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Facets of quantum information under non-Markovian evolution
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Abstract We consider two non-Markovian models: Random Telegraph Noise (RTN) and non-
Markovian dephasing (NMD). The memory in these models is studied from the perspective of
quantum Fisher information flow. This is found to be consistent with the other well known witnesses
of non-Markovianity. The two noise channels are characterized quantum information theoretically
by studying their gate and channel fidelities. Further, the quantum coherence and its balance with
mixedness is studied. This helps to put in perspective the role that the two noise channels can play
in various facets of quantum information processing and quantum communication.

I. Introduction

The study of quantum systems interacting with their
environment helps in characterizing the behavior of the
dynamics of the system. This is useful in many applica-
tion of quantum mechanics and has lead to the field of
open quantum systems [1, 2]. In many practical situa-
tions, the system-environment interaction brings in pro-
nounced memory effects leading to the emergence of non-
Markovian dynamics [3-9]. Recently, non-Markovianity
has been a subject matter of various studies from quan-
tum cryptography [10, 11], quantum biology [12-14],
quantum metrology [15, 16] and quantum control [17]. It
has been shown with ample evidence that non-Markovian
channels can be advantageous over Markovian ones. In
[18], it was reported that the non-Markovianity can en-
hance the channel capacity in comparison to the Marko-
vian case. Non-Markovian behavior is a multifaceted
phenomenon which can not be attributed to a unique
feature of the system-environment interaction. Conse-
quently, several different measures were introduced in or-
der to quantify the non-Markovian behavior, viz., trace
distance [3], fidelity [19], semigroup property [20] or di-
visibility [4] of the dynamical map, quantum Fisher in-
formation (QFI) [21], quantum mutual information [22].
In general, these measures are inequivalent and different
predictions by these measures have been reported in [23].

The non-Markovian aspects become pertinent while
dealing with quantum channels subjected to different
types of environment. Another aspect of the system-
environment interactions is the loss of the coherence and
entanglement which is undesirable from the perspective
of carrying out the tasks of quantum information. There-
fore, this calls for the characterization of the quantum
channels under the influence of different environments.
Efforts have been made in this direction [24, 25]. Quan-
tum coherence can be thought of as a resource [26—28]
bringing out the utility of the quantum behavior in vari-
ous tasks [29, 30]. As the system evolves under ambient
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conditions, modeled by the noisy channel under consid-
eration, it has a tendency of getting mixed [31]. A per-
tinent question then to ask is the trade-off between the
mixedness and coherence [32, 33]. The interplay between
coherence and mixing in the context of non-Markovian
evolution, has been studied [34]. Gate fidelity [35], which
tell us about the efficiency of the gate’s performance and
channel fidelity [24], which is a measure of how well a gate
preserves the distinguishability of states, and is thus con-
nected to the Holevo bound of the channel, are two useful
channel performance parameters. The performance of
Lindbladian channels, such as the squeezed generalized
amplitude damping (SGAD) channel [36] and the Unruh
channel [37] have been studied using these parameters
[24]. Here, these are used to characterize the two non-
Markovian channels, RTN [38—-40] and NMD [41].

The non-Markovianity in these two channels can be
witnessed by using QFI-flow. The contrast in the behav-
ior of the dynamics in Markovian and non-Markovian
regimes is highlighted in case of RTN. The system con-
sidered is a general qubit state and the dynamics is given
in terms of Kraus representation. This analysis would
help to bring out the features of the system dynamics
which plays a key role in the implementation of these two
channels in quantum information and communication.

The paper is organized as follows: In Sec. (II) we
give a brief overview of quantum Fisher information as
a witness of non-Markovianity and discuss various facets
of quantum information. Section (III) is devoted to a
brief discussion of the open system dynamics in terms of
Kraus operators followed by a description of RTN and
NMD channels. In Sec. (IV), we discuss the QFI-flow as
a witness of non-Markovian behavior in the two channels.
The results and their discussion is presented in Sec. (V).
We conclude in Sec. (VI).

II. Facets of quantum information

Here, we briefly describe various facets of quantum in-
formation used below to analyze the behavior of the dy-
namics of the RTN and NMD channels.

