(ii) and estimates in (4.8), we have

el = A fo [t *da

5= (L+ |wl2)o(e”) + o(e”) Jwl2

8s—pn

Gr.e < ()\7" - )\)|w|§ +

lz—y[#

(hﬁlmmwﬁwuw%ﬁdﬂm>

< 871 = ACse®*|log e + 0(€**) + (Ar — N)|wlj + [w]20(e®),
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for sufficiently small € > 0.
Case: (n > 4s) Again, by lemma 4.8(ii) and estimates in (4.9), we have

”ueH2 - )‘fQ ‘ue\2dx

re < A = N[wl + : : (14 |w]p)o(e"F) + o(e"F)|wls
(g g0
< SH = ACee® + 0(€" %) + (A — V[wl3 + [w]ao(e"F)
for sufficiently small € > 0. Also, we have that
(Ar = Nwl + [wlao(e"7*) < ﬁ<> o)
which implies g, < SH for both the cases. This completes the proof. O

Proof of Theorem 2.4: (n > 4s, A > A1)
In the proof of lemma 4.8(ii), we considered

T

Ue = Ue — Z </ ueeidx> ;.
Q

i=1

From the definition of G(r,€), we can write that
Gre =D, ®uR =D, ® @R,
where u.R = {ru, : r € R} and similarly, z.R. By lemma 4.6, we have
(1) infuem, Ju)=p (1) = B >0,

(ii) supyep, I(u) <0, and

(111) SupuGGr,e,HuHZR I(’LL) < 0,
where 3, p are defined in lemma 4.6. Therefore, I satisfies the geometric structure of the
linking theorem (Theorem 5.3,[30]). We define

¢ = inf max ] 0
¢ = Inf max (v(uw)) >0,

where v := {7 € C(A, Xy) : v = id on DA} and A := (BgND,) ® {ri. : r € (0,R)}. By
definition, for any v € I', we have ¢ < maxyec4 I(7y(u)) and particularly, if we take v = id on
A, then

¢ <max[(u) < maxI(u).
ucA Gr,e

As we earlier saw, for any u € X \ {0},

2n—p
n+2s—p

n+2s — g o2 = A J leof?da

= I{l;g{](tu). (4.11)

n—2s

2(2n — p) . . o
( [ f, o) ) P dxdy> ;

[z—y[
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Since G, ¢ is a linear space, we have

t
max [(u) = max I(m) < max  I(tu).
UEGe UEGr,e,t#0 ]t! UEG,¢,t>0

Hence, using lemma 4.9 and (4.11), we get

(SH) et

25 —
¢< max I(tu) < Dt p
UEG,c,t>0 2(2n — p)

Finally, using Linking theorem and lemma 3.5, we conclude that (Py) has a nontrivial solution
in Xy with critical value ¢ > . ]

5 Proof of Theorem 2.5

We will prove this theorem using the Mountain Pass and Linking Theorem in a combined

way.

Lemma 5.1 Let 2s < n < 4s and u. be as defined in section 4, case 1. Then there exists
X\ > 0 such that for X > X,

2 2
Juc = Mgl o

ue(x 2*,3 Ue 2*7S 2n—p
(fg Ji L) e dwdy>

Proof. Using Proposition 4.1 and 4.2, we get

n(n—2s)

luell* = A Jg luc|*d _ (C(n,p)=Cm=m (SiT)2s — ACi€e" ™% + o(e”)

n—2s — n—2s

we(z 2*,3 Ue 2*,3 2n—p
<fQ i el dxdy>

< SH 1

< SH,

when we choose A > 0 large enough, say A > A and provided e > 0 be sufficiently small. This
completes the proof. O

We have already seen in previous sections that the functional I satisfies geometry of
Mountain Pass when A < A; (using Lemma 4.4). When A > Ay, without loss of generality,
we assume A € [\, \y41), for some r € N. Then using Lemma 4.6, we get that I satisfies
geometry of Linking theorem. Also, by Lemma 3.5, we get that I satisfies the (PS). condition
when 2 ,

_ H\_2n—p
¢< m) = (857,

So, in order to apply the classical critical point theorems, we need the Mountain Pass critical

level and Linking critical level of I to stay below this threshold. Consider M, ,D, and G,
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be as defined in earlier section. Note that Lemma 4.8 holds true in this case and we have the

following lemma.

