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CPT and lepton number violation in neutrino sector: Modified mass matrix and

oscillation due to gravity
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We study the consequences of CPT and lepton number violation in neutrino sector. For CPT
violation we take gravity with which neutrino and antineutrino couple differently. Gravity mixes
neutrino and antineutrino in an unequal ratio to give two mass eigenstates. Lepton number violation
interaction together with CPT violation gives rise to neutrino-antineutrino oscillation. Subsequently,
we study the neutrino flavor mixing and oscillation under the influence of gravity. It is found that
gravity changes flavor oscillation significantly which influences the relative abundance of different
flavors in present universe. We show that the neutrinoless double beta decay rate is modified due
to presence of gravity− the origin of CPT violation, as the mass of the flavor state is modified.

PACS numbers: 14.60.Pq; 14.60.St; 23.40.-s; 96.12.Fe

I. INTRODUCTION

The oscillations between different kinds of neutrino and antineutrino flavor have been observed form solar, atmo-
spheric and LSND data. The three pieces of observation indicate three values of mass-squared difference of three
different orders. With three families of neutrino, one can obtain only two independent mass-squared differences.
Therefore, observations require the introduction of fourth neutrino which must be sterile in the standard model. But
many difficulties arise with the introduction of fourth neutrino as discussed in literature (e.g. see [1]).
As an alternate proposal to accommodate the results, many authors have proposed CPT violation in neutrino

sector [2, 3, 4]. One can either introduce a new particle (sterile neutrino) or allow CPT violation to take care of all
experimental results with present data. However, very recently, MiniBooNE results have been declared which shows
that LSND experimental results can not be explained simply by neutrino oscillation. Hence, it raises many other
questions to be answered [5].
Previously, many authors have explored the consequences of CPT violation in neutrino sector (e.g. see [6, 7]). The

nature of mass of neutrino has been studied [7] if CPT is violated. It has been shown that if CPT is violated then
neutrinos no longer remain Majorana particles even if they have a Majorana mass i.e. they violate lepton number.
But the actual physical condition which can lead to CPT violation was not discussed satisfactorily. Proper situations
in which CPT can be violated were discussed later by many authors [8, 9, 10, 11, 12, 13, 14]. They have pointed out
that CPT violation in neutrino sector can occur due to the spin-gravity coupling.
In the present paper, we plan to obtain the mass matrix for neutrino sector with Majorana mass in the presence of

gravity. It has already been seen that spin gravity coupling has an extra contribution to the effective mass of neutrino
and antineutrino. The Majorana type mass of neutrino alone can cause lepton number violation i.e. the mixing of
neutrino and antineutrino states. Without an interaction with gravity, the neutrino-antineutrino mixing angle is π/4.
However, in presence of background gravitational field, mixing angle changes and depends on the strength of CPT
violation. In a similar fashion, flavor oscillation is also altered by gravitational effect. As a consequence of mixing,
the neutrino-antineutrino oscillation can take place only in presence of gravity. We also show that gravity affects the
neutrinoless double beta decay rate even if two neutrino flavor mixing is taken.
We organize the paper in the following manner. In the next section, we review the CPT violating nature of the spin-

gravity interaction for neutrino. In the section III, we obtain the mass matrix for neutrino traveling in a background
gravitational field. From that we find the neutrino-antineutrino mixing and oscillation. Subsequently, we investigate
effect of gravity on flavor oscillation and its application to that in early universe and around black holes in the section
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IV. Applying this mixing, we recalculate the neutrinoless double beta decay rate in the next section. Finally, we
summarize what we obtain and discuss their implications in the section VI.

II. COUPLING TO CURVATURE

The CPT violation mechanism due to the spin-gravity coupling of fermions has been discussed earlier [8, 9, 10, 13].
How differently gravity interacts with neutrino than antineutrino has been shown by a detailed calculation [10, 13, 14].
For completeness, here we revisit the idea very briefly.
The general invariant coupling of spin-1/2 particles to gravity is described by the Lagrangian [15, 16, 17, 18, 19,

20, 21, 22, 23]

L =
√−g

(

i

2
Ψ̄γa

↔

Da Ψ− Ψ̄mΨ

)

, (1)

where the covariant derivative is

Da =

(

∂a −
i

4
ωbcaσ

bc

)

(2)

and the spin-connections are

ωbca = ebλ
(

∂ae
λ
c + Γλ

γµe
γ
c e

µ
a

)

. (3)

Here

σbc =
i

2

[

γb, γc
]

. (4)

All the above equations have been written in a local inertial frame which is flat along the entire geodesic. The Roman
alphabets denote the flat space indices, while the Greek alphabets denote the curved space indices. Here e-s are
the vierbeins connecting curved and locally flat spaces and obey the relations eµae

νa = gµν , eaµebµ = ηab, where ηab

represents the inertial frame Minkowski metric and gµν the curved spacetime metric.
Thus the Lagrangian can be rewritten as

L = det(e) Ψ̄

(

i

2
γa

↔

∂ a −m+ γaγ5Ba

)

Ψ, (5)

with

Bd = ǫabcdωbca. (6)

In a local inertial frame, the effect of gravity on fermion is only an axial vector interaction term involving the
gravitational field Ba given by Eq. (6). The Lagrangian given by Eq. (5) has two parts− the free part and the
interaction part. The interaction part is a coupling to the field Ba which is constant in a local inertial frame because
that arises from the background gravitational field.
If Ba is constant in a local inertial frame, then the interaction term violates CPT as well as particle Lorentz

symmetry, although it is invariant under observer Lorentz transformation (see e.g. [24]). It has been shown that only
a special form of the background gravitational field can give rise to such CPT violating interaction term. For example,
around the rotating black holes [9, 10], or in anisotropic early universe [13], a suitable background field exists which
causes CPT violation in interaction with spin-1/2 fermions.
The interaction term in the Lagrangian given by Eq. (5) involving Ba contains γ5. If we consider the standard

model neutrino with the Majorana mass term, then right-handed neutrino and left handed antineutrino are absent.
This leads the gravitational interaction to −Ψ̄Lγ

aΨL and Ψ̄c
Lγ

aΨc
L for neutrino and antineutrino respectively. Here

c superscripted Ψ represents the charge conjugated spinor or the spinor for antiparticle and the subscript L denotes
the left handed component. Consequently, the dispersion relations for neutrino and antineutrino become different
respectively given as

Eν =

√

(~p− ~B)2 +m2 +B0, (7a)

Eνc =

√

(~p+ ~B)2 +m2 −B0 (7b)

with momentum ~p.