Quantum Fisher Information (QFI): Consider a d-
dimensional quantum (qudit) state p, depending on pa-



rameter a. The QFT [42, 43] is a measure of the informa-
tion with respect to the precision of estimating the infer-
ence parameter. For the state parameter «, the Fisher
information is defined as

—

Here, ¢(a) = [¢1(@), (2(a), (3()] is the Bloch vector for
the general qubit state p = %1 —|—5(a) -d, with ¢ denoting
the Pauli spin matrix triplet (o, 0,,0,). One can define
the QFI-flow as the time rate of change of the QFT as

dF,
Fo=—. 2
.= 2)
In [21], it was proposed that a positive QFI-flow at time
t implies that the QFI flows back into the system from
the environment, generating a non-Markovian dynamics.
Therefore, we have

< 0 Markovian dynamics,
Fo= 3)
>0 non — Markovian dynamics.

The back flow of QFT is linked to the divisibility property
of the underlying dynamical map.

Quantum coherence: Quantum coherence is a conse-
quence of quantum superposition and is necessary for ex-
istence of entanglement and other quantum correlations.
The degree of quantum coherence in a state described
by density matrix p is given by its the off-diagonal el-
ements. Specifically, the sum of the absolute values of
the off-diagonal elements of p serves as a measure of the
coherence

C=lpil- (4)

i#]

The coherence parameter C' tends to zero with increase
in mixing.

Purity and Mizedness of quantum states: For a nor-
malized state p, the purity is a scalar quantity ’IT[pQ]
which is a measure of how much mixed a state is. Alter-
natively, one can define the mixedness parameter

M2(1Tr[p2]>, (5)

such that M = 0 for pure state and M = 2(1 — %) for
maximally mixed state. The interplay between coher-
ence and mixedness was studied in [32]. For an arbitrary
quantum state (p), in d-dimensional Hilbert space, the
trade-off between coherence and mixing is quantified by
the parameter 8 given as:
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+M<1 (6)

Average gate fidelity: One of the important tasks in
quantum computation and quantum information is char-
acterization of the quantum gates and quantum channels.
In this direction, the average gate fidelity is a useful tool
to quantify the quality of the quantum gates and is given
by the compact expression

1
Gow = M(dJrzk:Tr[Ek]). (7)

Here, d is the dimension of the system and Ej are the
Kraus operators characterizing the quantum channel. It
gives some idea of how well a quantum gate performs an
operation it is supposed to implement.

Holevo information: Given any measurement de-
scribed by the positive operator valued measure (POVM)
{E)} performed on state p = ) . p;p;, we define the
Holevo quantity as

xu = S(p) — ZpiS(Pi)o (8)

Holevo quantity represents the maximum amount of clas-
sical information that can be transmitted over a quantum
channel.

ITI. Dynamics and maps

Now, we briefly review the Kraus representation of
open system dynamics. This will be followed by the spe-
cific models like Random Telegraph Noise (RTN) and
non-Markovian Dephasing (NMD).

Kraus representation: An open quantum system is
not necessarily governed by a unitary evolution, unlike
a closed quantum system. A useful description for open
quantum systems can be provided by Kraus represen-
tation [44]. The development of Kraus representation
usually starts by assuming the system (S) and the envi-
ronment (F) evolve together as a single system (S + E)
unitarily. One can then write the state for S, E and
S+ E as ps, pg and pgg, respectively. One can trace
over the environment degrees of freedom and recover the
evolution of the system alone

ps(t) = Trp [Use()pse(0) UL, (#)]. (9)

Here, Usg(t) is the unitary governing the evolution of the
combined system. If it is possible to express the above
equation in the form

ps(t) =) Ku(t)ps(0)KL(), (10)

subjected to the condition

Y KubKL®) =1, (11)

we say that the evolution of pg(t) has the form of the
Kraus representation. Such a representation is always



0.10(
H Non — Markovian
: ALY
g 0.00 VVU V VV
~0.05/1f VVVW
u Markovian
-0.10, ‘ : ! ; J
0 200 400 600 800 1000
t
20 T
. 'I o :
Markovian ,-',’ h1
a : 1
H
vl
0 S
vl
o0
v
-10} H
Non - Markovian i
L
-20 -~
0.0 0.1 0.2 0.3