Lemma 5.2 If2s <n < 4s and X\ € [\, \r11), for some r € N, then for every u € G, we

have ) )
ul? Mg luPde
n—2s s
u(x 2*75 u 2*75 2n—p
(fg iy L) d$dy>
Proof. If t = 0 then since A € [\, \r11), we get
Gre < (A = Nwl3 <0< SH.
When ¢ > 0, then
Ue 2 - )\ Ue 2d$ n—2s n—2s
e < O W + A Ry o) 4 o5
2% s 2% s s—p
< o J L ) dxdy>
(0(1) - ACS)En_ZS n—2s

o 5 = +o(€%) | (1+ wl2)o(e2 )
((Clm, ) (SH) 5 = ofem)) >

+ O = N|wl2 + |w]20(e™2)
(o(1) — ACy)en—28

2s

o+ A = N[wl3 + [wlo(e 2 ) < SH,
((Cln )3 (SE) 55 = ofem)) 7

< SH 4

for sufficiently small € > 0 because we consider A > X and \ € (Ary Ar41). Hence the result
follows. O

Proof of Theorem 2.5: We consider two cases:
Case 1. (A} > \) For this case, we use Mountain Pass theorem if A € (\, A1) and Linking
theorem if A € (A, Ar41) for some r € N.
If A € (A A1), using Remark 4.3, Lemma 4.4 and Proposition 4.5, following the same
arguments as Case 1 in proof of Theorem 2.4, we get that (Py) admits a nontrivial solution.
Otherwise if (A\; > )) , we assume A € (A, \,11) for some r € N (since A is not an
eigenvalue of (—A)*®). Here, following the arguments as in Case 2 in proof of Theorem 2.4,
we get that (Py) admits a nontrivial solution.
Case 2. (\; <)) In this case, we can assume A\ € (A, \,+1) for some r € N and A > \. Here
again, following the arguments as in Case 2 in proof of Theorem 2.4, we get that (Py) admits

a nontrivial solution.
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6 Multiplicity Results

By the equivalence of norms obtained in lemma 4.7, we can find a constant C’ > 0 such that

1

s 2s 2205
C'fula: < // u@)Fulw) P g, )
Iw—yI“

for all u € L% (). Let us define

_ sen?
Q%

and we consider the set containing the eigenvalues between A and A + \, that is

Ay ©

T - {)\ < )‘Z < )\*} - {)\k+1,)\k+2, e ,)\k+q}.

If T is not empty, then we can prove Theorem 2.6.

Let V be a Banach space, we define
Z ={E CV\{0}: Eis closed in V and symmetric with respect to origin}.
We also define genus of the set E € > as
YE) = inf{k € N:3 ¢ € C(E,R*)\ {0}, p(x) = —p(y)}.

Also, v(E) = +o00, if there exists no ¢ as given in definition above. We give the definition of

pseudo-index.
Definition 6.1 [13] For E €Y. ={A € > ; A is compact} and

Au(p) = {h € C(V,V); h is an odd homeomorphism and h(By) C I~(0,+00) U B,},
we define i*(E) = infycp, () 7(E N h(0B1)), for any p > 0.

We state some necessary results (without giving their proofs) from [13] that will help us to

conclude our main theorem.

Proposition 6.2 (i) Lett € N and Y be a subspace of V with codimension t and E C Y
with y(E) > t, then ENY # (.

(i) If E C V, Q is a bounded neighborhood of 0 in R, and there exists a mapping h €
C(E,09Q) with h an odd homeomorphism, then v(E) = t.

(iii) If y(E) =t and 0 &€ E, then E contains at least t distinct pairs of points.

Lemma 6.3 Let V be a Banach space and I € C(V,R) be an even functional satisfying:

(i) There exist p, >0 and Vi CV with dimVy =t such that I |8Bpmvll2 B.
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(ii) There exist Vo C V with dimVy = t1 >t and R > 0 such that for any u € V5 \ Bpg,
I(u) <0.

We define ¢, == inf{sup,ca I(u) : A€ 350 (A) > k}. If0<ci <cio<... < ¢ < 400

and I satisfies the (PS).: condition at c; (k+1 <14 <m), then I has atleast m — k distinct

pairs of critical points and ¢ (k +1 < i <m) is the corresponding critical value.

Lemma 6.4 If n > 2s and A < A\j11 for some j € N, then the energy functional I satisfies
the following:

(i) There exists 3,p > 0 such that I(u) > (3, for any u € ]Djl with ||ul| = p.

(iii) If E be any finite dimensional subspace of Xy, then there exists R > p such that for any
u € E with ||ul| > R, we have I(u) < 0.

