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Abstract

We prove that, analogous to the Hilbert—Kunz density function, (used for studying the
Hilbert—Kunz multiplicity, the leading coefficient of the Hibert—Kunz function), there
exists a B-density function gg m : [0, 00) —> R, where (R, m) is the homogeneous
coordinate ring associated with the toric pair (X, D), such that

/(; grm(x)dx = B(R, m),

where B(R, m) is the second coefficient of the Hilbert—Kunz function for (R, m), as
constructed by Huneke—-McDermott—Monsky. Moreover, we prove, (1) the function
gr.m : [0,00) —> R is compactly supported and is continuous except at finitely
many points, (2) the function gr m is multiplicative for the Segre products with the
expression involving the first two coefficients of the Hilbert polynomials of the rings
involved. Here we also prove and use a result (which is a refined version of a result
by Henk-Linke) on the boundedness of the coefficients of rational Ehrhart quasi-
polynomials of convex rational polytopes.
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1 Introduction

Let R be a Noetherian ring of dimension d and prime characteristic p, and let I C R
be an ideal such that £(R/I) < oo. Let M be a finitely generated R-module. Then the
Hilbert—Kunz function of M with respect to [ is defined by

HK(M, I)(n) = ¢(M /19 M)

where ¢ = p", the ideal 719! = nth Frobenius power of I, and ¢£(M /191 M) denotes
the length of the R-module M /I'9IM . The limit

_ oM /1"
lim, _ - 4
q

exists (see [14]) and is called the Hilbert—Kunz multiplicity of M with respect to the
ideal / (denoted by ey (M, I)). Thus HK (M, I)(n) = egx (M, Iq? + 0(q?™").
The Hilbert—Kunz multiplicity has been studied by many people since then.

In 2004, Huneke—McDermott—Monsky ([9]) proved the existence of a second coef-
ficient for the Hilbert—Kunz function:

Theorem 1 (Theorem 1 of [9]) Let R be an excellent normal Noetherian ring of
dimension d and characteristic p and let I C R be an ideal such that £(R/I) < oo.
Let M be a finitely generated R-module. Then there exists a real number S(M, 1) such
that

HK(M, D(n) = enx (M, Dg* + B(M, Dg"~" + 0(q" ).

They also found a relation with the divisor class group. This invariant was further
studied by Kurano [10], and he proved there that (M, I) = 0if R is Q-Gorensteinring
and M is a Noetherian R-module of finite projective dimension. Later the above theo-
rem of Huneke—-McDermott—Monsky was generalised from normal rings to the rings
satisfying (R1) condition by Chan—Kurano in [2] (also independently by Hochster- Yao
in [8]). Later Bruns-Gubeladze in [1] have proved that HK function is a quasi-
polynomial and gave another proof of the existence of the constant second coefficient
B(R, m) for a normal affine monoid.

In order to study ey x (R, I), when R is a standard graded ring (dim R > 2) and
I is a homogeneous ideal of finite colength, the second author (in [18]) has defined
the notion of Hilbert—-Kunz density function, and obtained its relation with the HK
multiplicity (stated in this paper as Theorem 5): The HK density function is a compactly
supported continuous function fr 1 : [0, 00) —> Rx¢ such that

o
ek (R, 1) = / Jr1(x)dx.
0
Moreover, there exists a sequence of functions { fy (R, I) : [0, 00) —> Rxo}, given
by
1
Sa(R, I)(x) = FZ(R/I[q])quJ
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such that f, converges uniformly to fg 1.

The existence of a uniformly converging sequence makes the density function a
more refined invariant (compared to e y k ) in the graded situation, and a useful tool, e.g.,
in suggesting a simpler approach to the HK multiplicity in characteristic 0 (see [20]),
in studying the asymptotic growth of ey g (R, m¥) as k — oo (see [19]). Applying
the theory of HK density functions to projective toric varieties (denoted here as toric
pairs (X, D)), one obtains (Theorem 6.3 of [13]) an algebraic characterisation of the
tiling property of the associated polytopes Pp (in the ambient lattice) in terms of such
asymptotic behaviour of ey g .

In the light of Theorem 5, one can speculate whether there exists a similar ‘-density
function” ggr.m : [0, 00) — R such that

/o grm(x) dx = B(R, I),

which may similarly refine the B-invariant of [9] in the graded case.

We find that this is indeed true for a projectively normal toric pair (X, D), i.e., X a
projectively normal toric variety over an algebraically closed field K of characteristic
p > 0, with a very ample T -Cartier divisor D. Let R be the homogeneous coordinate
ring of X, with respect to the embedding given by the very ample line bundle Ox (D),
and let m be the homogeneous maximal ideal of R. We also use the notation rVol, to
denote the d-dimensional relative volume function (see Definition 47).

We construct such a S-density function gg m as a limit of a ‘uniformly’ converging
sequence of functions {g, : [0, c0) —> R}, cn, which are given by

1 .
400 = g (ERMID ) = Fo02a") (1)

where fn()») = frm(lAq]/q) and fr m denotes the HK density function for (R, m).
From the construction, it follows that g, is a compactly supported function.

Recall that given a toric pair (X, D), of dimension d — 1, there is a convex lattice
polytope Pp, a convex polyhedral cone Cp and a bounded body Pp as in Notations 4
(such a bounded body was introduced by Eto (see [5]), in order to study the HK
multiplicity for a toric ring, and he proved there that ey is the relative volume of
such a body). In [13], it was shown that the HK density function at A is the relative
volume of the {z = A} slice of Pp. Here we prove that S-density function at A is
expressible in terms of the relative volume of the {z = A} slice of the boundary,
d (PD) ’ of PD .

In this paper, the following is the main result.

Theorem 2 (Main Theorem) Let (R, m) be the homogeneous coordinate ring of
dimension d > 3, associated to the toric pair (X, D). Then there exists a finite set
v(Pp) € Rxq such that, for any compact set V.C R>o\v(Pp), the sequence {g,|v }n
converges uniformly to gr m|v, where gp.m : R>o\v(Pp) —> R is a continuous
function given by

rVolg—> (3(Pp) N{z = A})

grm(A) =1Volg2 (3(Pp) Nd(Cp) N{z =1}) — >
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Moreover, for g = p", we have

/oo gn(M)da = /Oo gr.m(A)dA + 0<1> and /oo Fn()d
0 0 q 0

=/ FrmO)dA + 0(%).
0 q

As a consequence, we get the following

Corollary 3 With the notations as above for a projectively normal toric pair (X, D),
we have

rVoly—1 (3(Pp))

B(R, m) = /0 gr.m(A)dr =rVolg—1 (3(Pp) N3(Cp)) — >

and the Hilbert—Kunz function of R with respect to the maximal ideal m is given by
HK(R. m)(¢) = epx (R.m)¢’ + B(R.m)g’~" + 0(¢*™?).

Note that we can write

g () =#(qPp N{z = Aq]N/q" > — (@) frm(12q]/q),

where # denotes the number of lattice points.

We show in Sect. 3 that Pp = (U;j PH\(Uj v Ej), where P; and Ej, are certain
rational convex polytopes with proper intersections. Then by applying the theory of
Ehrhart quasi-polynomials and exhibiting that (in the case of a toric pair), the second
coefficients of relevant Ehrhart quasi-polynomials are constant, we deduce that for x €
S ={m/p" | m,n € N}\v(Pp), the sequence {g,(x)}, is convergent and converges
pointwise to g m. However, we still know neither the existence of lim,,—, oo g, (x), for
every x € [0, oo) (or for all x except at finite number of points), nor that this limit is
a continuous function. On the other hand, for A, := |Aq]/q € S, we have

gn(d) = gR,m()hn) + 5()%)/‘]7

where ¢(A,) involves coefficients of Ehrhart quasi-polynomials of facets of P; N{z =
An}. Therefore, to achieve a ‘uniform convergence’, we needed to prove the following:

Theorem 30 For a rational convex polytope P, where Py := P N {z = A} and its
Ehrhart quasi-polynomial is given by

dim(P)

i(Prq)= Y Ci(Pr,q)q', if 2q € Lo,
i=0

there exist constant ¢; (P) such that every |Ci(Py, q)| < ¢;(P), for all g\ € Z=q and
q=p"
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We prove the result using the theory of lattice points in non-negative rational
Minkowski sums. In fact we prove a general result about convex rational polytopes:
Recall that, for rational convex polytopes Pj, P» C RY with dim (Pi+ P) =d, a
well-known result of McMullen implies that the function Q (P1, P2; —) : Q2>o — 7,
given by Q(Py, Pa,;r) = #((r1P1 + 2 Py) N 749 is a quasi-polynomial of degree d
(called the rational Ehrhart quasi-polynomial), i.e., we have

I 1
Q(Py, Py, i1) = > P (015
()72 g+l <d

such that (1) for some (1, 73) € Q2>0 we have that p;, 1, (r1, ) = pi,.,(r1 +711, 12+
), forevery r = (r1, ) € szo and (2) py, a1, (r) is independent of r.
Here we prove:

Theorem 28 There exists a decomposition (0, 1] x (0, ip] = |_|;-1=1 Wi, where W;
are locally closed subsets of R2>0 and, for each (I1,1)) € Zzzo’ there exists a set of

polynomials {fllI I W; — Q}}; such that

i 2
DL () = flll,lz (r), forevery r e W; NQZ,.
In particular, for allr € Q2>0’ there exist constants Cy, ;, such that

|| < Cpy1py and ppya—1,(x) = Cpy a1y -

The proof of Theorem 28 is a refinement of the proof of Theorem 1.3 of Henk—Linke
([7]), where they have proved (in our context) that the coefficients p;, ;,(—, —) are
polynomials on the interior of the 2-cells in R?, induced by the hyperplane arrangement
(given by the support functions of P; and P»). Since such cells do not cover R? (or
(0, 71] x (0, 72]), and the complement contains line segments, the boundedness of the
coefficients py, ;,(—, —) cannot be directly obtained from the result of [7].