3

III. MASS MATRIX

If we consider Majorana neutrino, then in Weyl representation neutrino spinor can be written as

Ψ =

(

ψc
L
ψL

)

, (8)

where ψc
L and ψL are two component spinors for antineutrino and neutrino respectively which are lepton number

eigenstates with eigenvalues -1 and +1 respectively. Here we assume that neutrino is a left handed particle only.
Hence, hereafter we shall omit the subscript L.
In terms of two component spinors, the Majorana mass term can be written as

Ψ̄cMΨ =
(

ψc† ψ†
)

(

0 −m
−m 0

)(

ψc

ψ

)

= − ψc†mψ − ψ†mψc. (9)

Now in gravitational field the Lagrangian density can be written as

(−g)−1/2L =
(

ψc† ψ†
) i

2
γ0γµ

↔

Dµ

(

ψc

ψ

)

+
(

ψc† ψ†
)

γ5B0

(

ψc

ψ

)

−
(

ψc† ψ†
)

γ0m

(

ψc

ψ

)

=
(

ψc† ψ†
) i

2
γ0γµ

↔

Dµ

(

ψc

ψ

)

+
(

ψc† ψ†
)

(

B0 0
0 −B0

)(

ψc

ψ

)

−
(

ψc† ψ†
)

(

0 −m
−m 0

)(

ψc

ψ

)

(10)

where

Dµ ≡ (∂0, ∂i + γ5Bi). (11)

Therefore, in Lagrangian density we obtain terms containing B0ψ
c†ψc and B0ψ

†ψ. These two terms do not vio-
late lepton number. Hence these terms can be looked as lepton number non-violating mass of Majorana neutrino.
Therefore, writing the mass terms together we obtain the Lagrangian density

(−g)−1/2L =
(

ψc† ψ†
) i

2
γ0γµ

↔

Dµ

(

ψc

ψ

)

−
(

ψc† ψ†
)

(

−B0 −m
−m B0

)(

ψc

ψ

)

(12)

Hence, in background gravitational field the Euler-Lagrange equation for neutrino and antineutrino is

iγ0γµDµ

(

ψc

ψ

)

−
(

−B0 −m
−m B0

)(

ψc

ψ

)

= 0. (13)

Therefore, the mass matrix of the neutrino-antineutrino sector is given by

M =

(

−B0 −m
−m B0

)

. (14)

Hence we see that if one assumes neutrino to have solely the Majorana type masses, then it acquires lepton number
non-violating type masses, equal but opposite in sign, while propagating in a gravitational field. Moreover, we see
that in this case ψ no longer remains a mass eigenstate.

A. Neutrino-antineutrino mixing and oscillation

The mass matrix M, given by Eq. (14), is Hermitian and can be diagonalized by unitary transformation. Then
the mass eigenstates will be some admixture of ψ and ψc. Hence, neutrino and antineutrino states couple together.
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We find these two mass eigenstates ν1 and ν2 as

|ν1〉 =
1

N

{(

B0 +
√

B2
0 +m2

)

|ψc〉 + m |ψ〉
}

(15a)

|ν2〉 =
1

N

{

−m |ψc〉 +

(

B0 +
√

B2
0 +m2

)

|ψ〉
}

. (15b)

with eigenvalues

m1,2 = ∓
√

B2
0 +m2. (16)

Here

N =

√

2B2
0 + 2m2 + 2B0

√

B2
0 +m2 (17)

is the normalization factor. In a more convenient way, one can write

|ν1〉 = cos θ |ψc〉 + sin θ |ψ〉 (18a)

|ν2〉 = − sin θ |ψc〉 + cos θ |ψ〉 (18b)

with

tan θ =
m

B0 +
√

B2
0 +m2

. (19)

Then one can write |ψc〉 and |ψ〉 as the superposition states of |ν1〉 and |ν2〉 in the following manner

|ψc〉 = cos θ |ν1〉 − sin θ |ν2〉 (20a)

|ψ〉 = sin θ |ν1〉 + cos θ |ν2〉. (20b)

Basically, ν1 = −i σ2 ν∗2 as ψc = −i σ2 ψ. Therefore, ν1 and ν2 together actually describe a single Majorana particle
as ψ and ψc do. Then, if we construct a new four component neutrino spinor as

ν ≡
(

ν1
ν2

)

, (21)

it retains Majorana nature, i.e. νc = ν. This is obvious as the new spinor ν is only a transformed spinor from the
previous one Ψ and the old and new spinors are related by a unitary transformation

ν =

(

cos θ sin θ
− sin θ cos θ

)

Ψ. (22)

Although, ν1 and ν2 are not lepton number eigenstates, as evident from Eq. (15), the mass terms in the corresponding
Lagrangian of ν1 and ν2 are lepton number conserving. In absence of gravitational field, neutrino and antineutrino
mix in the same angle.
Hence, if there is any lepton number violating interaction, then we obtain two neutrino mass eigenstates ν1 and