Proof. Proof follows similar to proof of lemma 4.6. g

Lemma 6.5 The following holds, for 1 <m < g,

“ n+2s—, . 2n—pn
B m < gy BT

Proof. Let A€ > " and i*(A) > j +m. We set f = p.id, where p is obtained in Lemma 6.3

and id is the identity map. Then it can be easily checked that f € 'y and

AWANDB,) =1(ANOF(OB) = inf (AN f(0B1) =i"(4) = j +m.

Thus, using Proposition 6.2(i), we get AN 9B, N D} # (). Then lemma 6.4(i) gives

supI(u) > inf I(u) > g.
u€A u€dB,ND;-

Since A is arbitrary, § < ¢t Now, we define A = Djym N Br € Y.*. So, for any

J+m*
f€Tu(p)(0 < p< R), we have

ADDjim N (I7H0,+00) UB,) D Djjm Nh(By).

Using definition of pseudo-index, z*(izl) > j+m and fl:OHl definition of c;» +m> We get c;» 4m <
sup,,c i I(u). Using compactness of A, we obtain @ € A such that

I(a) = sup I(u).
ucA
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Hence, ¢}, < I(i) = max;>o I(t1). Now, using the value of A, Sobolev embedding, Hardy-

Littlewood-Sobolev inequality and the fact that @ € A, we have

2n—p
n+2s—p
25 — al|? = A [, |a]?de
e Ity "E2 Jill = JoliPdr
tZO 2(2n - ILL) |U(£E N s ‘u )| :L,s 2n—p
Jo Jo =it dady
2n—p
n+2s—p
n+2s—p (Mkgm—») Jo @*da
= 2 | =
< o J ) dmdy>
N L
2s ~ 9%\ = n+2s—
n+2s— )\*’Q\?(fﬂu%)zs “<n+28—u( H)ivéiw
_ n+2s—p
T 2(2n—p) 2 (f, iﬂ)?l 22n —p) 7
Therefore, ch < g(;is H;; (SH)n+25 5 0

Proof of Theorem 2.6: Since all the conditions of Lemma 6.3 holds, using Lemma 3.5 and
6.5, we get the (PS)C;+m, for 1 < m < q. Thus, problem (Py) has atleast ¢ distinct pairs of
solution. O

7 Regularity of weak solutions

In this section, we prove that any weak solution of (P)) is bounded and moreover loclly Holder
continuous. First we we prove Theorem 2.7.

Theorem 7.1 Let 0 <u € Xg, n > 2s and A > 0 be such that

/ (u(@) ~ @) @) = W) 44

’1’ _ ‘n+2s

// [uly |2us|u|$)_|2y|u u(@)e(z) dydx—k)\/ﬂucp dzx,

for every ¢ € C(Q), i.e. u is a nonnegative weak solution of (Py). Then, u € L>(2).

Proof. We may assume that u does not vanish identically (otherwise the proof is trivial)
and let u be nonnegative. Let 6 > 0, to be chosen appropriately small whose choice will be
done on (7.14) later in proof. Now, let ¢ > 0 be a constant chosen in such a way that for any
x €R" v(x):= u(x) € X satisfies

/ (v(z) —v(y)(e(z) — ¢(y)) dzdy

|z — y[rt2e

// [v(y) ‘2#5‘2}’%)_‘2%” v(@)e(w) dydw—i—)\/ﬂvcp dzx,
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for every 0 < ¢ € C°(Q) and |v]z: = 6. It is a simple observation that if v € X, then
vt := max{v, 0} satisfies

(v(z) = v(y) (0" (2) = vF(y) = [vF(2) — o™ ()%, (7.2)

for any z,y € R Let us set Cj, :==1—27% v, == v — Cy, wy, := v,j € Xog and Uy, :=
We get that

0<|v|+Cp < |v|+1e€L*Q) c L% (Q),

being 2 bounded, and

li =(v—-1
e = (0 - 10"

Therefore, by the Dominated Convergence Theorem,

im0 = </Q[(v — ) dx> = (7.3)

For any k € N, Cyy1 > C) and so w1 < wy a.e. in R™. Also let Ay := Cyy1/(Cry1 — C) =
2k+1 _ 1, for any k € R™. We claim that for any k € N

v < Apwg on {wgq > 0} (7.4)

To check this, let © € {wg4+1 > 0}. Then v(x) > Cri1 > Ck, so wi(z) = vi(z) = v(z) — Ck

and o
k

—_— - C .

