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The direct detection of gravitational waves from binary mergers has been hailed as the discovery of
the century. In the light of recent evidence on the existence of gravitational waves, it is now possible
to know about the properties of matter under extreme conditions in compact astrophysical objects
and different dynamical spacetimes. The foremost theme of the present article is to bring out the
various features of the interaction between photons and gravitons that can be used in astrophysical
observations. The effective action of interacting photons containing light-matter coupling and self-
interaction term is constructed by eliminating the graviton degrees of freedom coupled to both matter
and photons. It is shown that the equation of state of matter can be probed from the dynamics
of light in this theory. The vacuum birefringence is also shown to be a generic property in this
theory that arises from the non-linear nature of the self-interaction between gauge fields. Further,
the non-local nature of quantum effective action with modified dispersion relation is also discussed
in great detail. The above results also open an alternate way to infer the properties of gravitational
waves without their direct measurement using the features of photon-graviton interaction.

I. INTRODUCTION

The existence of gravitation waves is one of the most important features of Einstein’s theory of general
relativity (GR) and was first predicted by Einstein. The discovery of gravitational waves can be seen as a test
to verify GR and also put constraints on alternate theories of gravity. Its discovery after a hiatus of almost
a century from its theoretical prediction is because of the extreme sensitivities of the measurements involved.
LIGO confirmed the first detection [1–6] through laser optical interferometry.

Among the four fundamental interactions in nature, the electromagnetic and gravitational interactions are
long-ranged and mediated by a spin-1 massless photon and a spin-2 massless graviton, respectively. This
property is useful and often used in order to probe different astrophysical observations. The success of LIGO
in detecting gravitational waves motivated suggestions for utilizing optical measurement techniques that would
incur lesser expense [7–15]. To make optical measurements, knowledge of the interaction of gravitational waves
(GW) with light would be required. This question has been first attempted in [16, 17] where different scattering
processes between gravitons and photons were studied [18, 19]. However, the problem with measuring such
scattering amplitudes or cross-sections is that their numerical values are extremely small. Measurement of a
single graviton is difficult with current technologies [20]. Nevertheless, it can capture useful physical information
of spacetime which could be probed through weak measurement techniques, as will be shown in this article. The
importance of studying the interaction between photons and gravitons has also been highlighted in [21, 22], in
a different context.

In this article, we show how certain features of graviton-photon interactions can be accessed through optical
measurements that indirectly confirm features of spacetime carried by gravitational waves. Throughout our
discussion, we also comment on massive gravity theory which is an alternate theory of GR, motivated for
solving the problem of Dark Energy and the current accelerated expansion of the Universe, among others. In
massive gravity theory [23, 24] (which are also ghost-free [25]), the infrared (IR) region of GR is modified by
the addition of a mass term leading to gravitons becoming massive and spin-2.
The extremely small numerical values of scattering amplitudes of the graviton-photon interactions would

suggest that a tool to amplify the signals involved would be very welcome. Such a scenario is facilitated by
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recent developments in the field of quantum optics, in particular, the weak measurement technique [26–32]. Weak
measurements is the name coined to a measurement scenario in quantum mechanics, wherein the empirically
measured value (called the weak value) of an observable can yield results beyond the eigenvalue spectrum of the
measured observable. This has lead to a number of interesting developments including weak value amplification,
useful for enhancing the sensitivity of specific detection schemes.

We briefly discuss the weak field limit of general relativity, followed by the Fierz-Pauli action of massive
gravity and Stueckelberg’s technique for restoring gauge symmetry to massive gravity action. This sets the
scene for the construction of an effective action for interacting photons that takes into account the interactions
between photons and gravitons. This is followed by some non-trivial features of on-shell equations obtained
from the minimization of the effective action. A few scattering amplitudes are next computed between photonic
states and it is shown that through weak measurement protocol these amplitudes can be amplified. Finally, one-
loop quantum corrections are taken into account in order to write quantum effective action for the interacting
photons, explicitly at the quadratic level. This leads to a modified dispersion relation for low-energy photons.
Further, effective interacting vertices at the quantum level between photons are obtained. The quantum effective
action for photons is shown to be non-local in nature, a generic property in this theory.

II. WEAK FIELD LIMIT OF GENERAL RELATIVITY

A. Free-field theory of massless gravitons

The weak-field limit of the Einstein-Hilbert action in the presence of matter, considering the first-order
correction to metric (g = η + h) is given by

SEH =

∫

d4xLEH + SM

LEH = −hµσ∂σ∂νhµν + h∂µ∂νhµν +
1

2
hµν✷h

µν − 1

2
h✷h

SM (η + h) = SM |η +
∫

d4x

(
1√−g

δSM

δgµν

) ∣
∣
∣
η
hµν ,

(II.1)

where the invariance of the action under the transformation hµν → hµν + ∂µξν + ∂νξµ can be checked explicitly.
The Lagrangian can be recast as

LEH =
1

2
hµνOµνρσhρσ

Oµνρσ =

(
1

2
ηµρηνσ +

1

2
ηµσηνρ − ηµνηρσ

)

✷+ ηµν∂ρ∂σ + ηρσ∂µ∂ν

− 1

2
(ηνρ∂µ∂σ + ηνσ∂µ∂ρ + ηµρ∂ν∂σ + ηµσ∂ν∂ρ).