ν2 which are superpositions of neutrino and antineutrino states given by Eq. (18). As energies of neutrino and
antineutrino in gravitational field are different, there will be an oscillation between ν1 and ν2. At any time t, the
oscillation probability is given by

P(t) = sin2 2θ sin2 δ(t) (23)

where

δ(t) =
|Eν − Eνc |t

2
, (24)

when Eν and Eνc are given by Eq. (7). Hence, for ultra relativistic neutrinos by putting the value of θ, we obtain

P(t) =
m2

B2
0 +m2

sin2{(B0 − | ~B|)t} (25)
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for neutrino and antineutrino of same rest mass m. Thus the oscillation length is

λ =
π

B0 − | ~B|
. (26)

This depends only on the strength of the gravitational field. If we consider neutrinos to be coming out off the inner

accretion disk around a spinning black hole of mass M = 10M⊙, then B0 − | ~B| = B̃ = 10−19 GeV [14], which leads
to λ ∼ 10km. If the disk is around a supermassive black hole of M = 108M⊙ in an AGN, then λ may increase to
1010km, depending upon the size of inner edge where from neutrinos come out and angular momentum of the black
hole. Therefore, an oscillation may complete from a few factor to hundred Schwarzschild radii in the disk producing
copious antineutrino over neutrino and may cause overabundance of neutron and positron. However, neutrinos around
a primordial black hole of mass Mp [38] could lead to an oscillation length as small as λ ∼ 10−16km ≤ 100Mp for
r ≤ 100Mp.
Therefore, from Eqs. (18) and (19) we see that for nonzero value of Majorana mass (m 6= 0), neutrino and

antineutrino combine to give two new states ν1 and ν2, mass eigenstates with different mass eigenvalues. Therefore,
in these two states neutrino and antineutrino are mixed. In the absence of gravity, the mixing angle is π/4 which is
evident from the Eq. (19). On the other hand, if m = 0, i.e. there is no lepton number violating interaction, then
neutrino and antineutrino do not couple at all [see Eq. (13)]. This means two component neutrino and antineutrino
described in Eq. (8) themselves are mass eigenstates. In this case, presence of gravity which is CPT violating, splits
these two eigenstates with two different mass eigenvalues.
We see that although initially gravitational interaction and the Majorana mass term explicitly have different effects,

one to violate CPT and another to violate lepton number, both of them contribute in the same manner to split the
mass eigenstates (see Eq. (16)). Moreover, in gravitational field, since neutrino and antineutrino acquire different
effective masses, gravitational field coupled to neutrino spin may have some lepton number violating nature implicitly.
This has been illustrated in literature [10, 13]. We also see from Eq. (25) that presence of gravity leads to oscillation.
Without gravitational field, the lepton number violating interaction alone can not cause this oscillation.

B. Oscillation with lepton number conserving mass

For Majorana neutrino when the sterile components are neglected, the Dirac mass is of no relevance. This is exactly
the case we are considering in our present paper. We have also seen that the gravity can induce an effective mass
for Majorana neutrino which does not violate lepton number. If we consider the diagonal term of the mass matrix of
Eq. (9) to be non-zero, then we obtain an extra mass term which conserves the lepton number. With this mass term
included, the effective mass matrix will take the form

Mn =

(

mn −B0 −m
−m mn +B0

)

, (27)

where mn is the so called lepton number non-violating mass.
With this mass matrix, the mixing angle of neutrino and antineutrino does not alter. However, the mass eigenvalues

of the mass eigenstates become

mn(1,2) = mn ∓
√

B2
0 +m2. (28)

In this case, we can consider oscillation between neutrino and antineutrino as they are combination of ν1 and ν2
which evolve differently with time. For this oscillation, the oscillation probability at any time t is given by

Pn(t) = sin2 2θ sin2 ǫ(t) (29)

where

ǫ(t) =
|E1 − E2|t

2
, (30)

when E1 and E2 are energies of two neutrino mass eigenstates with momentum ~p. In the ultra-relativistic limit
(|~p| >> m)

E(1,2) = |~p|+
m2

n(1,2)

2|~p| . (31)
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Again assuming |~p| ∼ E

E2 − E1 =
m2

n2 −m2
n1

2E
=

2mn

√

B2
0 +m2

E
. (32)

Hence the the oscillation probability at any time t is given by

Pn(t) =
m2

B2
0 +m2

sin2

(

mn

√

B2
0 +m2

E
t

)

(33)

and the oscillation length is given by

λn =
πE

mn

√

B2
0 +m2

. (34)

Hence we see that this neutrino-antineutrino oscillation probability does not depend on the spatial part of the

gravitational field (gravitational vector potential) ~B but depends on the temporal part (gravitational scalar potential)
B0 only. However, there is nothing new in it. It was already shown that neutrino asymmetry and then leptogenesis in

early universe arises due to non-zero B0 [13] independent of ~B. The gravitational scalar potential B0 is non-zero if the
background spacetime has at least one nonzero off-diagonal spatial component when the set of coordinate variables is
{t, x, y, z}. Existence of such a component in a spacetime may be due to anisotropy which is the case for the Bianchi
model. Moreover, off-diagonal spatial components also govern in presence of primordial quantum fluctuations in the
Robertson-Walker spacetime. This is basically the tensor perturbation to early universe. Therefore, it is confirmed
that the gravity induced leptogenesis is possible only if the gravitational scalar potential is non-zero.