Note that their result was proved for Minkowski sums of any finite number of
polytopes, which can also be easily refined using similar methods (see Remark 29).
The similar result for rational Ehrhart quasi-polynomial for a single polytope was in
an earlier paper of Linke (see Theorem 1.2, Corollary 1.5 and Theorem 1.6 of [11]).

Now the uniform convergence of the sequence {g,|v },en to g|v, for any compact
set V of [0, 00)\v(Pp) is straightforward. Using the fact that the HK density func-
tion frm is compactly supported, continuous, and (in this toric case) is a piecewise
polynomial function, we deduce that

A ﬂmw=ﬁ Frm(dh + 0(1/gd).

This and the similar approximation of the integral of the function gz m by the integrals
of the functions g,, as in the result stated above, implies that f gr.m(A)dA is the second
coefficient of the HK function of (R, m).
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The paper is arranged as follows.

In Sect. 2, we recall notations and known results about projective toric varieties,
including a brief review of the density function, treated in detail in [13].

In Sect. 3, we deal with the results about facets of the compact body P p, for a toric
pair (X, D).

Section 4 is an independent section on rational convex polytopes. Here we study the
coefficients of the (multivariate) rational Ehrhart quasi-polynomial and prove they take
only finitely many polynomial values. Now, for a polytope P and P, = PN{z = 1}, we
relate the coefficients of the quasi-polynomial i (P, n), forall A € Rxq such that An €
Z, with the coefficients of a fixed rational Ehrhart quasi-polynomial of Minkowski sum
of two polytopes. In particular, we get a uniform bound on the coefficients of such
i(Py, n), which is important for the proof in Sect. 5.

In Sect. 5 we present the main result about the S-density function.

In Sect. 6 we prove that the S-density function is a multiplicative function for Segre
products of toric pairs. Here we also compute the S-density functions for (P2, —K),
(F,, ¢cDy 4+ dDy), where —K is the anticanonical divisor on P2, and where D; and
D, are a natural basis for the T-Cartier divisors of the Hirzebruch surface F,. In
particular, one can compute the second coefficient of the Hilbert—Kunz function of the
Segre products of (P2, —K), (F,, ¢ D1 4+ d D>) and other toric pairs of surfaces.

2 Hilbert-Kunz density function on projective toric varieties

Throughout the paper, we work over an algebraically closed field K with char p > 0
and follow the notations from [6]. Let NV be a lattice (which is isomorphic to Z") and let
M = Hom(N, Z) denote the dual lattice with a dual pairing (, ). Let T = Spec(K [M])
be the torus with character lattice M. Let X(A) be a complete toric variety over K
with fan A C Nr. We recall that the T -stable irreducible subvarieties of codimension
1 of X(A) correspond to one-dimensional cones (which are edges/rays of A) of A.
If 71, ..., T, denote the edges of the fan A, then these divisors are the orbit closures
D; = V(t;). Let v; be the first lattice point along the edge 7;. A very ample T -Cartier
divisor D = ) ; a; D; (note that g; are integers) determines a convex lattice polytope
in MR defined by

Pp ={u e Mr | (u,v;) > —a; foralli} 2)
and the induced embedding of X (A) in P’ ! is given by
p=¢p: X(A) > P xis (M@ )0,
where Pp " M = {uy,us,...,u,}. For (X(A), D) and Pp as above, consider the
cone o in N x Z whose dual oV is the cone over Pp x 1 in M x Z. Then the
affine variety U, corresponding to the cone o is the affine cone of X(A) in A’
Therefore, the homogeneous coordinate ring of X (A) (with respect to this embedding)

is K[x®D, ..., x®D]. Note that there is an isomorphism of graded rings (see
Proposition 1.1.9, [3])
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K[Yy, ..., Y]

- ~ K[, D] = R, )

where the kernel / is generated by the binomials of the form

YOye.ys —yhy o yb

r

where ay, ..., ar, b1, ..., by are non-negative integers satisfying the equations
aju; +---+ayur =byuy +---+bu, and ay +---+a, =by +---+b,.

Note that due to this isomorphism, we can consider R = K[S] as a standard graded
ring, where deg x D = 1.
Throughout this section, we use the following

Notations 4 1. A foric pair (X, D) means X is a projective toric variety over a field
K of characteristic p > 0, with a very ample 7T'-Cartier divisor D. A toric pair is
projectively normal if its coordinate ring (with respect to the embedding given by
D) is integrally closed domain.

2. The polytope Pp or Px p is the lattice polytope associated with the given toric
pair (X, D) (as in (2)).

3. fr.m = HKdA(R, m) is the HK density function of R with respect to the ideal m,
where R is the associated graded ring with the graded maximal ideal m (as in (3)).

4. Let Cp denote the convex rational polyhedral cone spanned by Pp x 1 in Mg x R.

5. Let

Pp={peCplp¢@u,l)+Cp,forevery u e Pp N M}.
6. Foraset A C Mg ~ RY, we denote
AN{z=2:=AN{(x 1) |xeRI.
Theorem 5 (Theorem 1.1 in [18]) Let R be a standard graded Noetherian ring of
dimension d > 2 over an algebraically closed field K of characteristic p > 0, and let

I C R be a homogeneous ideal such that £(R/I) < oo. Forn € N and g = p", let
fu(R, T) : [0, 00) —> [0, 00) be defined as

1 lq]
Sa(R, D(x) = FE(R/I )I_xqj

(here E(R/I[‘”)quj denote the dimension of the K-vector space (R/I[q])quJ).
Then {fy (R, I)}, converges uniformly to a compactly supported continuous function
Jr1 10, 00) —> [0, 00), where fg,1(x) = limy— o0 fu(R, I)(x) and

eHK(R»I)Z[) Sr.1(x) dx.
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We recall Theorem (1.1) from [13]:

Theorem 6 Let (X, D) be a toric pair with associated ring (R, m), and Pp, Cp, Pp
as in Notations 4. Then the Hilbert—Kunz density function of (R, m) is given by the
sectional volume of Pp, ie.

Ffrm() =1Volg_1(Pp N{z = 1}), for & € [0, c0).

Moreover, frm is given by a piecewise polynomial function.

3 The boundary of Pp

Recall that (Notations 4) associated with a given toric pair (X, D), we have a convex
polytope Pp, a convex polyherdral cone Cp and a bounded set Pp C R<. In [13],
we had written a decomposition Cp = U; F;, where F j’.s are d-dimensional cones

such that, each P; := F; N Pp is a convex rational polytope and is a closure of
ij := Fj N "Pp. To study the boundary of Pp we need a set of lemmas about the
facets of P;s. We also assume without loss of generality that d > 3, as d = 2
corresponds to (}P’l, Opi(n)), for n > 1, which is easy to handle directly.

Notations7 1. L(Pp) = Pp N M = the (finite) set of lattice points of Pp.

2. For a convex polytope Q, let v(Q) = {vertices of Q} and F(Q) = {facets of Q}.

3. A(F) = the affine hull of F in R?, for a set F C R?. Recall that affine hull of a
set § C R” is the smallest affine set containing S, i.e.A(S) = {Y /L, aisi | m €
N,s; € S,a; € R, Zlmzl a; = 1}.

4. For a polytope F, dim F := dim A(F).

5. Fj € {d-dimensional cones}, which is the closure of a connected component of
Cp\ Uiy Hiy,, where the hyperplanes H;, are given by

H;, = the affine hull of {(vig, 1), (u, 1), (0) | vix € v(Co;), u € Pp N M},
where Cp; € {(d — 3) dimensional faces of Pp} and 0 is the origin of R4,

6. For a subset A € Cp, we denote

(a) dcA =boundary of A in the subspace topology of Cp (thinking of Cp C R?
) and
(b) 3(A) = the boundary of A in RY.

In particular dc A € 9(A).
7. Foru € L(Pp),let C, = (u, 1) + Cp and let
P; = Fj N Nuer(pp) (@, 1) + Cp)° = Fj N Nuer(pp)[Cp\Cul,

which is a convex set (Lemma 4.5 of [13]).
8. Let P; = Fj N NyeL(pp)(Cp\Cy) the convex rational polytope which is the clo-
sure of P]’. in Cp (which equals the closure in RY).
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Therefore,
N / D N
Pp = UJ-:]PJ» and Pp = szle
where Py, ..., Py are distinct polytopes, whose interiors are disjoint.
Note that

Pj = Fj\ Uuer(pp) Cu = NueL(Pp) Fj\Cu-

Lemma 8 For each P; as in Notations 7, we have

1. P;= P]/. U (UueL(PD) {3C(Cu) N Pj}) .
2. Foranyu € L(Pp), we have 3¢ (Cu) N Pj = U p prep(c,). F’gZa(CD)}F/ N P;.

Proof (1) We only need to prove that P; < P} | |, {9c(Cy) N P;}, as the other way
inclusion is obvious.
Let us denote Pp = Nyep,nzé-1 [Cp\Cul by U. Then P; = F; NU and P; =

F;NU.Itis easy to check that F; "N U € (F; NU) U (3cU N F; NU). Now
dcU S U,0c(Cy) = (OcU)NFjNU S Uyer(pp) {0c(Cu) N P} .

This proves Assertion (1).
(2) We leave this to the reader. This proves lemma.

Lemma9 For any facet F € F(Pj), we have one and only one of the following
possibilities:

1. F C Fj, forsome facet Fj; € F(F;): (i) Inthiscase F = A(F;;)NP; = F;;NP;
and

(ii) dim [A(F) N (Uyer(pp)dc(C) NP <d —2.

2. F C Fy,, for some facet F,,, € F(C,) and u € L(Pp). In this case F =
P;NF,, = Pj N A(F,,), where F,, £ 3(Cp).

Proof Note P; =F;N (ﬂueL(pD) [Cp\C,] ) Therefore,
F Ca(Pj) S 9(Fj) Uluerpp)d[Cul = UF; errp Fj; Y YueL(pp) Y, eF(cy) Fu,-

This implies d — 1 = dim F = max{dim(F;; N F), dim(F,, N F)}}, ., . Hence at least
one of the sets, Fj; N F or F,, N F, for some j; or u,, is of dimension d — 1. This
implies either A(F) = A(F};) or A(F) = A(Fy,).