(II.2)

The corresponding equation of motion becomes

Oµνρσhρσ = 8πGTµν , (II.3)

which implies ∂µOµνρσ = 0. Therefore, in momentum space the operator Oµνρσ is not invertible, and hence, we
can not have a corresponding Green’s function. That is expected because this is a gauge-invariant theory and
the gauge has not yet been fixed which is done in the next section.

B. Gauge-fixing

We introduce the following gauge fixing term, the de Donder gauge [24],

LGF = − 1

α
(∂ρh

ρ
µ − 1

2
∂µh)(∂σh

µσ − 1

2
∂µh), (II.4)

where α is known as gauge parameter. With this new term, the weak field lagrangian density becomes

L̄EH = LEH + LGF , LGF =
1

2
hµνOµνρσ

GF hρσ,

Oµνρσ
GF =

1

α

(

2ηµρ∂ν∂σ − ηρσ∂µ∂ν − ηµν∂ρ∂σ +
1

2
ηµνηρσ✷

)

,

=⇒ L̄EH =
1

2
hµν(O +OGF )

µνρσhρσ,

(II.5)
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where

Õ = O +OGF

Õµνρσ =

(
1

2
ηµρηνσ +

1

2
ηµσηνρ −

(

1− 1

2α

)

ηµνηρσ
)

✷+

(

1− 1

α

)

(ηµν∂ρ∂σ + ηρσ∂µ∂ν)

+
1

2

(
1

α
− 1

)

(ηνρ∂µ∂σ + ηνσ∂µ∂ρ + ηµρ∂ν∂σ + ηµσ∂ν∂ρ).

(II.6)

Therefore, after choosing the Feynman gauge α = 1, in momentum space, the Green’s function takes the
following form

ΠGR,µνρσ = − i

2k2
(ηµρηνσ + ηµσηνρ − ηµνηρσ). (II.7)

From now onwards Õ will be denoted as O for sake of convenience. Gauge fixing could also have been achieved
using the Faddeev-Popov Ghost [33, 34] method in the path integral formalism.

III. MASSIVE GRAVITY

The unique action that describes a massive spin-2 particle in flat spacetime in which field is described by a
symmetric rank-2 tensor is

S =

∫

dDx
[

− 1

2
∂λhµν∂

λhµν + ∂µhνλ∂
νhµλ − ∂µh

µν∂νh+
1

2
∂λh∂

λh− 1

2
m2(hµνh

µν − h2)
]

, (III.1)

known as the Fierz-Pauli action [35–37]. Note that when m = 0 this becomes the linearized Einstein-Hilbert
action, invariant under the following gauge transformation

δhµν = ∂µξν + ∂νξµ. (III.2)

The above action is not gauge invariant, but will be made so by using Stueckelberg’s trick [24, 38–40] to massive
gravity action in order to restore gauge symmetry. Introducing Stueckelberg’s auxiliary fields V µ, φ with specific
gauge fixing terms

SGF1 = −
∫

d4x

(

∂νhµν −
1

2
∂µh+mVµ

)2

, SGF2 = −
∫

d4x

(

∂µV
µ +m

(
1

2
h+ 3φ

))2

, (III.3)

the Fierz-Pauli action with a source can be written as (a detailed derivation is provided in the Appendix)

S + SGF1 + SGF2 =

∫

d4x
[1

2
hµν(✷−m2)hµν − 1

4
h(✷−m2)h+ Vµ(✷−m2)V µ

+3φ(✷−m2)φ+ κhµνT
µν + κφT − 2

m
κVµ∂νT

µν +
2

m2
κφ∂µ∂νT

µν
]

.

(III.4)

For transverse and traceless energy-momentum tensor, the last three terms of the above action vanish. This
makes vector and scalar degrees of freedom completely decoupled from interaction with matter. The propagators
of hµν , Vµ, φ in momentum space are now

− i

p2 +m2

1

2
(ηµαηνβ + ηµβηνα − ηµνηαβ), −

i

2

ηµν

p2 +m2
, − i

6(p2 +m2)
, (III.5)

respectively. They all behave as 1
p2

for large momenta, implying that standard power counting arguments are

applicable.