G (0(a) = Cu) > ()

Notice also that vgi1(z) — vkr1(y) = v(x) —v(y), for any =,y € R™. Using this, (7.1), (7.4),

(7.2), Holder’s inequality and the fact that wiq = UZ'H € Xo, we get

Agwg(z) = v(z) +

/ |wiy1(x) — wk+1(y)’2 dady — ]v,jﬂ(x) - Ul:r+1(y)‘2 dady
R2n ’x_y‘n—i&s 0 ‘x_y‘n—i&s
</ (Vk41(2) = Ve (V) (V4 (2) = v (1)) ded
— _ oy|n+2s rdy
R27 |z —yl

:/ (v(@) — o) (W (@) — vl )
R27L

|$ _ |n+2s

[o(y) %= [u(@) %220 (2)wp 1 (2)
// |x—y|l‘ dydx—l—/\/ T)wiy1(x) dx
_ [o(y) %= [o (@) [%s 20 (2) wp 1 (2)
_/{wkH >0}/ dydx+)\/ v(x)wgs(z) do

jz =yl {wi41>0}

. _ 2 s 25,51
SAiu,s 1/ / |U |,u |'UJk; )| ZUk-+1(fE) dydx‘i‘)\Ak/ w[%(x) dx
{wi41(2)>0}

‘x o y’” {wg41>0}

dzdy

* _ yS 2 3
<apt | [ ORI 4y s > O} . (75)
{wi41(x)>0} |$_y|
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Let us consider the first integral of R.H.S. of above inequality separately and we get that

}( L/“rv s fwr(@)Pr )
{wk+1 >0} |:E - y|“

2% o 2*,5
§</ | - / )wwww%mw e (79
(w1 @)>0} Ho@)<Cranl  Huwpr @)>0) Jo)>Crir} [z =yl

=1+ Iy, (say).

Now using (7.4) and Hardy- Littlewood- Sobolev inequality, we have

2* s 2*,3
h:/ / P @)
(w1 ()0} H{uwgs1 (1)>0} |z —y|*

(7.7)
2 2
2+ |w wss jw b 2% 22%
<A iy )||$ _|y|ku( 2 dydz < A C(n, p)wg 5"
Next, again using (7.4) and Holder’s inequality we have
2% 2"
I :/ / [v(y) " [wp ()| dyd
{whr ()20} J {wpp1 (1) >0} |z — y|~
. . dy
< Ckil |wy, () [%es / |z —yl~ dz
{wg41(x)>0} QI —Yy (78)
< MC; wp(@)Peda
{wi41(z)>0}
2% e
< MO funr > 0}
Using (7.6), (7.7), (7.8) and Sobolev inequality in (7.5), we get
2 w1 () — wipa ()
Ss|wk+l|2§ < /Rzn ’x — ’n+2s dxdy
< AT (A7 O ol + MO wger > 0} e (79)
+28 g 3. [{wpy > 0} dm).
Now we claim that
{wig1 > 0} C {wy, > 27D, (7.10)

To establish this, we observe that if x € {wy; > 0} then
v(x) — Cky1 > 0.
Accordingly, v (z) = v(z) — Cg > Cpy1 — Cp = 2~ #FD so that,
wi () = v () > 27 FFD,

Thus, (7.10) gives

U = |w |2 > / wz: da > 27" [ {wy gy > 0}, (7.11)
{wp>2- (D}
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As a consequence of (7.11), from (7.9) we get

Solwg 13, < A (A7 Cln, ) wnle + MO 2 5 w3
+2F L |, \2* = da;)
< 2@~ (k+D) (22;75(/%—1—1)0(” 1) 1 et lwy 2:
oo (7.12)
+25 wg |32 d:z:)
< 2@ DD o (92 R+ D G ), ok it 2(k+1)(1+%—f)}><
(Honlarrs + feonf3: )
Therefore using definition of Uy in (7.12), we get
Upr < DWHD <U,ff“s + U,?: ) , (7.13)

where, D = <1 + (2@ max{2%es C(n, ), M22r + 2(1+2?S)})1/2) > 1and 2 >27/2 > 1.
Now we are ready to perform our choice of : namely we assume that 6 > 0 is so small that

551 < ! : (7.14)

(22Z,SD)7(2§/12>—1

2 .
We also fix n € (57_1,%) Since D > 1 and 2¥/2 > 1, we get n € (0,1).
(2% D

)(23/2)71
Moreover,
% 2% %
02 " <n and 2°#»sDnpz " < 1. (7.15)
We claim that
Uy, < 20mF*1L, (7.16)

The proof is by induction. First of all

U(] == |’U+

2 < |

9r =0<20
which is (7.16) when k = 0. Let us now suppose that (7.16) holds true for k£ and let us prove
it for k + 1. Using (7.13) and (7.15), we get
Upr < DMI(U2 4 Uk%:) < 22M+1Dk+1(577k+1)§
< 25(22;,31)77%—1)%1575—17714 < 25y,
This proves our claim (7.16). Then using n € (0,1) and (7.16), we conclude that

lim U, =0.

k——~4o00

Hence, by (7.3), (v —1)T = 0 a.e. in Q, that is v < 1 a.e. in . Therefore, u < c a.e. in
which implies |u|o, < ¢. This completes the proof. O
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Theorem 7.2 Let u be a positive solution of (Py). Then there exist o € (0,s]| such that
uwe Cp.()..