(1) Let F € F(P;) such that FF € A(F},), for some j;. Then F = P; N A(F},) =

P;NF;jNA(Fj;) = P;NFj.Inparticular I C Fj,. This proves Assertion (1) (i).
Suppose given ' € F(P;) such that F C A(F};,) and for some u € L(Pp),

dim [A(F) N (dc(Cy) N Pj)] =d — 1. Then dim (A(F) N F,, N P;) =d — 1,
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for some F,, € F(Cy,) such that F,, §Z d(Cp). Then A(F) = A(F,,) = A(F}),
where A(F;;) is a hyperplane passing through the origin 0 of R?, and therefore,
A(F) is a vector subspace of RY. Also F,, = (u, 1) 4+ F’, for some F’' € F(Cp).
Therefore, A(F) = (u, 1)+ A(F’). Hence (u, 1) +y = 0, for somey € A(F’), which
implies A(F) = A(F’). Therefore, F,, € A(F)NCp = F' € 3(Cp), which is a
contradiction. This implies (1) (ii) and hence the first assertion.

(2) We first prove the following

Claim For any F; and for a facet F" € F(C,), where u € L(Pp), if F" N F? # ¢,
then F" N Fj = A(F") N F}, where F]‘.’ = Fj\d(F)).

Proof of the Claim Recall (see Lemma 4.5 of [13]) that F;\C,, is a convex set, for any
u € L(Pp).

If (A(F")NF)\F"NF; # ¢, then there exists x € (F")N Fj’.’ and an open set (in
RY) B, C FJ" such that B, N C,, N F]” # ¢. Hence there is another facet F' € F(C,)
such that F' N F;’ ¢ (x €d(FHN FJ‘.’).

Notethatdim(F/ﬂFj”) = dim (F”DF]‘.’) =d—1anddim (F'NF") < d—2.Hence
we choose x; € F”'N Fj” andx; € F'N F]” such that x; # x3. Thenzx; + (1 —1)x; C
F;NCy for 0 <t < 1. Now we can also choose small enough neighourhoods
(open in Rd) By, and By, of xq and x3, respectively, which are contained in F;. Let
L be the affine line through x| and x». Now, the line segment of L with end points
xj € By, NLNCSand xj € By, N L NCg, passes through C,,, which contradicts the
convexity property of F;\C,. Hence the claim.

Suppose I’ € F(P;) such that F ¢ A(F},), for any Fj, € F(F}). Then there
exists F,, € F(C,), for some u € L(Pp), such that dim (F N F,,) = d — 1. This
implies A(F) = A(F,,), and therefore, F,, ;(_ A(F},), for any Fj,. On the other
hand F N F,, € F;. Hence F,, N F j” # ¢, which implies, by the above claim that
A(Fy,) N F; = Fy, N F;. Therefore,

FgA(Fuv)ﬂPjﬂFj:FuvﬂFjﬂszFuvﬂPjEF.

Moreover, by definition F N F,, C Pj\P]’. , and therefore, by Lemma 8§, F,,, g_
d(Cp). This proves the second assertion and hence the lemma. m]

Lemma 10 If P; # Pj, thendim(P; N P;) < d—1. Moreover, ifdim(P;NP;) =d —1,
then P; N P; € F(P;) N F(Pj), that is, P; and Pj meet along a common facet.

Proof Weknow P; N P; C F;NF;,wheredim (F;NF;) <d—1.Ifdim (P;NP;) =
d—1,then F;NF; € F(F;))NF(F;).Let F = F;NF;;then FNA(F) = F;NA(F) =
F.But P, = F;NU and P; = F; N U. Therefore, P, NA(F) = F; N U NA(F) =
F,FNUNA(F)=FNU = P;NA(F). This proves the lemma. O

Lemma 11

(1) 9(Pp) = Yirer(p)F£pnp) F. In particular

() 9(Pp) = Uirerccpn F NPpU Uirercouerpn F NPp.
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Proof Note d(Pp) = d(Pp) < UjUrer(p;) F.Moreover, U; , Ej, € d(Pp), where

{Ejy} ={(F € F(P})) | FC F', F' € F(Cy), u € L(Pp)} € Pp NP5 C d(Pp).

(4)
Let V=Up{F | F € F(Pj), F # P;NPj, forany j}. ThenU; ,E;, C V (see
Lemma 9). Therefore, 3(Pp)\V € Up{F | F = P; N P;}. If 3(Pp)\V # ¢, then
there exists (d — 1)-dimensional open ball B;_1 € dPp N P; N P;, for some P; # P;.
Therefore, P;\V and P;\V are nonempty open sets of P; and P;, respectively. Hence,
we can choose an open set By such that

By =[Bg N (PA\V)IU[Bg N (P\V)IU[Ba N (P N Pj)],
where By N P; N P; € By_1. Since B4—1 € P; N P;, we have By_1 N 7_3DC = ¢,
= V.

which implies By—1 N d(Pp) = ¢, hence a contradiction. Therefore, 9 (Pp)
This proves Assertion (1). Now

d(Pp) = U FUl J(Ej}
{FEF(Pj), FSA(F;), F#P;,NP;} j.w
= U FnN 7_DD U U FnN 7_DD~
{FeF(Cp)} {FEF(Cy).ueL(Pp)}
This proves the lemma. O

Notations 12 In the rest of the paper, for a bounded set Q C R4 and for n,m € N,
we define
i(Q.n,m) :=#(nQ N {z=myNZ, )

where z is the d'" coordinate function on R?,

Remark 13 From Lemma 8, it follows that
Pj = P; I_l(Uijy), where {Ej,} ={F € F(Pj)}{FcF', F'eF(Cy), ucL(Pp)}

and Ej, € 9 (Cp). Note, Ej,, N P/ = ¢, forevery i, as P/ € Uyer(py)Cp\Cy. In
particular,

i(Pp,n,m) = i(UjP]{,n,m) =i(UjPj,n,m)—i(Uj,Ejy,, n,m).

Therefore, we have

i(Pp.n,m) =Y i(Pj,n.m)— > i(PjN Px,n,m) (6)
i i<k
=Y i(Ejy.nm)+ Y €ai(Qy.n.m),
Jsy acl
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where {Q), }oer, runs over a certain finite set of polytopes of dimension < d — 1: either
Q. = Pj,N---N Pj, for distinct PJ/.I_S, where ! > 3,0r Q,, = Ej,,, N---NEj,,, for
distinct E;.m_s, and / > 2. Note that ¢, € {1, —1}, depending on « € I;.

Lemma 14 Let Q be a convex polytope such that Q C F, for some facet F' € F(P}),
where 1 < j <s. Then dim(Q N {z = A}) <d —2, forall . € R>q. Moreover

1. ifdim(Q) < d—2, thendim(QN{z = A}) = d—2, atthe mostforone A € Rxy, i.e.

in that case dim(Q) = dim(QN{z =A}) =d —2and A(Q) = A(Q N{z = A}),

i.e. Q lies in the hyperplane {z = \}.

Ifdim(Q) =d — 1, then [A(Q) N {z =m}]N /i # ¢, for every m € Z.

3. Ifdim(QN{z = A}) = d—2, forsome ) € R, then[A(nQ)N{z = m}nz4 # @,
whenever n,m € Z~q such that m/n = A.

N

Proof By definition, Q C F, for some F € F(Fj) or, for some F € F(C,) and
u € L(Pp). But such hyperplanes are transversal to the hyperplane {z = 0}. Hence
dim Q N{z =A} <d —2, forevery A € Rx.

(1) Suppose dim(Q N {z = Ao}) = d — 2, for some Ay € R>¢. Then

A(Q) = A(Q N{z = 2o}) = A(Q) N {z = Ao}

Therefore, 0 € A(Q N{z = X)) and Q N {z = A} = ¢, for A # Ag. Hence
dim Q N {z = A} = d — 2, at the most at one point.

(2) By Lemma 9, we have Q € A(F), where F € F(Fj) or F € F(C,).

Case (1) Let F be a facet of F; for some F;. Then F C H;, for some hyperplane
H;, (as given in Notations 7) (5)) and A(Q) = A(F) = H;,. Hence, form € Z, we
have A(Q) N {z = m} = H;, N {z = m}, where it is easy to check that m(u, 1) €
Hi, N{z =m}NZa.

Case (2) If F is a facet of (u, 1) + Cp, then F = (u, 1) + F’, for some facet F’ of
Cp. Now F’ is a cone over a facet F” of Pp. Hence there exist a subset of vertices
{uj} € Z%" of Pp such that A(Q) = A(F) = {(u, 1) + Y a;(u;, 1) | @j € R}.
Now it is easy to check that (u, 1) + (m — 1)(u;, 1) € A(F) N {z =m} N 74,

(3) With the notations as in (2), we have A(nQ N{z = nA}) = AnQ) N{z =
n)} = A(nF) N {z = ni}. Now, for F € F(F;), one can check that ni(u, 1) €
AF)N{z = nA}NZ4 and for F € F(C,) for some u € L(Pp) one can check
nu, )+A—-Dn;, 1) € AnF)N{z =nA} NZ4. This completes the proof of the
lemma. ]

4 Ehrhart quasi-polynomial for rational convex polytope

In this section, we mainly deal with the Ehrhart’s theory of lattice points inside rational
convex polytopes. Recall that, if Z¢ is the integral lattice in d-dimensional Euclidean
space R?, then a convex polytope P C R? is called integral (rational), if all its vertices
have integral (rational) coordinates.

Definition 15 For a rational polytope P, the smallest number p € Q¢ such that p P
is an integral polytope is called the rational denominator of P, and is denote by 7 (P).
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Furthermore, the rational i-index t; (P) of P is the smallest number p € Q- such that
for each i-dimensional face F of P the affine space p A(F') contains integral points.
Here A(F) denotes the affine hull of F'.