IV. EFFECT OF GRAVITY ON FLAVOR MIXING AND OSCILLATION

A. Flavor mixing

In previous section we have seen that interaction of neutrino and antineutrino with gravity gives rise to neutrino
mass eigenstates which are superposition of neutrino and antineutrino states given by

νe,µ = U†
e,µΨe,µ (35)

where

Ue,µ =

(

cos θe,µ − sin θe,µ
sin θe,µ cos θe,µ

)

. (36)

It is clear from our above discussions that νe,µ here are four component spinors. In other way, it can be stated that

in gravitational field neutrino state Ψ of mass m is modified to the state ν of mass
√

B2
0 +m2 as described in section

III. Therefore, recalling Eq. (21) we construct flavor eigenstates νe and νµ under gravity for electron and muon
neutrino respectively whose components are νe1, νe2, νµ1 and νµ2 with masses me1, me2, mµ1 and mµ2 respectively.
In terms of gravitational coupling these mass eigenvalues are expressed as

m(e,µ)1 = −
√

B2
0 +m2

e,µ,

m(e,µ)2 =
√

B2
0 +m2

e,µ, (37)

where me, mµ are the Majorana masses for electron and muon neutrino respectively, analogous to m of section III.
The corresponding mixing parameters are given by

tan θe,µ =
me,µ

B0 +
√

B2
0 +m2

e,µ

. (38)

Now we consider the corresponding two flavor mixing. The states νe and νµ are coupled by a Majorana mass term
meµ. Then the mass term in the Lagrangian density is considered as
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(−g)−1/2Lm = − 1

2

(

ν†e1me1νe1 + ν†e2me2νe2 + ν†µ1mµ1νµ1 + ν†µ2mµ2νµ2

− ν†µ1meµνe1 − ν†e1meµνµ1 + ν†µ2meµνe2 + ν†e2meµνµ2

)

. (39)

Here we assume that the Majorana mass matrix, coupling νe and νµ, is Hermitian and diagonal. We also assume that

meµ in ν†e1νµ1 and ν
†
e2νµ2 are same for computational simplicity, while our main goal is to investigate any gravity effect.

As our main aim is to study the effect of curvature to the oscillation phase, even for the convenience of transparent
understanding of sole effect of gravity we prefer to consider the nongravitating part as simple as possible. This mass
term gives rise to two mass matrices Mf(1,2) given by

Mf1 =

(

me1 −meµ

−meµ mµ1

)

, Mf2 =

(

me2 meµ

meµ mµ2

)

(40)

which mix νe1 (νe2) and νµ1 (νµ2). The mixing, leads to two mass eigenstates f11 (f12) and f21 (f22), is expressed as

f = F†νf (41)

where

νf =

(

νe
νµ

)

, f =

(

f1
f2

)

(42)

and F is given by

F1,2 =

(

cosφ1,2 − sinφ1,2
sinφ1,2 cosφ1,2

)

. (43)

Here the subscript 1 and 2 refer to the flavor mixing between mass eigenstates subscripted by 1 and 2 respectively.
Hence

tanφ1,2 =
∓2meµ

(me(1,2) −mµ(1,2)) +
√

(me(1,2) −mµ(1,2))2 + 4m2
eµ

. (44)

Thus we obtain all together four mass eigenstates χ1, χ2, χ3 and χ4 described as

(

χ1

χ2

)

≡
(

f11
f21

)

= F†
1

(

νe1
νµ1

)

and

(

χ3

χ4

)

≡
(

f12
f22

)

= F†
2

(

νe2
νµ2

)

(45)

with mass eigenvalues M1, M2, M3 and M4 given by

M1,2 ≡ m(1,2)1 =
1

2

{

(me1 +mµ1)±
√

(me1 −mµ1)2 + 4m2
eµ

}

M3,4 ≡ m(1,2)2 =
1

2

{

(me2 +mµ2)±
√

(me2 −mµ2)2 + 4m2
eµ

}

. (46)

Now from Eq. (37)

me1 +mµ1 = −
(

√

B2
0 +m2

e +
√

B2
0 +m2

µ

)

= − (Ye + Yµ)

me2 +mµ2 =

(

√

B2
0 +m2

e +
√

B2
0 +m2

µ

)

= Ye + Yµ

me1 −mµ1 = −
√

B2
0 +m2

e +
√

B2
0 +m2

µ = − Ye + Yµ

me2 −mµ2 =
√

B2
0 +m2

e −
√

B2
0 +m2

µ = Ye − Yµ (47)
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where

Y =
√

B2
0 +m2. (48)

If we define

2ma = Yµ + Ye, 2mi = Yµ − Ye (49)

then

me1 +mµ1 = −2ma, me1 −mµ1 = 2mi,

me2 +mµ2 = 2ma, me2 −mµ2 = −2mi. (50)

Then we have

M1 = −ma +
√

m2
i +m2

eµ, M2 = −ma −
√

m2
i +m2

eµ,

M3 = ma +
√

m2
i +m2

eµ, M4 = ma −
√

m2
i +m2

eµ, (51)

and

tanφ1,2 =
∓meµ

±mi +
√

m2
i +m2

eµ

. (52)

Note that at B0 = 0 all the above results reduce to that of conventional two flavor mixing without gravity effect. For
example, at B0 = 0

ψe,µ =
1√
2
(ν(e,µ)1 + ν(e,µ)2),

ψc
e,µ =

1√
2
(ν(e,µ)1 − ν(e,µ)2). (53)

Then substituting ν-s by ψ-s in Eq. (39) with m(e,µ)1 = −me,µ and m(e,µ)2 = me,µ one obtains the standard mass
Lagrangian density with spinors ψ and ψc [25]

Lm = −1

2
(ψc

e
†meψe + ψc

e
†meµψµ + ψc

µ
†meµψe + ψc

µ
†mµψµ) + h.c. (54)

The readers comparing this result with that in [25] should not confuse with difference in notation in the present
paper from that in [25]. Here νe,µ are the Majorana neutrino fields of electron and muon typed under gravity whose
oscillation would be interesting to study.
The most general flavor mixing mass matrix in presence of gravity is given by