IV. PHOTON-GRAVITON INTERACTION

A. Introduction

Consider a source whose stress-energy tensor T
(c)
µν produces gravitational waves (GW) that travel through

spacetime to asymptotically flat spacetime and interacts with a medium of photons. Our expectation is that
the interaction between photons and gravitons captures the properties of the original source of GW.
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The action for such a system would be

S = S
(spin−2)
m=0 + SGF + Sphoton =

∫

d4x
[1

2
hµνOµν,αβhαβ + κhµνT

(c)µν − 1

4
FµνF

µν + κhµνT
(s=1)µν

]

, (IV.1)

where κ =
√

8πG~

c4
, Fµν = ∂µAν − ∂νAµ and T (s=1)µν is the stress-energy tensor of photons. Therefore, the

generating functional can be written as

Z[Jµν = 0] =

∫

DhµνDAµe
i
∫

d4x

[

1
2hµνOµν,αβhαβ+κhµνT

(c)µν− 1
4FµνF

µν+κhµνT
(s=1)µν

]

= N e
i
2κ

2
∫

d4xT (c)µνDµναβT
(c)αβ

∫

DAµe
i
∫

d4x

[

− 1
4FµνF

µν+κ2T (c)µνDµναβT
(s=1)αβ+κ2

2 T
(s=1)µνDµναβT

(s=1)αβ

]

.

(IV.2)

By integrating out the graviton degrees of freedom, we obtain the following effective action for the photon
degrees of medium

S
(s=1)
eff =

∫

d4x
[

− 1

4
FµνF

µν + κ2T (c)µνDµναβT (s=1)αβ +
κ2

2
T (s=1)µνDµναβT (s=1)αβ

]

. (IV.3)

As can be seen from the above equation, the third piece is purely an interacting term, taking into account the
effective interaction between photons. For the time being, the interaction term is neglected; which is justified
for weak gauge fields, the action involves only quadratic or free part and reduces to

S
(1)
eff =

∫

d4x
[

− 1

4
FµνF

µν + κ2T (c)µνDµναβT (s=1)αβ
]

, (IV.4)

where (for massless gravitons)

T (s=1)µν = ηαβF
αµF βν − 1

4
ηµνFρσF

ρσ, Dµναβ =
1

2✷
(ηµαηνβ + ηµβηνα − ηµνηαβ). (IV.5)

Therefore,

T (c)µνDµναβT (s=1)αβ = T (c)µν 1

2✷
(T (s=1)
µν + T (s=1)

µν − T (s=1)
︸ ︷︷ ︸

=0

ηµν)

=

(
1

✷
T (c)µν

)[

ηαβ(∂αAµ∂βAν − ∂αAµ∂νAβ − ∂µAα∂βAν + ∂µAα∂νAβ)−
1

4
ηµνFρσF

ρσ
]

.

(IV.6)

where the last line follows from integration by parts.

B. Equations of motion

The Lagrangian density in (IV.4) can be expressed as

L = −1

2
(∂µAν∂

µAν − ∂νAµ∂
µAν) + κ2

(
1

✷
T (c)µν

)[

ηαβ(∂αAµ∂βAν − ∂αAµ∂νAβ − ∂µAα∂βAν + ∂µAα∂νAβ)
]

− κ2
(
1

✷
T (c)

)
1

4
FρσF

ρσ.

(IV.7)

Therefore, the corresponding equations of motion are given by

−
(

1 + κ2
1

✷
T (c)

)

∂ρF
ρσ − κ2

1

✷
∂ρT

(c)F ρσ + 2κ2
[ 1

✷
∂ρT

(c)σν∂ρAν +
1

✷
T (c)σν

✷Aν

− 1

✷
∂ρT

(c)σν∂νA
ρ − 1

✷
T (c)σν

✷ωνρA
ρ − 1

✷
T (c)µρ

✷ωσρAµ +
1

✷
T (c)ρν

✷ωρνA
σ
]

= 0,

(IV.8)

where ωµν =
∂µ∂ν
✷

, acts as a projection operator along longitudinal polarization of gauge fields. The above
equation can be expressed as

−
(

1 + κ2
1

✷
T (c)

)

∂ρF
ρσ − κ2

1

✷
∂ρT

(c)F ρσ + 2κ2
[ 1

✷
∂ρT

(c)σνF ρν +
1

✷
T (c)σν

✷[ηνρ − ωνρ]A
ρ

+
1

✷
T (c)ρν

✷[ωρνA
σ − ω σ

ρ Aν ]
]

= 0,

(IV.9)

which shows the absence of longitudinal degree of gauge field in the equation of motion. This can be checked
by decomposing the gauge field as Aµ = ATµ + ∂µχ where ATµ is the transverse component of the gauge field

satisfying ∂µATµ = 0, and χ is the longitudinal component of the gauge field. Hence, the longitudinal degree of
the gauge field is non-dynamical and it does not play any role in the dynamics of this theory.
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C. Features of equations of motion