The following classical result is due to Ehrhart ([4]) and McMullen ([12]).

Theorem 16 Let P C RY be a rational polytope. Then i(P, —) : Z>o — Zxo, given
by

dim(P)
i(P.n):=#mPNZ) = Y Ci(P.m)n', for n e Lz,
i=0

is a quasi-polynomial of degree dimP, i.e., for every i, the coefficient C;(P,n) is
periodic in n of period t;(P), and Cgimp (P, n) is not identically zero (in fact is
= rVolgimp (P), if A(P) contains an integral point).

Moreover if P° denotes the interior of P in the affine span of P, then i(P°,n) =
#(nP° NZY = (=1D)IP)i(p, —n). In particular, A(F)NZ* + ¢, forevery F €
F(P) implies

Cdimp)—1(P,n) = (1/2) Z rVolgim(py—1(F).
FeF(P)

Here note that, since i (P, n) is a quasi-polynomial, it can be defined for all n € Z.

McMullen has generalised Theorem 16 for the rational Minkowski sum of finitely
many polytopes Py, ..., P, C R?. Throughout this section, we use the following
notations and definition from the literature.

Notations17 1. Forr = (r1,...,r) € Rk and1 = (I1,....[;) € Z’;O, we denote

l;
15, 7/ by r'and 3, 4; by 1.
2. The Hadamard product r©s of two rational vectorsr, s € Qk is the coordinate-wise
productr © s = (rs1, ..., "kSk).

With these notations, McMullen’s result (see comments on page 2 of [7]) on the
Ehrhart quasi-polynomial of a Minkowski sum of rational polytopes can be stated as
follows.

Theorem 18 Let Py,..., Py C R<¢ be rational polytopes. Then the function
Q(Pr, ..., P, —): kao — N given by

O(Py,..., P, 1) =#(Zr,-P,- mZd> ,forr=(ri,....m) € Q¥
i

is a rational quasi-polynomial of degree dim(P; + --- + Py) with period T =

(T(Pl)s'--vt(Pk)); i-e') Q(Pla~~-7Pk9r) = ngd pl(r)rlv where Y2 Q];() g Q
is a periodic function with period t; = t(P;) in the ith argument, i = 1, ...k, and
pi(r) is nonzero positive constant for some l € Z’;O with |l| = dim(P; + - - - + Py).
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Proof See Theorem 7 of [12]. O

Definition 19 Q(Py, ..., P, —)iscalled the rational Ehrhart quasi-polynomial of the
rational polytopes Py, ..., Py, and the lth coefficient of Q(Py, ..., P, —) is denoted
by Ql(Pls"'v ka_)

In 2011, Linke has proved (see Theorem 1.2, Corollary 1.5 and Theorem 1.6 of
[11]) the following result about the coefficients of rational Ehrhart quasi-polynomial
of a rational polytope.

Theorem 20 Let P C R be a rational polytope of dimension d with rational Ehrhart
quasi-polynomial

dim(P)
i(P,r):=#(rPNZ% = Z Ci(P,r)r', wherer € Q.
i=0

Then (1) there exist0 = rg < ry < --- < r; = ©(P), such that C;(P,—) is a
polynomial of degree d — i on (rpy—1,rm), foreachm =1,...,landi =0, ...,d.
(2) The reciprocity theorem is true for rational dilates and for all dimension, i.e.
forallr € Qso, i(P,r) = (=1)I™PVi(P, —r). In particular C4(P, r) = Vol,(P),
for all r € Qso, and, in addition, if C4—1(P,r) is independent of r > 0, then
Ca—1(P,1) = (1/2) 3_pcp(p) rVola—1(F).

Later, the above theorem was generalised for Minkowski sum of polytopes by Henk
and Linke in their paper [7, Theorem 1.3].

We recall briefly some important points relevant to the statement of Theorem 1.3
of [7].

For a polytope P C RY, let (P, —) : R — R be its support function, i.e.
h(P,v) = max{(v,x) : x € P}. A hyperplane H(P,v) := {x € R? | (x,v) =
h(P,v)}, for v € RY\{0} is called a supporting hyperplane of P. If P is full-
dimensional, i.e. dim(P) = d, then each facet F of P is given by a unique supporting
hyperplane Hr = {x € R? | (x,ar) = b}, where (ar, br) € R? x Ris unique up
to multiplication by a positive real number. Let H, = {x € R? | (x,ar) < br}, Let
P C R? be a full-dimensional lattice polytope; the hyperplane representation of P is

P= () Hy = () (xeR!|(x,ar) < br)

FeF(P) FeF(P)

where the intersection runs over all facets F of P. We call ar/||ar|| the outer unit
normal of the facet F' of P.

Let Py, ..., P, C R? be rational polytopes with dim(P; + --- + Pr) = d. Let
Vi,...,Vy € 74, be the outer normals of the facets of the rational polytope P; +
...+ Py. Observe that for all r € RI;O the facets of the polytope r1 P; + ... 4+ ry P
have the same outer normals vy, ..., v,,. For details about support function and face
decomposition of Minkowski sum, see [15]. Now, forr € Rlio and z € Z¢ we know

z € Y\, riP if and only if (z,v;) < Y, rih(P;,v;) for 1 < j < m. Thus
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Q(Py, ..., P, r) is a constant function on the interior of the k-dimensional cells
induced by the hyperplane arrangement

k
reREG: > rih(Pv)=(v)}:zeZd j=1...m. (7)

i=1

Let S be the interior of a fixed k-dimensional cell given by this section. Then
Q(Py, ..., Py, —)is constant on S.
The result of Henk—Linke (Theorem 1.3) can be stated as follows:

Theorem 21 Let Py, ..., Py C RY be rational polytopes with dim(P +- - -+ Py) = d
and letl € Z];O with |l| < d. Then Qi(P, ..., Py, —) is a piecewise polynomial
function of degree at most d — |l| on open k-cells given by the hyperplane arrangements
asin (7).

Here we consider the case with k = 2. By Theorem 18, Q(P;, P, —) is a
quasi-polynomial of degree dim(P; + P») with period T = (71, 72). The hyperplane
arrangement in (7) can be rewritten as

{{r eR2y: rh(Py, V) +rah(Py,vj) = (z,v))} iz e 74, j = 1m} (8)

and Q(Py, P>, —) is constant on each open 2-cell in the complement of these lines.

Notations22 1. Forze Z4, and 1 < Jj < m, we denote the line
Lj(@) = {r e R?: rih(P,v)) + r2h(P2,v)) = (z,v})}.

the positive halfspace Lj(z)+ = {r e R?: rih(P, Vi) +rh(P,v)) > (2, Vj)}
and the positive open halfspace L ; (z)™° the interior of L j(z)+, ie.,

Li@™ = {r e R*: rih(P1,v;) + r2h(P2, v}) > (z,V;)}.

Similarly, one defines L ;(z)~ and L ;(z)™° forz € 7% and forj=1,...,m.

2. Denote the period rectangle T = (0, 71]x (0, 2], where (71, 72) = (7(P1), T(P2))
€ Q2,.

3. Note that for each j € {1, ..., m}, there can be only finitely many L ;(z) inter-

secting the period rectangle T', as v; € 74,
4. R2>0 is the disjoint union of locally closed sets, namely

R, = Us U UI U To, 9)
Seép Ieip

where Cp = the set of open 2-cells obtained by the hyperplane arrangement as
given in (8), the set

To={Lj(@NL;) mRio | Lj(z) # Li(z), forallz,7 € Z%and 1 <i,j <m)
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is a discrete set of points and

Ip = the connected components of R2>0\ U S|1UTy
S Eép

is the set of open intervals. In particular, for any I € Ip, there exists a unique line
L j,(20) such that I is a connected component of

[Ljo@o)\{Lj,(zo) N L;(2z) | Ljy(z0) # Lj(z), 1 <j<m, z¢€ 791 NRE,,.

Definition 23 For given I € Ip, we associate (the unique) S; € Cp as follows: By
definition / C L j(z), for a unique line L ;(z) (as in Notation 22) in R2. Then S is the
unique cell in Cp such that I C Sy, the closure of S; in R2>0 and S; C Lj(z)+".

Lemma 24 Given (I, S;) € ip X C’p, we have
Sy C L) <=1cCLj@)".
Moreover, if L j,(;,) is the line containing 1, then for L, (z;,) # L j,(zi,), we have
S; C Lj(zi)" <= S C L))" <= 1CLj@)" <1cCLj@)"
Proof 1t is easy to check.

Lemma 25 Given S~e CN‘p: Q(P1, Py, s) = constant forall s € S.
Given (I, Sy) € Ip x Cp

Q(P1, P»,s) = constant forall s € S;UI.

Proof 1t is easy to check.

Lemma26 Let u = (ui,uz) € Z2, and let T = (0 x 71] x (0 x 2] be as in
Notations 22. Then, B

1. for given S € C’p, we have Q(Py1, Pa,s) = constant, forall s e SNT+u®r
and,

2. for given (I, Sy) € ip X ép, we have Q(Pi1, P»,s) = constant, forall s €
S;unhNT+udr.

Proof For (u1,up) € Zzzo, the polytope u171 P; + uat2 P> is an integral polytope.
Therefore, for every facet F; of (this polytope) with the outer normal v;, we can

choose z; € F; N 74 such that i (u7) P} + uz2ta Pa, v;) = (Zj, vj). Now, it is easy to
check that, forevery 1 < j < m,

Liz+z;))=Lj(z+uOr, Liz+Z)"=L;@"+uorT,
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and
Lj(z —i—ij)_n = Lj(Z)_O +u@©r.
A given S € Cp can be written as
§ = [0k, @070 N [0 L, @) "] NR2,,

for some Zj,, Zk, € 74 and 1 < Jusly < m.
Therefore,

S +u @ T = [mﬁzolet (Zil-l)+o tu @ T:I N [mizzlle (Zk\/)io +u @ T] n I:]R2>O +u @ T] ’
= [0220Lju (Zilt + ij#)Jro:I n [mf)Z:lle (Zkv + ilv)io] n [R2>0 tuo T] ’

Note that, forany z € Z4and 1 < j<m,ifS e ép,thenwehave Lj(z—z;)NS = ¢,
since L;(z — z;) is one of the lines in the hyperplane arrangement 7. This implies
Liom)yN(S+uot)=(L;jz—-2))NS)+udOt=¢.Hence S+uo 1 C Sy, for
some S € ép.