M4 =

(

−B0I −M

−M B0I

)

, (55)

when I is the 2× 2 unit matrix and

M =

(

me meµ

meµ mµ

)

≡ Uθ · diag(m1,m2) ·U†
θ, (56)

where Uθ and m1,2 are the mixing matrix in vacuum and the neutrino masses respectively in absence of curvature.
The the corresponding flavor state is given by

Ψ =







ψc
e

ψc
µ

ψe

ψµ






. (57)

However, for the sake of simplicity we take an assumption such that the 4 × 4 mass matrix is resolved into 2 × 2
block form. The motivation is to study the gravity effect in a transparent manner. In order to do that we consider
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the mixing part by part as described above: first we take the gravity effect on the flavor eigenstates and then we mix
them up. The argument for this assumption is as follows. We detect neutrinos by weak interactions. In standard
experiments, we detect and produce them via charge-current interaction. As the flavor eigenstates take part in
charge-current interaction, we detect and produce them only. In our calculation, the original flavor eigenstates are ψ
and ψc or as a whole Ψ. Therefore, we plan to discuss the oscillation probability and corresponding length among
states Ψ. However, when we consider them under strong gravity, they couple and no longer have been a definite
mass state, rather modify to a state ν. Hence it is worthwhile to study the oscillation properties for states ν as well.
Indeed the solution of the Dirac equation in presence of gravitational interaction is different than that in absence of
gravity. Hence while performing the oscillation experiment under gravity, it can be assumed that gravity will affect
the initially produced flavor states and in between the detection and production the flavor mixing Hamiltonian will
act upon these gravitationally modified flavor states. Therefore, even though they are produced as flavor eigenstates
Ψ via weak interaction, if system is under strong gravity, then they are modified to ν, as described in §III.A,B, which
may be observable in presence of strong curvature. Indeed ν ≡ Ψ when B0 = 0. If we put B0 = 0 in our oscillation
probability and oscillation length, described in §IV.B below, then we obtain the standard expressions of those in flat
space. This validates our assumption of mixing scheme and verifies that our results for ν are physically same as that
for Ψ under gravity, as will be discussed in §IV.C.

B. Flavor oscillation

The sets of two Majorana neutrino flavor eigenstates are described as

|νe1〉 = cosφ1|χ1〉 − sinφ1|χ2〉 (58a)

|νµ1〉 = sinφ1|χ1〉 + cosφ1|χ2〉 (58b)

and

|νe2〉 = cosφ2|χ3〉 − sinφ2|χ4〉 (59a)

|νµ2〉 = sinφ2|χ3〉 + cosφ2|χ4〉. (59b)

Let us now consider the states given by Eqs. (58). The oscillation probability of those states is

Pfg1 = sin2 2φ1 sin
2 δfg1(t), (60)

where

δfg1(t) =
|M2

1 −M2
2 |

4E
t (61)

and E is the energy of the mass eigenstates. Hence the oscillation length is

λfg1 =
4πE

|M2
1 −M2

2 |
. (62)

Similarly, for the states of Eqs. (59) the oscillation probability is

Pfg2 = sin2 2φ2 sin
2 δfg2(t), (63)

where

δfg2(t) =
|M2

3 −M2
4 |

4E
t (64)

and the oscillation length is

λfg2 =
4πE

|M2
3 −M2

4 |
. (65)

Now from Eqs. (47), (49) and (51) we obtain

∆M2 = |M2
1 −M2

2 | = |M2
3 −M2

4 |

=

(

√

B2
0 +m2

µ +
√

B2
0 +m2

e

)

×

√

√

√

√

{

(

√

B2
0 +m2

µ −
√

B2
0 +m2

e

)2

+ 4m2
eµ

}

. (66)
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From Eq. (52), we obtain

sin2 2φ1 = sin2 2φ2 = sin2 2φ =
m2

eµ

m2
i +m2

eµ

(67)

so that the oscillation probability and the oscillation length are same for the two cases respectively given by

Pfg = sin2 2φ sin2 δfg(t), (68)

λfg =
4πE

∆M2
. (69)

However, Ψ-s are related to ν-s. Hence once we obtain the oscillation probability and length between νe1 (or νe2)
and νµ1 (or νµ2), the results can be converted to that for ψe and ψµ given in the next subsection.

C. Oscillation probability between initial flavors produced via weak interaction

It is evident from Eqs. (35) and (41) that we can express the initial flavor states Ψe and Ψµ in terms of mass
eigenstates χ-s given by

ψc
e = cos θe cosφ1 χ1 − cos θe sinφ1 χ2 − sin θe cosφ2 χ3 + sin θe sinφ2 χ4,

ψc
µ = cos θµ sinφ1 χ1 + cos θµ cosφ1 χ2 − sin θµ sinφ2 χ3 − sin θµ cosφ2 χ4,

ψe = sin θe cosφ1 χ1 − sin θe sinφ1 χ2 + cos θe cosφ2 χ3 − cos θe sinφ2 χ4,

ψµ = sin θµ sinφ1 χ1 + sin θµ cosφ1 χ2 + cos θµ sinφ2 χ3 + cos θµ cosφ2 χ4. (70)

In short, we can write this as







ψc
e

ψc
µ

ψe

ψµ






= T







χ1

χ2

χ3

χ4






, (71)

where

T =







cos θe cosφ1 − cos θe sinφ1 − sin θe cosφ2 sin θe sinφ2
cos θµ sinφ1 cos θµ cosφ1 − sin θµ sinφ2 − sin θµ cosφ2
sin θe cosφ1 − sin θe sinφ1 cos θe cosφ2 − cos θe sinφ2
sin θµ sinφ1 sin θµ cosφ1 cos θµ sinφ2 cos θµ cosφ2






. (72)