Proof. Let € € Q. Then using above regularity result, for any ¢ € C'°(Q2) we obtain

2;,3 2;175—2
/ [v(y)[* |v(z) v(@)y(z) dyda + )\/ vip de < C | dpdx
rJoy ’I’ - y’” 94

’

for some constant C' > 0, since u € L*°(Q2). Thus we have |(—A,)%u| < C weakly on €. So,
using theorem 4.4 of [16] and applying a covering argument on inequality in corollary 5.5 of
[16], we can prove that there exist a € (0, s] such that uw € C*(€Y), for all Q" € Q. Therefore,
ue Cp (). O

8 Nonexistence result

In this section, we prove a non-existence result for A < 0 when €2 is a star shaped domain.

At first, we prove the Pohozaev type identity:

Proposition 8.1 Ifn > 2s, A <0, Q be bounded, C** domain and u € L>(Q) solves (Py),
then

232‘ n / w(=A)u dz — LU : 5)? /m (5_@2 (z.)do

_ 2n— s Zis A
_ // (@) P Juy) % d:ndy—l——/ lu?dz,
22 \x—y\“ nJo

where §(x) = dist (x,0Q) and v denotes the unit outward normal to O at x and I" is the

Gamma function.

Proof. Since u solves (Py), u satisfies the problem

2 )
(—A)’u = Mdy |ul?0s 2 4+ Au in Q.
Q |z —yl

Multiplying both sides of the above equation by (z.Vu) and integrating, we get

* An
xz.Vu)(—A)’u d:E:/ Vu) / [ul d u2u’5_1d$—|——/ ul’dx. 8.1
[ @u-a) ( O 0y) 5 [ Jufdz. (s)

Using Theorem 1.4 and 1.6 of [29] (since u € L®(Q), f(u) € C*!(Q), where f(u) =
<fQ \‘; Zudy> |ul ks "2u 4+ Au), we get

2s —n

/Q(x.Vu)(—A)Su dr = — /QU(—A)Su dr — F(%W /89 (%)2 (z.v)do.
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Now, consider the term

w@P |ty
/Q(xVu) ( P dy) [u il

s . . 2%
=-—J/ZM$)<N/< lﬁgﬁi——dy)IuF“ﬁ‘l+(2;s—-1ﬂu@gﬁuﬁ—%th4m) lulg) [ g
Q

o |z —yln o v —yl#

2 —1 _ _ |u(y) [
+ fula)et [ oo =)y ) da

|u(z us]u )\2 e / / \u(m)]%,s 9% _q
dzd -1 x.Vu(x —————dy|u(z)|"dx
// ]a:—y]” I ( ) Q (@) Q |z —yl» (@)

u(y) P 2
+p / / Wyu( z) 2 dyda.

This gives

2" )
2;3/933.Vu(a:) Mdy[u(x)ﬁ%‘ﬂx

|z —y|#

w(z)| s |u(y)| s 2 o
o [ O et [ f e

and similarly,

x ()| o _1
QM,S/Q-VU(UU) de\u(y)] wedy

w(y)[Pms ju(x)| s 2 o
o [ O v [ [t 2 e

Thus, we have

Zs . n w(x)|?ms |u(ax)| 2
/(mVu(a:)) ( Mdy) |u(z)| %"t = p2 / ful [u() dzdy.
Q

o lv—yl» 227 M—yw

/(a:.Vu)udx = —2/ u?de,
Q 2 Ja

using (8.1), the result follows. O

Since

Proof of Theorem 2.8: Let u > 0 be a nontrivial solution of (P)), then by Theorem 7.1,
u € L*>(Q). Therefore, we have

s 2% s
Hu||2:// () P Ju(y) - da:dy+/\/u2d:n
|33—y|“ Q

Using Proposition 8.1, we get

s)? u
P [ () o = [

But, since € is star shaped with respect to origin in R", so z.r > 0 . From above equation

and A < 0, we have v = 0, which is a contradiction. This completes the proof. O
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