Therefore, by Lemma 25,

Q(P1, Pr,s) =constant forall se (S+uOr)N (T +u0r)=ENT)+uoT.

This proves As§ertion (D).

Note that [ € Ip if and only if I C L, (29), some 1 < jo < m andzy € 74, such
that / is a connected component of
(Ljy@)\Lj(z) N Lj(@) |zeZ? 1< j<mandL;j(@) # Lj(20)}) NRZ,.
This implies that / 4+ u © 7 is a connected component of

[{Lj,(zo +Zj)\Ljy(20 + %) NLj(z+%;) |z€Z 1<j<m,

and

Ljy(zo +2),) # Lj(z+Z))}] N R,

Hence I +u®rt € ip. One can easily check (from Lemma 24) that S; +u Ot =
S1+uer- Hence,

(Sttuor U +u0 )N (T +u00) = (S;UNDNT) +uo T
Now, by Lemma 25,

Q(Py, Py,s) =constant forall se (S;UNNT)4+u®T.

@ Springer



334 Journal of Algebraic Combinatorics (2020) 51:317-351

This completes the proof of the lemma. O

In the proof of the next lemma, we imitate the arguments given in the proof of
Lemma 2.2 and Lemma 2.3 of [7].

Lemma 27 Let p : Q2>0 —> Q be a rational quasi-polynomial of degree n > 1 with
periodt = (11, T2) € Q2>0 and constant leading coefficients, i.e.,

I
p®) = > prn@rr?, where r=(ri.r) e Q. (10)
h+h<n

such that

1. pi1,(r) € Q is constant for all (I1,12) € Zzzo with Iy + lo = n, and for every

2. pub ot Q2>0 —> Q are periodic functions with period t = (11, 12) for all
(I, ) € Z2y withly + 1y < n.

Let E C R2>0 be a subset of]Rz, such that, for everyu € Zzzo, there exists cy € Q
with
p(r+u®t)=cuf0rallreEﬁQ2. (11

Thenforall (11, 1) € Zio withli+1l < n, the coefficient function py, i, : E(‘]Qio —
Q is a polynomial of degree at most n — (I1 + o).

Proof We prove the lemma by induction on deg(p) = n.Forn = 1 and forr € ENQ?,
we have

co = p(r) = po.o(r) + pa.oy@®ri + po.1(T)rs. (12)
Therefore, poo : E NQ? — Qis a polynomial of degree < 1 (if pa,00 = po,1) =0
then p(o,0) = constant).

Now letn > 2.
Let

gr) =pr+e 1) —pk)=pQF,r+n)—ph,rn).
Then, forr € EN Q2>0’ andu € Zzzo’ we have
gr+uot)=pr+u+e)OT1)—pr+udT)=_Cute, — Cu-

Next we show that ¢ is a quasi-polynomial of degree n — 1 and of period T with
constant leading coefficients. Now, for every r € szo’

q(x) = p(ri,rn+ 1) — plri, rn)

AW ) _
= > ppor [féz + <1>té2 Uy e (lz i 1)T2réz 1}

L#0, li+h<n
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I [
= Z qi,.1, (r)rll }"22,

l1,b>0, I+l <n—1

where

q11,,(®) = pry L+1(0ery, )+ piy a2y, )+ -+ pryn—ty ) cn—ty -1, (11, 12)
(13)
and c¢; (1, [2) are positive constants. Therefore, ¢;, 1, : Q2>0 —> Q are periodic

functions with period (71, 12) and, for every r € Qio,

qiy,n—1—-1, (*) = piy p—i; ¥)c1 (1, o) = C;; =aconstant, forevery 0 </; <n — 1.

Therefore, by induction hypothesis, g;, 1, : EN Q2>0 —> Qs a polynomial of degree
at mostn — 1 — [y — I, for all (I1,1p) € Zio such that /1 + 1, < n — 1. By (13)
and descending induction on (1, [2), we deduce that p;, ;,+1(r) : EN Q* — Qisa
polynomial of degree at most n — (/1 + [ + 1). Similarly, by considering the function
q'(r1,r2) = p(r1 + 11, r2) — p(r1, r2), we deduce that pj,11,(r) : E — Qisa
polynomial of degree at most n — (I; 4+ [2 4+ 1). Now, the function pg ¢ : Qio —Q
is given by B

I 1
P0,0(r) =co — Z Piyy (0)ry'ry’
0,0)#(11,1)€Z% i+ <n

and hence pg o : EN Q2>0 —> Qs a polynomial of degree at most n. This completes
the proof of the lemma. O

Theorem 28 Let P, P> C RY be two rational convex polytopes such that dim( P+ P»)
=d. Let Q(Py, P>; —) : (@220 —> Q be the rational quasi-polynomial of degree d,
given by

Il
Q(P1. Py, ;1) = #((r Py + 1 P) N Z%) = Z Py, (0)ry'ry’
(h.h)eZl,

Then there is a finite set S consisting of locally closed, bounded subsets of R2>0’
and a finite set of polynomials

VL, U—QlUES, (i.h)eZy Li+h<n}

such that

1. Ry = Uyes Yyezz, (U +u O 1) and

i, () = J‘lf{lz(r), forevery relU e S.
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2. In particular, there exist non-negative constants Cy, 1, such that for all r € Q2>0’
[p1 1, (0| < Coy 1y, and pya—i, (v) = Cpy q—yy -
Proof Let
S={S;UDNT |S;€Cp, I €lp (SSUNNT #¢}U{TyNT}.

Since T is a discrete set of points, the set 7o N 7" = a finite set of points.
By Lemmas 26 and 27, for every U € S there is a set of polynomials,

VU — Q| (h.h)eZi;, h+h<n)

such that p;, 1, (r) = flijlz (r), foreveryr e U.
Now since each py, 1, : Q2>0 —> Q is a periodic function of period t = (71, 12),
we can choose Cj, j, = max{|flf/l2 m)||relU, Ue .§}. This proves the theorem. O

Remark 29 Theorem 28 can be generalised to the Minkowski sum of any finite number
of polytopes, say Pi, P2, ..., P, in RY where dim(P; + ---+ P,) = d: For this we
express Rio as the disjoint union of locally closed sets, namely

RG = U syl U slu--—[ U s]us.

SeC, SeCp_1 SeCy

where Cy denotes the set of k-cells obtained by the hyperplane arrangements as given
in (7). For z € 74, and 1 < J < m, let H;(z) denote the hyperplane

Hjz) = {reR": Y rih(P.v)) = (z.v))},
i=1

where vi, ..., v, € Z< are the outer normals of the facets of the rational polytope
Pi + ...+ P,. Similarly define the positive halfspace H;(z)* and positive open
halfspace H; (z)™° (as in Notations 22 (1)). Now, given any I € Ck, there exists a
unique cell Sy € C‘n such that I € Sy, the closure of S; in R‘io, and

Si C Hj )™ NH,@2)™ N -NHj , (2,—)*°,

where I C Hj(z1) N Hj(z2) N --- N Hj,_,(z,—). Now one can check that
Q(Py, ..., P,,s) = constant for all s € S; U I and hence the proof follows imi-
tating the rest of the arguments.

Theorem 30 Let P be a convex rational polytope in R? = R4~ x R of dimension d
and let

@ Springer



Journal of Algebraic Combinatorics (2020) 51:317-351 337

dim(Py)

i(Poom)= ) Ci(Pimn', for n € Lz,
i=0

be the Ehrhart quasi-polynomial for P := P N{z = 1} C R~ x {1}, for A € Qso.
Then there are constants, independent of n, ¢; (P) and cq—1(P,) such that for) <i <
d—1,

|Ci(Py,n)| <c¢i(P), and Cga—1(Py,n) = cq—1(Py) provided In € Zxg.

Proof We say a polytope P satisfies (x) condition if all the vertices of P lie in the
union of two hyperplanes {z = a1} U {z = a3}, for some rational numbers a; < as.
First we prove the theorem for P with the additional (x) condition.
Let Py =PN{z=aj}and P, = P N {z = az}. Then

P; = convex hull{(vy, ay), ..., (v;;,a;)} and
P> = convex hull{(wy, a3), ..., (W, a2)},

for a set of some rational points {v;, w;}; ; C R4,
Note that, for A € [ay, az], there is a decomposition as a Minkowski sum

, a) — A , A—ap
PN{z=A=rP+r, P, where r)= , I = .
a —aj a —aj
Let 131 = convex hull of {v{,...,v,} and }32 = convex hull {w1~, ..., ws}. Note

that dirn(131 + 152) = d — 1, as there exists an isometric map P + P, — P; + P»
given by

Z)»iVi-FZMjoH Z)»,-Vi+ZMjo,al+az
i j i J
= (ZMV;'JH) + Zujwj,az
i J

and therefore, dim(P; + P») = dim(2(P N{z = a1 + a>/2})) = d — 1. Hence, by
Theorem 28, we have

55 5 5 - Il
Q(Py, Py.x) i=#((n Pi+r PY)NZ™") = 3" ppory'ry, for re @,
L+l <d—1
(14)
where, there exist constants Cy, ;, and C;; such that

1P ®) < Cry and  ppya—1-,(r) = C;, forall re Q.
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If An € Z- ¢, then one can check that
i(PN{z=21},n) =#((rnPy +rinPy) NZY) = #((rn Py + rinPy) N 7471,

Therefore, by (14),

d—1
i(PN{z=A}Ln)= Z pi,.1, (ran, r)\n)rll it ZC (P, mn',
I+l <d—1 i=0
where
I
Ci(Pm)= Y prp(ran.ramr'r.
L+h=i
Now a; < A < ap and n € Z-q implies (ryn, rkn) € Q>0, and therefore, by

Theorem 28 and Theorem 20, there exist constants c; "(P) and ¢ d-l(Pk) such that
|Ci(Py,n)| < c;(P)and Cq—1(Py,n) = c),_,(Py) = rVolg_1(Py) (see Definition 47
for a discussion on the relative volume rVoly_1).