FIG. 1. Behavior of decoherence rate with respect to time
t for RTN (top) and with respect to p, a time like param-
eter, for NMD (bottom) channels, respectively. The non-
Markovian dynamics is implied by dA/dt > 0 (§ < 0). In
case of RTN, the solid (blue) and dashed (red) curves corre-
spond to non-Markovian (a = 0.05,y = 0.001) and Markovian
(a = 0.05,v = 1) cases, respectively. Further, for RTN, the
magnitude of the dashed (red) curve is increased ten times.
The Markovian and non-Markovian regimes are separated by
a singularity (vertical line) for the NMD channel.

possible if the system and environment do not share any
correlation at ¢ = 0, i.e., if psg(0) = ps(0)®@pr(0). How-
ever, as shown in [45], the initial separability of states is
not a necessary condition for Kraus representation.

Random Telegraph Noise: The Random Telegraph
Noise (RTN) is characterized by the autocorrelation func-
tion given as

(X ()X (s)) = a®e 1, (12)

with X being the stochastic variable. The parameter
a is proportional to the system environment coupling
strength and ~ controls the fluctuation rate of the RTN.
The map, &, governing the time evolution under RTN
has the following Kraus representation

Ep] = KrpK| + KypK], (13)
with
Ki(v) =1/ 1%/\(1/)1, and Ks(v) = %MUZ.
(14)
Here, A(v) = e "[cos(vu) + %Sin(l/u)], with u =
(27")2 1 and v = 7t. The dynamics is Markovian
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FIG. 2. RTN noise model: Fisher information flow corre-
sponding to the parameters 6 (top) and ¢ (bottom), as defined
in Egs. (26) and (27), respectively, are plotted with respect
to time. Solid (blue) and dashed (red) curves correspond
to the non-Markovian (a = 0.07,v = 0.001) and Markovian
(a = 0.07,y = 1) cases, respectively. The state variable 6 is
chosen to be m/4. The magnitude of the dashed (red) curve
is increased five times.
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or non-Markovian depending on whether (22)2 > 1 or

N

(27‘1)2 < 1, respectively.
Consider a general qubit state at time ty given as

28 e~ sin g cos g
0 . 2% . (15)

p= COS
5 Sin 2

T e sin g cos

Under RTN noise, the state at some late time ¢ is given
by

P = Ersolp) = KipK] + KypK]

14+ A(¢) 1—A(%) t
=T g Pt g 98P (16)
cos? 4 1e7sinOA(t)
1e' sin OA(t) sin® &

Now, the dephasing master equation in its canonical
from is given by

p=(=p+0.p0.), (17)

where y is the decoherence rate. The necessary and suf-
ficient condition for a map to be CP-divisible is that the
decoherence rate must be non-negative [46]. Using Eqgs.
(16) and (17), the decoherence rate for the dephasing
RTN map turns out to be

1 dA
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FIG. 3. Fisher information flow F, (o = 0,¢), as defined
in Eqgs.(28) and (29), for non-Markovian dephasing dynam-
ics. Non-Markovian dynamics is implied by Fo > 0. The
parameters used are 0 = 7/4 and o = 0.7.

Since A > 0, the decoherence rate is negative when %
is positive. The negative decoherence rate is a signature
of non-Markovian dynamics. As shown in Fig. (1), RTN
shown negative decoherence rates for certain ranges of
time ¢. This is consistent with the non-Markovian be-
havior studied using the QFI-flow, detailed below.
Non-Markovianian dephasing: The non-Markovina de-
phasing (NMD) is governed by the following Kraus oper-

ators
Ki=V[l-apl-pI=v1-rsl
K.=+[1+a(l-=p)po. =k ..

Here, 0 < a < 1 and p is a monotonically increasing
function of time such that 0 < p < 1/2. The above map
reduces to conventional dephasing in the limit @ — 0.
The action of the map, ENMP  given by Kraus operators
in Eq. (19), on a general qubit state in Eq. (15) is

(19)

p/:‘c”tNHJ\g)D[p]: 1ei¢sin0)ﬂ .29 . (20)

Here, @ =1 —2p+ 2pa(p — 1) = 1 — 2k. Corresponding
to the Kraus operators in Eq. (19), the canonical master
equation is

p=06(—p+o0.po,). (21)

Here, p = 2—2 and the decoherence rate § = d(p) as well
as the state p = p(p) are functions of the parameter p.