From this the particle part ψ can be written as

ψe = Te1 χ1 + Te2 χ2 + Te3 χ3 + Te4 χ4,

ψµ = Tµ1 χ1 + Tµ2 χ2 + Tµ3 χ3 + Tµ4 χ4. (73)

Hence we compute the oscillation probability between ψe and ψµ

Pig = −4
4
∑

i<j=1

TeiTejTµiTµj sin
2 δij(t), (74)

where

δij(t) =
|∆M2

ij |
4E

t, ∆M2
ij =M2

i −M2
j . (75)

This resembles the oscillation probability one obtains in the case of 3 flavors mixing or in general the case of N flavors
mixing. With actual expressions of T(e,µ)i-s from Eq. (70) we obtain

Pig = sin2 θe sin2 θµ sin2 2φ1 sin2 δ12(t) + cos2 θe cos2 θµ sin2 2φ2 sin2 δ34(t)

− 1

4
sin 2θe sin 2θµ sin 2φ1 sin 2φ2

{

sin2 δ13(t)− sin2 δ14(t)− sin2 δ23t+ sin2 δ24(t)
}

. (76)
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From Eq. (51)

|M2
1 −M2

3 | = |M2
2 −M2

4 | = ∆M2 = 4ma

√

m2
i +m2

eµ (77)

and

|M2
1 −M2

4 | = |M2
2 −M2

3 | = 0. (78)

Moreover, from Eq. (52)

sin 2φ1 = − sin 2φ2 = sin 2φ (say). (79)

Hence the oscillation probability is given by

Pig = sin2 2φ

{

(sin θe sin θµ + cos θe cos θµ)
2 sin2

(

∆M2

4E
t

)}

. (80)

Therefore, we find that the oscillation length between ψ states is same as that in the case of oscillation between ν1
(and ν2) states: equivalent to each other.
Now the oscillation length would change for a distant observer due to gravitational redshift. Therefore, the redshifted

oscillation length

λfr =
λf√
gtt
. (81)

If we consider the neutrino flavor oscillation in a rotating black hole spacetime of mass M and specific angular
momentum a, then at a point (r, θ)

gtt = 1− 2Mr

ρ2
(82)

with

ρ2 = r2 + a2 cos θ. (83)

Therefore, it is evident from the above discussions that under gravity the probability of flavor oscillation changes
significantly depending on the gravitational strength.
We now consider Majorana mass of electron neutrino me ∼ 5 × 10−3 eV, muon neutrino mµ ∼ 6.5× 10−3 eV and

mixing meµ ∼ 3.5 × 10−3 eV. These values are consistent with the solar neutrino oscillation data. Thus, without
gravity the oscillation probability between electron and muon neutrino with ∆M2(B0 = 0) = 8.2× 10−5 eV2, as from
solar neutrino data [26], is given by

Pf = Pfg(B
0 = 0) ≃ 0.956 sin2

(

8.2× 10−5 eV2

4E
t

)

. (84)

The corresponding oscillation length

λf = λfg(B0 = 0) ≃ 4πE

8.2× 10−5eV2
. (85)

D. Oscillation around black holes

We first recall the gravitational scalar potential computed earlier in the Kerr geometry [14]

B0 = −4a
√
Mz

ρ̄2
√
2r3

(86)

for a black hole of mass M and specific angular momentum a, where ρ̄2 = 2r2 + a2 − x2 − y2 − z2. If we consider
neutrinos at around 20 Schwarzschild radius in the spacetime of a primordial black hole of mass 1022gm, then from
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Eq. (86) the gravitational field is computed to be ∼ 10−2 eV which is comparable to neutrino masses. If we specify
the gravitational field B0 ∼ 5× 10−2 eV, then from Eqs. (68) the oscillation probability becomes

PfBH ≃ 0.999 sin2
(

7× 10−4 eV2

4E
t

)

. (87)

The oscillation length, from Eq. (69), is determined as

λfBH ≃ 4πE

7× 10−4 eV2
. (88)

Hence, the oscillation length decreases by almost an order of magnitude.
If B0 is much higher than neutrino Majorana masses, then from the Eq. (67) we have sin2 2φ ∼ 1 and ∆M2 ∼

4meµB0. Therefore, the oscillation probability

PfBH = sin2
(

1.4× 10−2 eVB0

4E
t

)

(89)

and the oscillation length

λfBH ≃ 4πE

1.4× 10−2 eVB0
. (90)

E. Oscillation in early universe

1. Anisotropic universe

We recall the gravitational scalar potential in the anisotropic phase of early universe [13, 14]

B0 =
4R3S + 3y2RS3 − 2y S4

8R4 + 2y2R2S2
. (91)

If we consider radiation dominated era with R(t) = (t/t0)
1/2 and S(t) as an arbitrary constant ≥ 1, then the above

potential reduces to

B0 ∼ S2

y

(

t0
t

)

, (92)

when y is the position coordinate, can not be greater than the size of universe of corresponding era, and t0 is the
present age of universe ∼ 1017 sec. At the neutrino decoupling age of universe when t ∼ 1 sec, y ≤ 1020 cm, B0 ≥ 10−8

eV. Therefore, if B0 ∼ 5× 10−2 eV, then from Eqs. (68) and (87) the oscillation probability is given by

PfEUd
≤ 0.999 sin2

(

7× 10−4 eV2 sec

4E

)

. (93)

On the other hand, at GUT scale when t ∼ 10−35 sec, y ≤ 102 cm, B0 ≥ 1045 eV >> me,mµ,meµ. Therefore, the
oscillation probability with the minimum possible B0

PfEUGUT
≤ sin2

(

1.4× 108 eV2 sec

4E

)

(94)

is entirely controlled by gravitational field. Either of Eqs. (93) and (94) clearly proves that flavor oscillation is severely
altered by the gravity.