Now ¢;(P) = max{c;(P), Ci(P4,n), Ci(Pa,,n)}, is finite, by the theory of
Ehrhart polynomials for the rational polytopes P,, and P,,. Moreover, Cy_1(Pg;, n)
is constant (= 0, if dim(P,;) < d — 1).

This proves the theorem for a rational polytope P which satisfies the condition ().

Consider the projection 77 : R? — R to the last coordinate. Let by < by < - <
by, where b; are the images of the vertices of the polytope P. Now P, bnsl . pr {by <
7 < by, 41} satisfy the condition (x). Hence the proof of the theorem follows by taking

G(P) = max(& (P ) | 1<m <1—1} and Ga—1(Py) = ca1((Py" ")),

if A € [, bnst]. o

5 Main theorem

We now resume the study of Eto’s set Pp, and the decompositions Pp = U?, i 1PJ’
and Pp = US =1 Pj, as discussed in Sect. 3. We will make use of properties of relative

volumes, recalled in “Appendix” (see Lemmas 48 and 49).

Notations31 1. F(Q) = {the facets of Q} and v(Q) = {the vertices of Q}, where
Q is a convex polytope.

2. Let v(Pp) = U‘;zln(v(Pj)), where 7 : RY — R is the projection given
by projecting to the last coordinate z and the set w(v(P;)) = {pj;, ..., Pj,}>
with pj, < pj, <+ < Pin

3. Let S={m/q | g =p", m,neZs=o\v(Pp).
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Lemma 32 Let P; be a convex polytope as given in Notations 7 (8). Let

dim(Pj)L)
i(Pj.n,2) =i(Pjp,n)= Y Ci(Pj,mn’ for n € Zs
i=0

be the Ehrhart quasi-polynomial for Pj; = P; N {z = A}, for A € Rxq. Then for
A€ Sandgh € Z, we have

1375 Ca—1(Pjr, @) = fRm().

2. Ca—2(Pjp @) = 5 Xpep(p,) TVola2(F N {z = A}).

3. Foreveryi < d — 3, we have |C;(Pj;,q)| < ¢;(P}) for some constants ¢;(P;)
independent of A € S.

Proof Let & = mg/qo and g > qo. Then gA € Z.

(1) By Theorem 1.1 of [13], forany A € R, wehave fr m(X) = Volz—1(PpN{z = 1A}).
Also, by the proof of Theorem 1.1 of [13] (see the proof of the claim there), we have

Ca—-1(Pjx,q) = Ca—1(Pjp) = rVolg—1(Pj;)
and Zj rVoly—1(Pj;) = Volg—1(Pp N {z = A}).

(2) Case (a): If & € (pj, ijj), where {pj, ..., pjm/_} = m(v(P;)) (as in Nota-
tions 31), then dim Pj; = d — 1. Note that the set of facets of P,

F(Pj)={FN{z=2)| Fe F(P)), dmFN{z=2}=d —2}.

By Lemma 14 (3), for any F € F(P};), we have A(qoF N {z = mo}) N 74 £ .
Hence, for all ¢ > go, Theorem 16 implies

d—2
q tVolg—2(qoF)) ¢
Ci—2 (%P,’A, q—) = Z 5 =20 Z rVoly_»(F}).
FeF(Pj) FeF(Pj;)

Moreover rVoly_»(F N{z = A}) = 0if dim(F N{z = 1}) <d — 2.
(2) Case (b): For A ¢ [pj,, ijj] we know i (P}, q) = 0, for all .
(3) follows by Theorem 30. This proves the lemma. O

Lemma33 Let O, = P; N P; or Ej, (as in Notations T and Remark 13), where
P; # Pj. Leti(Qgy,n)) = Z;l;oz Ci(Qayx, n)n' be the Ehrhart quasi-polynomial for
Qui. = Qo N{z = A} where A € Qsq. Then, for . € S and g € Zxo, we have

1. Cq-2(Qui, q) = rVolg—2(Qq3). Moreover
2. (a) if dim(Qy) =d — 1, then |Ci(Qqx, q)| < &(Qq), for everyi < d — 3, and
(b) if dim(Qqy) < d — 2, then i(Quy, q) < Cuq™>.

Proof Let X = mg/qo and let ¢ > qo.
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(1) Case (a): If dim(Qqx) = d —2, thenby Lemma 14 (3), forgA € Z>o, A(qoQar)N
74 = A(goQq N {z = mo}) N Z% # ¢. Hence, by Theorem 16

Ca-2(q0Qar. 4/90) = Ca—2(q0Qar) = rVolg—2(q0 Qar) = qff “tVoly—2(Qus).
(15)
(1) Case (b): Let dim(Qq)) < d — 2. By Lemma 49, for a convex rational poly-
tope Oy, there exists a constant C, such that i(Qyy,q) < Caqdim(Q‘“). Therefore
Ca-2(Qar,q) =0 =r1Volg_2(Qqy). This proves the first assertion.
(2) ifdim(Qy) = d — 1, then by Lemma 48, there exists a map ¢, : RY — R4~!
and z, € Z9~! such that i(Qun,q) = i(pa(Qq)r,q), where ¢u(Qy) isad — 1-
dimensional polytope in R?~!. Hence Assertion 2 (a) follows from Theorem 30. If
dim(Qy) < d —2,then Qp = P, N Pj,asdimE;, =d — 1if Ej, # ¢. Without
loss of generality we can assume that dim(Qy) > 1. Since Q,, is transversal to the
hyperplane {z = 0}, we have dim(Qq,) < dim(Qy), for all A. Hence, by Lemma 49,
we have Assertion (2) (b). This completes the proof of the lemma. O

Lemma 34 For Q, where a € I}, we have i (Q.,, ., q) = E&(A)qd_3, where |€),(A)| <
Ca, for all A € Qso.

Proof Notethatdim(Q,,) < d—2,fora € I1.Hence,by Lemma 14 (1),ifdim(Q,,;) =
d—2,forsome X € R>q,then X € v(Pp). Therefore A € S implies dim(Q:n) <d-3.
Hence the proof follows by Lemma 49. O

Definition 35 For a pair (R, m), where R is a standard graded ring of dimension d,
we define
(1) asequence of functions g, : [0, c0) —> R, given by

1 _
400) = g (V) ) = g (LR/MID gy = 7,007,

where fr m is the HK density function for (R, m) (see Theorem 5) and ?n A) =

frm(Z4).
(2) We also define the B density function ggr m : [0, 00) —> R, given by

Vol _» (F:
gRm(}) = 3 %

{FEF(Pj),FCd(Cp)};
) 5 rVola—(F3)
2 b

{FEF(Pj),FSF' eF(Cy)ueL(Pp)};

where P; and v(Pp) are as in Notations 7 and in Notations 31 and F = F N {z = A}.
Hence, by Lemma 11 (2),

Vol,;_» (0 N{z=\
ram(}) = Volg_s (3(Pp) N H(Cp) N {z = 1)) — a2 O(PD) Nz =4

(16)
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Remark 36 By Lemma 48, for a facet F' of P;, there exists an invertible affine trans-
formation ¢r : A(F) — R4l and ey = ¢(z1) € @(A(F)) N Z4~1 (let zF be
the coordinate corresponding to the basis vector er, see Lemma 48) such that for
reS={m/p" | m,n e Zso},

tVolg_2(F N{z = A}) = Voly_2(pr(F) N {zF = A}).

Note that U;{v(F) | F € F(P;)} € v(Pp). Therefore, by Theorem 2.3 of [13], the
function Y ¢ : [0, 00)\v(Pp) —> [0, 00) given by A — Volg_2(¢r(F) N{zFr = A})
is continuous.

Thus the function gg m is a compactly supported function and is continuous outside
the finite set v(Pp). Moreover, by Lemma 3.4 of [13], gr m is a piecewise polynomial
function.

Lemma 37 Let (X, D) (as in Notations 4) be a toric pair of dimensiond — 1 > 1 and
let (R, m) be the associated coordinate ring. If & € R>o and ¢ = p" € N are such
that Ay := |Aql/q € S, then there exists a constant Cp, such that

gn(X) = grm(hn) +En)/q, where |E(hy)| < Cp,.

Proof For a polytope P, we have i(P,q, nq) = i(Py,,q) and £(R/ml9)); . =
i((Pp),, q), where, by Remark 13 (6), we have

i (Pp)y, @)= i ((Pp,q) = Y i ((P;N P, q)
J j<k
=Y i ((Ejp)inq) + Y i ((Q1,q) -
j,]/ ael

Now, by Lemma 32, for 1 < j <, we have

. o] L _
i(P)rys @) = tVola—1 (PP,)q" ™ = 5 Y~ tVola—a(Fy,)q" > + & 0)g? ™
{FeF(P))}

rVolg 2 (F},,) rVoly > (Fj,,) tVoly—2(Ejy)y, _
:{ D T D D D R KA

{FIF=P;NPj}i {FIFSA(Cp)} {v}

+& (g3,

where I € F(P;) and |¢;(A,)| < ¢}, for some constant ¢; independent of A,,.
Hence, by Lemma 32,

D i(PPay @) = frmGa)g?!