0.8}
0.6}
0.4}

0 200 400 600 800 1000

0.8}
0.6}
0.4}
0.2}

=

0 200 400 600 800 1000

FIG. 4. Coherence parameter C' (top panel) and mixedness
parameter M (bottom panel) for a qubit under RTN evolu-
tion. The solid (blue) and dashed (red) curves correspond to
non-Markovian and Markovian cases, respectively. Here, we
have used 6§ = 7/2. The values of a and + are the same as
used in Fig. (2).

Using Eqgs. (20) and (21), the decoherence rate turns out
to be

%(H +r_)—p

=)

(22)

with 7+ = (1 + a + V14 a?)/2a. The regimes p < r_
and p > r_ correspond to Markovian and non-Markovian
dynamics, respectively. The behavior of § as a function
of parameter p is shown in Fig. (1). The singularity
occurs at p = r_, which, in turn, depends on the value
of parameter a.

IV. Quantum Fisher infomation flow and
non-Markovianity

In this section, we discuss the interplay between QFI-
flow and non-Markovianity in the context of RTN and
NMD channels by using the dynamics sketched in the
previous section.

For RTN channel: We will use the time evolved state
given in Eq. (16) and compute the QFI and QFI-flow.
The Bloch vector corresponding to p’ in Eq. (16) turns



TABLE I. Analytic expressions for various quantities studied in RTN and NMD models.

Facets | Models— |[RTN

NMD

Coherence (C) |Asin 6]

[(1—2k)sin(6)]

Mixedness (M) (1—A%sin0

(1—(1—2k)%)sin”6

Coherence-Mixing

balance () sin? 0

sin @

A+ 1+ A3

Average gate
fedility

I+]1+(1-2x)])/3

Holevo information|—AjiLog,Ay — A_Log, A

4p(1—3a(p—1)) tanh ! (4a(p—1)p— 2L +1)—3In(2a(p—1)p— 2L +1)
In(8)

Here Ay =1 (2 +v2y/1+ A2+ (1 — A2+) cos 29) , A=e"Y[cos(vu) + isin(y,u)] and k =p[l + a(l —p)]. Also, 6 is

the state parameter, Eq.
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FIG. 5. Average gate fedility Gq. parameter (top) and Holevo
quantity xm (bottom) in RTN case. The solid (blue) and
dashed (red) curves correspond to non-Markovian and Marko-
vian cases, respectively. The parameters a and - are as given
in Fig. (2). The state parameter 6 = /2.

(15).

out to be

¢0,¢) = (;A(u) sin 6 cos @, %A(u) sin 6 sin ¢, %cos 9).

(23)
Therefore,
895(0, @) = (;A(y) cos 6 cos ¢, %A(u) cos 0 sin ¢, —% sin 9> ,
8¢E(9, @) = (—;A(y) sin € sin ¢, %A(V) sin 6 cos ¢, O) .
Also,
(6,6)- 00C(0,0) = ((A()* ~ 1) sincose,
150, 6)[2 = i(A(V))Qsinz(H) + 30052 0. (24)

With above setting, the QFT corresponding to the pa-
rameters 6 and ¢ becomes
3(—4+A?)
(T— A%+ (=14 A2)cos20)’

Fy=1+ 5
1 (29)
Fy = ZAQ sin® 6.

The corresponding QFI-flows are given by the following
expressions

r dFy 18vp? (12 + 1) cos?(0) e sin(yut) pA(t) (26)
9 = —_—= )

dt (112 (cos(20) — 7)e2rt + 2sin”(0) p2A2(t)] :

CdFy 1, dA oy (p? 1) sin®(0)e 7 sin® (yut) (pcot(yut) + 1)
f¢—ﬁ—581n QE— 2[&2 . (27)

These quantities are depicted in the Fig. (2) both for

(

the Markovian as well as the non-Markvoian cases.



For NMD channel: The analytic expressions for the
J

Fo =

9c0s2(6)(2a(p — 1)p — 2p+ D(a(2p—1) — 1)

QFI-flow in this case are given as

(2(p — Dpcos(20)(e(p — 1) — 1)(ap — 1) = 2(p — Dp(a(p — 1) — 1)(ap — 1) +3)’

(28)

Fy =sin?(0)(2a(p — 1)p — 2p+ 1)(a(2p — 1) — 1). (29)

FIG. 6. Interplay between coherence (C) and mixedness (M)
quantified by the parameter 8 = C? + M, Eq. (6). Top and
bottom panel corresponds to RTN and NMD cases, respec-
tively. For RTN, a = 0.5, v = 0.001 (non-Markovian case,
similar trade-off is observed in Markovian case, not displayed
here) and 6 = 7/2, while for NMD the channel, « = 0.5 and
0 =m/4.