2. Inflationary era of universe with primordial fluctuations

We know that during inflation primordial quantum fluctuations of the spacetime is classical and the flat Robertson-
Walker expanding universe may take the form as [27, 28]
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ds2 = (1 + 2φ̃)dt2 − a(t)2
[

ωi

a(t)
dxidt+

(

(1 + 2ψ̃)δij + hij

)

dxidxj
]

(95)

where φ̃ and ψ̃ are scalar, ωi are vector and hij are the tensor fluctuations of the metric. Of the ten degrees of freedom
in the metric perturbations only six are independent and the remaining four can be set to zero by suitable gauge
choice. For our application we must have atleast one nonzero gij , when i 6= j = 1, 2, 3, of the metric [10] and thus
need only the tensor perturbations and we choose the transverse-traceless (TT) gauge hii = 0, ∂ihij = 0 for the tensor
perturbations. In the TT gauge the above perturbed Robertson-Walker metric can be expressed as

ds2 =
(

1 + 2φ̃
)

dt2 − a(t)2
[

ωi

a(t)
dxidt+ (1 + 2ψ̃ − h+)dx

2
1 + (1 + 2ψ̃ + h+)dx

2
2 +

2h×dx1dx2 + (1 + 2ψ̃)dx23

]

. (96)

Therefore, following general expression [10, 14] given for any metric the gravitational scalar potential computed for
this spacetime is

B0 = ∂3h× = ∂zh×. (97)

The gravitational scalar potential B0 can be expressed as a fluctuation amplitude A× times a wavenumber which
represents the length scale over which the metric fluctuations vary. The Compton wavelength of the particles in
the GUT era is much smaller than the average wavelength of the gravitational waves whose wavenumber k ∼ H =

1.66g
1/2
∗ (T 2/MPl) [27, 28]. H is the Hubble constant at the time of horizon crossing of mode k. Thus gravitational

wave background can be considered as a constant amplitude field for the GUT processes. Hence the mean value of
B0, as a function of temperature and the primordial tensor wave amplitude A×, can be expressed as

〈B0〉 ≡ B0 ≃ A×k ≃ A×

(

1.66 g
1/2
∗

T 2

MPl

)

(98)

Here g∗ = 106.7, is the number of relativistic degrees of freedom, for the standard model. Primordial tensor and
scalar perturbations contribute to the anisotropy of cosmic microwave background at large angles. The COBE DMR
measurement [29] of temperature anisotropy ∆T = 30µK sets an upper limit of these fluctuation amplitudes to be
10−5. The magnitude of the tensor perturbations depends upon the details of inflation potential [30] and is expected
to be an order of magnitude smaller in amplitude than scalar perturbations. Therefore, we can set A× ≤ 10−6.
Hence, at T ∼ 1013 GeV with a very small amplitude of fluctuation such that A× ∼ 10−19 the gravitational potential
comes out to be B0 ∼ 10−2 eV which is only an order of magnitude higher than the neutrino masses. Therefore, the
corresponding oscillation probability and length are given by

PfIN = 0.999 sin2
(

7× 10−35 eV2 sec

4E

)

,

λfIN ≃ 4πE

7× 10−4 eV2
(99)

which are an order of magnitude higher than that without gravitational effect. At the maximum possible A×,
B0 ∼ 1011 eV >> me,mµ,meµ resulting the oscillation probability and length

PfIN = sin2
(

1.4× 10−22 eV2 sec

4E

)

,

λfIN ≃ 4πE

1.4× 10−2 eVB0
. (100)

F. Implications

The flavor mixing and hence oscillation is influenced by gravity. This may alter the relative abundance of different
neutrino flavors in universe. Around a primordial black hole the maximum oscillation length of a thermal neutrino,
from Eqs. (88) and (90), is obtained as 0.54 cm compared to 4.6 cm obtained from Eq. (85) without gravity.
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The oscillation probability increases as well significantly in early universe when we consider gravitational effect, as
understood from section IV.D. At the neutrino decoupling era, while the probability increases for thermal neutrinos
only 1.5 times, for TeV neutrinos it increases about two order of magnitude. It is also apparent from Eqs. (84),
(93) and (94) that at GUT era oscillation takes place vigorously. Therefore, production of muon neutrinos in early
universe due to oscillation is expected to be much higher than that estimated without gravitational effect.
At the inflationary era with primordial fluctuations, the oscillation length of, e.g., GeV neutrinos could vary from

108 cm to 10−5 cm depending on B0, while size of universe is 103 cm. Therefore, the oscillation would be feasible.
However, lifetime of the era itself is very small which may hinder significant oscillation.

V. NEUTRINOLESS DOUBLE BETA DECAY

It is generally believed that if neutrino is its own antiparticle, i.e. neutrino is a Majorana particle, then
neutrinoless double beta decay may be observed. As CPT violating nature alters the mixing angle and masses in
neutrino and antineutrino sector, it is interesting to see the effect of gravity on neutrinoless double beta decay rate. If
one considers only one flavor, then gravity does not alter the decay rate. It was already shown [7] that CPT violating
term has no effect on decay rate with only one flavor. Here we investigate the case for two flavor mixing.
If we consider neutrino flavor mixing, without neutrino-antineutrino mixing, then one can express neutrino of

different flavors as superposition of different mass eigenstates like (considering only electron and muon neutrino)

(

ψe

ψµ

)

= U

(

f1
f2

)

(101)

where U = F(B0 = 0), and f1 and f2 are mass eigenstates with masses l1 and l2 respectively. In this case, the
amplitude for neutrinoless double beta decay involving only electrons is [31]

A ∝
∑

i

liU
2
ei, i = 1, 2. (102)