J

rVoly—2(Fy,) rVolg—2(E )5, _
= |: Z I‘VOld,z(F)w)-F Z > A + Z 5 Jjv qd 2

{(F=PiNPjli<j}i; {FIFSA(Cp)}; {j.v}

+Y &0’

J
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and by Lemma 33,
DiP NP )= Y, tVolaa(Fy,)q" T + &g,
i<j {F=PiNP;}i<;

where |¢;j (An)| < Cij.
Now, by Lemmas 33 and 34, we have

rVoly_2(Fj,)

1 R
—5 U = fRm(a)g = > >

q m
{FEF(P)), FS3(Cp)};

= 1Volg—2(Ejv), n c(An)
(o) 2 a4
where |&(A,)| < Cp,. Hence g,(A) = gr.m(An) + E(hn)/q, where [E(An)| < Cp,.
This implies the lemma. O

Remark 38 By construction, it follows that Support(gg m) U, Support(g,) € 7(Pp),
which is a compact set and where 77 : R¢ — R is the projection as in Notations 31 (2).

Lemma 39 The function gg m is a compactly supported function and is continuous on
[0, 00)\v(Pp).

1. For any given compact set V. C [0, 00)\v(Pp), the sequence g,|y converges
uniformly to ggr m|v-
2. fo" gndr =[5 grm(W)dA + O(1/q).

Proof By Remark 36, the function gg m is a compactly supported function and is
continuous outside v(Pp).
(1) Letus fix a compact set V C [0, co)\v(Pp). We can assume V C [0, n(ﬁp)]\v
(Pp). Now, let [0, m(Pp)\v(Pp) = U (bi, bi+1), where gr mlw; ;4 = Wi, for
some polynomial function ¥;. We choose go = p™° such that

V S UL [bi +2/q0, bis1 —2/q0] S UL (b, bis1].

i=1
Now, g > goand A € V N (b;, bi4+1) imply A, € [b; + 1/q0, bi+1 — 1/q0]. Hence
[grRm(A) — grRm(An)| = [¥; (A) —W;(Ap)| < Ci/q,

where C; is a constant determined by P; and is independent of ¢g. By Lemma 37, we
have |g,(A) — grm(M)| = Ci/q + Cp,/q, forall A € V N (b, bit1) and g = qo.
Hence |g,(A) — gr.m(A)| < co/q, foralll A € V and g > ¢qo. This proves part (1) of
the lemma.

(2) Fixgo = p"° such that U'_ | [b; +2/qo, bi+1 —2/q0] € U/L,[b;, bi+1]. Forg =
p".ifg > go,then Vi := U [bj +2/q, biy1—2/q] € U™ [b;, bj+1]. Now, arguing
as above one can deduce that there is a constant cg such that |g,(A) —gr.m(A)| < co/q,
for alll A € Vy. Moreover ([0, 7 (Pp)\V1) < 4m/q (here ;1 denotes the Lebesgue

@ Springer



Journal of Algebraic Combinatorics (2020) 51:317-351 343

measure in R!). Note that all the functions g, and g are bounded with support in
[0, 7 (Pp)]. Hence

/o Ign(k)—g(?»)ld?»f/v Ign(?»)—g()»)ld?mLf 18 (X)) — g(M)|dA = O(1/q).
1

[0,000\V]

The same assertion follows for g < g, by the boundedness of g and g,,. This proves
the part (2) of the lemma, and hence the lemma. O

Lemma 40 Let f : [0, 00) — [0, 00) be a continuous compactly supported piecewise
polynomial function. For g = p", let f, : [0, 00) —> [0, 00) be the function given
by fu(x) = f(lgx]l/q). Then, for all ¢ = p", we have

/oofn(x) dx:/oo Fx)dx + 0(1/q2).
0 0

Proof We assume the following claim for the moment.

Claim If P(x) € R[x] is a polynomial function and 13,, (x) := P(lgx]/q), then

A
/O [P(x) — By(x)]dx = P(4)/2q + O(1/q?).

Now, since f is a compactly supported piecewise polynomial continuous function,
there exist 0 = by < by < ... < b,y and polynomials ®g(x), ..., ,(x) € R[x]

such that f |(p; b;,.11= ®i(x) and Support(f) C [bo, byy1]and f(bo) = f(by11)=0.
Now

J3® Fodx = [5° futodx = f7° (£ = fun)) dx
4L -
=300 (@i () — (@)n(x))dx — fb'j’“ (fn(x) = (i) (x))dx
o [0 (@i = (@0 (x)dx = [ (@i) = @] + 0 (&),
where (&D,-),, (x) = ®;(lgx]/q). Therefore, by the above claim

o0 - _ v q)i(bi-i-l) D; (b;) i
fo[f(x)—fn(x)]dx—g[ o ()

b; b; 1
_Z[f( ) S >]+O( o (?)
i=0

2q

Proof of the Claim We can assume without loss of generality that P (x) = x’, for some
I > 1. Note that there is go = p"° such that, for any g > g, there is [y such that
lo/g < A < (lp+1)/q. Then

A . lo/q -
/ (P(x) — Pp(x))dx = / (P(x) = Py(x))dx + 0(1/4°),
0 0
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as the inequalities (A — lo/q) < 1/q and ] > 1 implies |fl;‘/q(P(x) — P,(x))dx| =

0(1/g%). 1t is also obvious that P(A)/2q + O(1/q%) = P(lo/q)/2q + O(1/4>).
Now, if m € Zx¢ then

m+l m+1
(P(x) — Py(x))dx = / "~ (m/g))dx
q mqj . l | q |
= ﬁn [Z (l.)(m/q)’(x - M/q)l_’] dx
1—1

0
14 1—i ! i 1
- f 2; < )WQ) = 2 (,-)(’"/Q) (—i+ D)

0

Now Y94 mi jq = AP /g~ (i 4 1) + O(1/¢'~*+1). This implies

qA—L i1/

A ~ ~
/0 (P(x) = Py(x))dx = Y / (P(x) — Pp(x))dx

i=0 ’mla
-1 i
li 1 Aitl .

= — 4+ 0(1/q'~™!

i=0[<i> (it DG g ToWaD

Al A? A 5 )
=3, Tt A T g T O = P20 + 01 /).

This proves the claim and hence the lemma. O

Proof (Proof of the Main Theorem) Now the proof follows by putting together Defi-
nition 35 (16), Lemma 39 and taking f = fr m in Lemma 40. O

Proof (Proof of the Corollary 3) Let gp.m and g, denote the function as given in
Definition 35.
The formula for the integral of g g m follows from the definition of g g m and Fubini’s

theorem. y ~
For ¢ = p" and for the function f,, given by f,(x) = frm(lgx]/q), we have

oo 1 o0 -
— lq] _ d—1
/0 gn(A)d2 = qd_2 /0 (e((R/mqnqu) F10g* ") aa

Kl

1 1 s
= (Z z]z((R/m[‘”)m) —q?! / fn(x)dx) .
m=0

((R/mY) ) — g / fnmdx)
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By Lemma 40,

o0 £(R/mlal) ®
st = = = | JrmR)dr+ 0/g).
hence by Theorem 1.1 of [T2] and part (2) of Lemma 39,

o0 £(R/mlaly
/0 grm(M)dA + O(1/q) = T (@)egk (R,m) + O(1/q)

which implies

o0
¢(R/m) = ey (R, m)g? 4 ¢4~ f grm(WdA + 0(g?72).
0

This gives the corollary. O

Remark 41 Since 0Pp and 9Pp N dCp consist of rational d — 1 dimensional convex
polytopes, the number (R, m) (the volume of the integral) is a rational number and
also is independent of the characteristic. We note that the above argument gives a
direct proof of the result of [9] in our particular situation, for the graded ring R.
However, the assertion that B(R, m) is a constant and rational has been proved earlier
by Bruns—Gubeladze in [1], for any normal affine monoid.

It is an interesting problem to extend the computations here to the case of R-
modules, and to determine the homomorphism CI/(R) —> R of [9] in this toric case.

6 Some properties and examples

Definition 42 Let R be a Noetherian standard graded ring of dimension d > 2 with
the maximal homogeneous ideal m. Let ¢(R,) = EE’;R 11;',)nd 14 &1(R, m)nd 24
-+ + e4—1(R, m) be the Hilbert polynomial of (R, m). We define the Hilbert density

function Fg : [0, c0) —> [0, 00), of R as

Fry = LB it i F0) = —— R
R( )—m —nggo ¢ )-—F ( LqAJ)~

Similarly, we can define the second Hilbert density function Gg : [0, c0) —> R as
1 A
Gr(A) = &(R,m)A™? = lim G,(A) = —— (akw) — Fg (Lq J)) :

Remark 43 Let R and S be two Noetherian standard graded rings over an algebraically
closed field K of dimension d > 2 and d’ > 2 with homogenous maximal ideals m
and n, respectively. Then, using the Kunneth formula for sheaf cohomology, it is easy
to see

2y (RS mim) = LB 5 ko 05D 5,

(d—1)! (d — D!
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Hence we have Grues = GrFs + GsFR.

Proposition 44 Let (R, m) and (S, n) be two Noetherian standard graded rings over
an algebraically closed field K (of characteristic p > 0) of dimension d > 2 and
d" > 2, associated with the toric pairs (X, D) and (Y, D"), respectively. Then we
have,

Grits — gr#s,min = (Gr — rom) (Fs — fsn) + (Gs — gsn) (Fr — fRom) -

Here the functions ggr.m and gsn denote the B-density functions for the pairs (R, m)
and (S, n), respectively. The function g p#s m#n denotes the B-density function for the
pair (R#S, m#n).

Proof Let ). € [0,00). Forn € N and g = p", we write m = |gA]. Then for the
Noetherian standard graded ring R#S with homogenous maximal ideal m#n, we have

l !
o) =i (e(R#S /)9~ frss.mim(m/g)g™ " %)

By Proposition 2.17, [18], we have

1
— lq] lq] [q] [q]
gn(d) = P [K(an)ﬁ(s/n Mm + (Sm)L(R/m' )y — L(R/m' 7, £(S /0t )m]

— [Frn/9) fs.n(m/q) + Fs(m/q) fr.m(m/q) — frm(m/q) fs.n(m/)]q.
= Du(1) + U (1) + En (R,

where
_1 !
D,(1) = P I:E(Rm)K(S/n[KI])m _ FR(m/Q)fS,n(m/q)qurd 72] ,

1 !
W) = g [£CSmER/mI,, — Fsom/q) fr.m(m/)g" 2]

and

1 !
600 =~z [ LRt/ = frm(m /) fsntm /g 2.