These quantities are plotted in Fig. (3). The various
facets studied in RTN and NMD models are listed in
Table (I) with their compact analytic expressions.

V. Results and discussion

The nature of the dynamics is governed by the deco-
herence rate, which is positive (negative) for Markovian
(non-Markovian) dynamics. In the specific models con-
sidered in this work, namely RTN and NMD, the be-
havior of the respective decoherence rates is depicted in
Fig. (1). This behavior is in concord with that seen with

(

the QFI-flow. The non-Markovian behavior in case of
RTN is controlled by the channel parameters, while the
NMD is non-Markoviann for all values of the parame-
ter a. Figure (2) depicts the QFI-flow corresponding to
the state parameters 6 and ¢ as a function of time. The
positive QFI-flow is a signature of non-Markovianity and
is linked with the divisibility of the underlying dynam-
ical map. It is well known that the non-Markovianity
emerges in the RTN governed dynamics under the condi-
tion 2a > ~. In this regime, QFI-flow is found to oscillate
symmetrically about zero, thereby confirming the non-
Markovian nature of the dynamics. The behavior of the
coherence and mixedness under RTN evolution is shown
in Fig. (4). The coherence parameter C' and the mixed-
ness parameter M decrease (increase) monotonically in
the Markovian regime unlike the non-Markovian case. In
the non-Markovian regime, these parameters shown re-
current behavior with time with an envelope of damped
oscillation. The interplay between coherence and mixed-
ness is symmetric in RTN model, Fig. (6), such that
the increase in one is accompanied with the decrease in
other. The parameter 3, Eq. (6), depends only on the
state parameter 6, as given in Table (I). Similar obser-
vations are made for the average gate fidelity (G,,) and
Holevo quantity and are depicted in Fig. (5) where the
monotonic decrease with respect to time in Markovian
case is contrasted with the oscillating behavior of these
quantities in the non-Markovian scenario.

The decoherence rate in non-Markovian dephasing
(NMD) model shows a negative branch separated from
the positive branch by a singularity. However, the
recurrent behavior observed in RTN is missing. The
QIF-flow is positive for certain range of the time like
parameter p, as depicted in Fig. (3), demonstrating the
non-Markovian nature of this model. The complemen-
tary behavior of coherence and mixedness is observed,
that is, the decrease in the coherence is accompanied
by an increase in the mixedness, Fig. (6), such that the
B parameter, defined in Eq. (6), is a function of the
state variable 6, see Table (I). The average gate fidelity
decreases, while the Holevo quantity shows an increase
with p in the range 0 < p < 1/2.
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gate fidelity and (d) Holevo quantity. The state parameters used are § = /4 and ¢ = 0, and the channel parameter a = 0.5.

VI. Conclusion

In this work, we considered two quantum chan-
nels namely Random Telegraph Noise (RTN) and non-
Markovian dephasing (NMD) and studied the dynamics
of a general qubit state in these models. The dynamics
is governed by completely positive and trace preserving
Kraus operators. The quantum Fisher information flow,
which has recently been proposed as a witness of the non-
Markovian behavior, is analyzed and is found consistent
with the analysis made using the decoherence rates in
these models. Further, various facets of quantum infor-
mation viz., quantum coherence, mixedness, average gate
fidelity and channel fidelity are studied, their compact

analytical expressions are obtained and their behavior is
contrasted in the Markovian and non-Markovian regimes
for the RTN channel. Even though both RTN and NMD
show non-Markovian behavior, there is a distinction be-
tween the two. The non-Markovian dynamics for the
RTN model has a characteristic recurrent behavior, not
found in the case of NMD. Nevertheless, a symmetric
trade-off between coherence and mixedness, quantified
by a coherence-mixedness balance parameter (3, is ob-
served in both the cases, thereby testifying to their basic
dephasing nature. Such characterization of the quantum
channels can be significant from the perspective of carry-
ing out quantum information and communication tasks.
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