In presence of gravity the state Ψ is replaced by ν as discussed in previous sections, and so the relation given by the
Eq. (101) is modified to

(

νe
νµ

)

= F
(

f1
f2

)

(103)

Hence, the neutrinoless double beta decay amplitude is given by

A(1,2) ∝ M(1,3) cos
2 φ(1,2) + M(2,4) sin

2 φ(1,2). (104)

From the expressions of M -s and φ-s from Eqs. (51) and (52) and using Eqs. (48) and (49) we obtain

A ∝
√

B2
0 +m2

e. (105)

Hence, under the effect of gravity the neutrinoless double beta decay amplitude is modified as the mass of the flavor
state is modified. In absence of gravity the amplitude is simply proportional to me.
The double beta decay is involved with weak interactions, conventionally it has nothing to do gravity. Therefore,

when we compute the decay rate with Ψ-s, which are the states produced by pure charge-current interaction, it
remains unchanged in presence of gravity. However, if we assume that under strong gravity Ψ-s modify to ν-s and
recalculate the rate, then it modifies by means of B0.

VI. SUMMARY AND DISCUSSION

The idea of neutrino flavor oscillation is well established both theoretically and experimentally. However, there are
some anomalies in different types of flavor oscillation data. For example, the LSND data provides mixing angle and
neutrino masses which are inconsistent with solar and atmospheric neutrino oscillation data. This anomaly can be
removed by introducing fourth family of sterile neutrino or CPT violation in neutrino sector. In a very past work,
neutrino-antineutrino oscillation was discussed in analogy with K0 − K̄0 oscillation with maximal mixing [32]. In the
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present paper, we have shown that in presence of gravity neutrino-antineutrino oscillation does occur. Neutrino and
antineutrino interact differently with gravity through CPT violation. Under this condition if the Lagrangian has a
lepton number violating Majorana mass, then neutrino-antineutrino mixing and oscillation occur. Without gravity,
Majorana mass mixes neutrino and antineutrino states in equal ratio. Even if there is no Majorana mass, gravity
splits neutrino and antineutrino in two different mass eigenstates. The gravitational scalar potential B0 modifies the
mass of the neutrino states. This B0 behaves like a lepton number conserving mass. The mass eigenstates, produced
as a result of mixing under gravity, act as modified neutrino states. With these states we have studied two flavor
mixing and corresponding oscillation generating four mass eigenstates.
It is quite possible that the neutrino number what we see today is carried out off the neutrino decoupling era and the

oscillation probability, strongly influenced by gravity, at that era should determine the relative abundance of today’s
flavors. We, in fact, have shown that the probability of conversion of electron neutrino to muon neutrino has greatly
been enhanced, upto a few order of magnitude, with inclusion of gravity effect. On the other hand, even in present
age the relative abundance of muon neutrino may be increased around primordial black holes where gravitational field
is not negligible.
It has been suggested that during core-collapse of a massive star, part of the infalling material goes into orbit

around the compact core to form a hot, dense, centrifugally supported accretion disk whose evolution is strongly
influenced by neutrino interactions. Under a wide range of conditions, this neutrino-dominated accretion flow will
help to produce a successful supernova explosion (see, e.g. [34]) It will be interesting to study the effect of gravity on
oscillation in such systems and then on related supernova explosion.
In early, it was shown by pure quantum field theoretical consideration of neutrino flavor mixing that in infinite

volume limit, the vacuum expectation value is not invariant under the transformation of flavor mixing (e.g. [35, 36]).
This is the consequence of unitary inequivalance of the flavor and mass vacua. It has been shown that the vacuum
structure with neutrino mixing has non-zero contribution to vacuum energy [37]. It is well known that one of the
interpretations of cosmological constant is linked with the density (ρ) and pressure (p) of vacuum with equation of
state p = −ρ. The non-zero value of cosmological constant and hence the presence of such a vacuum energy density,
which is often termed as dark energy, is needed to explain the observed acceleration of present Universe. Thus, the
non-zero flavor vacuum energy density can be interpreted as a contribution to cosmological constant and hence to dark
energy [35]. It has been shown [35] that the vacuum energy, the flavor vacuum expectation value of energy momentum
tensor element T00, is non-zero and proportional to square of one of the Bogoliubov coefficients Vk associated with the
flavor creation and annihilation operator. In ultrarelativistic limit |Vk|2 is proportional to (m1 −m2)

2, the square of
the difference of mass eigenvalues. Moreover, this vacuum expectation value is proportional to sin2 φ, where φ is the
mixing angle. Hence this contribution depends on the specific nature of the mixing. It is to be noted that in the limit
Vk → 0, which is the case of traditional phenomenological mixing, the vacuum energy vanishes. All these calculations
are in flat space. If we consider any curved spacetime, then the vacuum expectation value changes accordingly. Hence
the contribution to vacuum density and then to dark energy depends on specific nature of mixing and background
metric. In the present work, we have shown that background curvature i.e the gravitational field affects the mixing.
Hence, in this case, we expect that gravity will play in both the ways - by affecting the mixing and by giving a curved
background, to affect the contribution of dark energy. Therefore, it will be good to see how the present results can
account for observed proportion of dark energy under the pure quantum field theoretic consideration.
With this new mixing scheme, neutrinoless double beta decay rate has been revisited. With one neutrino flavor,

it was shown [7] earlier that CPT violating term has no effect on decay rate. In this spirit we have calculated the
amplitude of neutrinoless double beta decay considering neutrino-antineutrino admixture with two neutrino flavor
mixing and still have found that the decay amplitude is proportional to the mass of the flavor state. However, as the
mass of the flavor state, which is considered to be modified due to gravity, is now different from that in absence of
gravity, the decay amplitude also differs from that in absence of gravity. Hence, the CPT violating gravity has an
effect on the decay rate.
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