We have

1 /
@) = o [eRaECS M), — FrOm/g) fsnm/q)g "]
1 1 /
= 7T Rw) % s [/ = fsntm/a)g” )]
1 d—1
+ fon(m/g) x o [€Rw) — Fron/g)g?~'].

Thus lim,— 00 ©4(X) = FR(A)gs n(A) + fsn(A)Gr(A). Similarly lim,—, o ¥, (A) =
Fs(Mgrm) + fRm(A)Gs(h) and lim, 00 & (A) = fRmM)gsat) + fsn(h)
gr.m(A). This implies,
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gr#S.m#n = FrREgsn + fsnGR + Fsgrm + fRmGs + fRmES.n + fS,ngR m-
By Remark 43, we have

Gres — gresmin = (GR — grm)(Fs — fsn) + (Gs — gsn) (Fr — fR.m)-
o

Example 45 Consider the toric pair (]P’z, —K), where —K is the anticanonical divisor
of P2, and let (R, m) be the associated coordinate ring with the homogeneous maximal
ideal m. The Hilbert—Kunz function of (R, m) is HK(R, m)(g) = q3 + O(q). For
A € R>p and for g = p”, let f,(R, m) and fr m be as in given in Theorem 5 and g,
and gr m be as in Definition 35. A simple calculation shows

57 (m +2)(m + 1) if 0<a<l,
o 57 (n+20m+1) =3m—q+2m—g+1) if 1<i<2,
’ S l0m +2)(m + 1) = 30m — g +2)0m — g + )
+3(m — 2q +2)(m — 2q + 1)] if 1<x<2
Hence
132 if 0<r<l,
frm) = 1522 =30 —1)? if 1<x<2,

2=3—1D2+30.-27? if 1<r<2.

2 Gm+1) if 0<x<l,
gn() =13 (3m+39-2) if 1<i<2,
TGm—3q+1) if 1<i<2,

3x if 0<x<l,
grRmM) =1{-31+3 if 1<1<2,
-3 if 2<a<3,

and [ grm(A) dA=0.

Example 46 We compute the S-density function for the Hirzebruch surface X = F,
with parameter a € N, which is a ruled surface over Pl , where K is a field of
characteristic p > 0. See [17] for a detailed description of the surface as a toric
variety. The T-Cartier divisors are given by D; = V(v;),i = 1, 2, 3,4, where v; =
el,vy = ey, v3 = —e; +aex,v4 = —ep and V(v;) denotes the T-orbit closure
corresponding to the cone generated by v;. We know the Picard group is generated
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by {D; :i =1,2,3,4} over Z. One can check the only relations in Pic(X) can be
described by D3 ~ D1 and Dy ~ D4 — aD. Therefore Pic(X) = ZD| @ ZD4. One
can use standard method of toric geometry to see that D = ¢D1 + d Dy is ample if
and only if a,¢c > 0. Then Pp = {(x,y) € Mr | x > —c,y < d,x < ay} and

2 = Vol(Pp) = cd + %. For a detailed analysis of Hilbert—Kunz function and
Hilbert—Kunz density function of F,, see [17]. In the following we use results from
[17] to calculate { f, (R, m)} and fr m in order to describe the §-density function. One
can also use the computations from Example 7.2 of [13].

If c > d, then fgrm(q) = (x), where

_ o, ed\[d_  @+hd 11
() =4 (C+2>[ 6cad+0) 2 6d]
1 d 17 d+1
((CJF*)(dH)[ 4(ad + ¢ 2c(ad+c)_ﬁ]+ 2 >+O(q)

and if ¢ < d then frm(q) =

(d+1)a><(a+1)3 1 a 1 c>

3
d
It (C+ 2 6a(ad +c) 6ac 6d 2d+6d2

) d+Da\T@+2)@+1)3> a-2 a+2 1 c
—q*d - ——+-—=|+0
a (C+ 2 da(c +ad) dac ~ 4d 4 Ta|TOW
An easy but tedious calculation shows that, for ¢ > d
(c+% +d)r if 0<r<l
—(c+ 4 +d)(cd+4 +ct+ 4 +d)
d .
erm(h) = tle+d+d)d+D(c+%+1) if 1<i<ld g
dd+1)—d(c+ % +d)x
tle+d)d+D(E-De+1-cn) if T+ <a<1+4!
dd+1)—d(c+% +d)xr if 1+l<a<1+41,
and forc <d
(c+% +d)xr if 0<i<l
—(c+%+d)(cd+E +ct+ % +d)n
tle+d+d)yd+D(c+%+1) if 1<a<l+-1

dd+1)—d(c+ % +d)r
rRmM) =1+ (c+ ) d+D(F-He+1-er) if 1+ <a<14}
(c+%)d+D(3-4)c+1=ch)
td(c+%L + 9 (c+L+d)(r—1)
—d(2+5)(c+ 9 +95) if 1+1<)‘<1+aad++1c
c(F-He+1-cn if 1+ 4t <a <L

c
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Appendix A

We recall the following notion of relative volume for a convex polytope, given by R.
Stanley ([16, see page 238]).

Definition 47 Let O C R be an integral convex polytope of dimension m. Let A(Q)
be the affine span of Q. Then A(Q) N Z¢ is an abelian group of rank m. Choose an
invertible affine transformation ¢ : A(Q) —> R™ such that p(A(Q) N Z¢) = 7.
Then the image ¢(Q) of Q is an integral polytope and relative volume of Q is defined
to be volume of ¢ (Q).

If Q is an m-dimensional rational polytope, then there is n > 0 such that nQ is
an integral polytope. We define rVol,,(Q) := rVol,,(nQ)/n™ and rVol,,, (Q) := 0 if
mip > m.

Moreover, if @ = U;Q;, is a finite union of d’-dimensional convex ratio-
nal polytopes Q; such that dim(Q; N Q;) < d’, for Q; # Qj, then we define
Voly Q = )", 1Voly Q; and rVoly» Q = 0, if d” > d’. One can show that rVol Q is
independent of the choice of the finite decomposition Q = U; Q;.

Lemma 48 Let F be a rational convex polytope of dimension d — 1 in RY satisfying the
following: A(F) N {z =i} NZ # ¢, for everyi € 7, where A(F) denotes the affine
hull of the polytope F, and z is the coordinate function on R%. Let ¢ : A(F) —> R4~1
be an invertible affine transformation such that o(A(F) N Z4) = 74~ 1.

Then thereisz) € A(F)N{z = 1}NZ% and {x, ..., xq_2} € A(F)N{z = 0}NZ<
such that {p(x1), ..., p(x4—2), ¢(z1)} is a basis of]Rd_l and

rVola—2 (F N {z = i}) = Vola— (p(F) N7, (i),

where T : R = w(A(F)) — R is the map given by Sri@xi) + Aa—19(z1) =
Ad—1.

Proof Reduction By hypothesis, we can choose xog € A(F) N 74, Let Yo = @(xp).
Let ¥y, : R — R? and ¥/ w RI=1 — R4-! denote the translation maps
given by the elements xo and —yjg, respectively. Then replacing ¢ by v ywOoPoVx !
A(F) — xo — R4~ and A(F) by A(F) — xp., we can assume that ¢ is a linear
transformation and A(F') is a R-vector space. Let V,, = A(F) N {z = n}, and then Vj
is a d — 1-dimensional vector subspace. We choose z1 € V.

Claim (1) V, = Vo +nzy and (2) o(V,) = ¢(A(F)) N ngo_l{n}. There exists a basis
{p(x1), s p(xa—2), 9(z1)} € Z97" of 9(A(F)).

Proof of the Claim (1) Let x,...,x45—2 be a set of generators of the free abelian
group Vp N 74. Then {x1,...,xq-2} is a vector space basis for Vj. Therefore
{o(x1), ..., 0(xq-2), ¢(z1)} is a basis for p(A(F)) = R-!, Hence o(A(F)) =
> Ro(xi) + Re(z1). It is obvious that Vo + nz;y S V,. Let y € V,, and then
y= Zi Aixi +Xxoz1. Comparing the (d — 1) coordinate we get Lo = n and therefore
yeVo+nz;.(b) LetyeV, =Vy+nz;.Theny = (Zi Xixi) + nzy. This implies
e(Vy) =3 Ro(xi) + Ro(z1) € 9(A(F)) N n(p_l{n}. This proves the claim.
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Since p(V,) = (X Rp(xi)) +n¢(z1) and V, N Z4 = 3972 Zx; + ¢(z1), we have
o(V, NZ%) C o(V,) N Z4~!. Now

P(A(F)NZY) = Uyp(Vy NZ) € Up(p(Va) NZ471) C g(A(F) N 247,

This implies ¢(V,, N Zd) = (V) N 741 for all n € Z. Hence rVolg_» (V) =
Volg—2¢(V,) = Volg—2[@(A(F)) N nw_l{n}]. This proves the lemma. O

Lemma 49 If Q is a convex rational polytope in R? and Q) = QN{z = A}, for reR,
then there is a constant C (independent of A) such that i(Q;,n) = c; (n)nd’m 05
with |cy(n)| < Cog.

Proof For A € R, letd, = dim(Q;). Let P; be an integral d;-dimensional cube with
length of each side = ¢) and Q, € P,. Then i(Qy,n) < i(Py,n) < cfknd& Since
Q is a bounded set, there exists a constant C /Q such that, for any A we can choose Py,

with |c; | < C’Q. Hence the lemma follows by taking Cp = (C’Q)dim(Q). O
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