The Sun of our solar system can be considered as a standard candle that acts as a source of a medium of
photons. The change in the polarization state of the light emitted from the Sun carries a signature of the GW
interacting with the solar photons ignoring the other light-matter interactions. In this section and later (in
section VII), we show that the photons interacting with gravitons are massive in nature. As a consequence,
under a general gauge transformation, the transversality condition is not satisfied by the polarization of the
light. Further, as shown below, the helicity of light is not conserved in a scattering process between the photons
coupled with GW in general. This principle can be used to detect GW using the polarization measurement of
the light emitted from the Sun before and after GW passes by. Here, we want to emphasize that the equations
of motion of photons interacting with GW carry the information of different properties of GW generating
sources that are captured by the stress-energy tensor of the sources, for example, for binary mergers one can
get information such as charge, spin, angular momentum and mass of these compact objects.

Another important feature that would help us to put constraints on the graviton mass and IR domain of GR
is that if we consider massive gravitons [24], the equations of motion simply turn into

−
(

1 + κ2
1

✷+m2
T (c)

)

∂ρF
ρσ − κ2

1

✷−m2
∂ρT

(c)F ρσ + 2κ2
[ 1

✷−m2
∂ρT

(c)σν∂ρAν +
1

✷−m2
T (c)σν

✷Aν

− 1

✷−m2
∂ρT

(c)σν∂νA
ρ − 1

✷−m2
T (c)σν

✷ωνρA
ρ − 1

✷−m2
T (c)µρ

✷ωσρAµ +
1

✷−m2
T (c)ρν

✷ωρνA
σ
]

= 0,

(IV.10)

where m is the mass of gravitons which follows from the action (III.1). For photons, the stress-energy tensor
satisfies the following two important conditions

∂µT
(s=1)µν = 0, T (s=1) = 0, (IV.11)

which would kill the last three terms in the action (III.4). This suggests that in the presence of photons, vector
and scalar degrees of freedom do not couple with photon degrees of freedom. Hence, they can be essentially
treated as free-fields separately. It follows that these degrees of freedom can be integrated out without having
any net effect on the effective action of photons, obtained earlier. Therefore, matching the data with (IV.10),
it would be possible to put a constraint on the mass of gravitons in a similar manner to the constraint put by
LIGO and others [41–48].

Consider a compact object, comprising an ideal fluid, emitting gravitational waves. Its stress-energy tensor is

T (c)µν = (P + ρ)uµuν + Pηµν , (IV.12)

where P, ρ are the pressure and the energy density of the matter inside the compact object. This kind of matter
could be considered for other gravitational wave sources, though the equation of states may be different. uµ, a
time-like unit vector is the velocity of fluid w.r.t the observer. In this case, we obtain the following expression
for the term in the action that describes the interaction between photons and a classical source

T (c)µν 1

✷
T (s=1)
µν =

1

4
FµνF

µν 1

✷
(P + ρ) + F µ

α Fαν
1

✷
[(P + ρ)uµuν ]. (IV.13)

Hence, the action in (IV.4) becomes the following

S(1) =

∫

d4x
[

− 1

4
FµνF

µν

(

1− κ2

✷
(P + ρ)

)

+ F µ
α Fαν

κ2

✷
[(P + ρ)uµuν ]

]

=

∫

d4x
[

− 1

4
Fµν(x)F

µν(x)[1 + ∆(x)] + F µ
α Fαν∆µν(x)

]

,

(IV.14)

where ∆µν = κ2

✷
[(P + ρ)uµuν ] and ∆ = ηµν∆µν . The equations of motion for the photon in this case are

−∂µ[Fµν(x)(1 + ∆(x))] + 4∂µ[F
µρ(x)∆ ν

ρ (x)] = 0

=⇒ −∂µFµν(x)− Fµν(x)∂µ log[1 + ∆(x)] + 4
∆ ν
ρ (x)

1 + ∆(x)
∂µF

µρ(x) +
4

1 + ∆(x)
Fµρ(x)∂µ∆

ν
ρ (x) = 0.

(IV.15)

Since the action is gauge-invariant, hence, we fix a gauge ∂µA
µ = 0. As a result of that, the above equation

becomes

−✷Aν(x)− Fµν(x)∂µ∆
(1)(x) + 4∆(2)ν

ρ (x)∂µF
µρ(x) + 4Fµρ(x)∆(3)ν

µρ (x) = 0, (IV.16)
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where ∆(1)(x) = log(1 + ∆(x)), ∆
(2)ν
ρ (x) =

∆ ν
ρ (x)

1+∆(x) , ∆
(3)ν
µρ (x) = 1

1+∆(x)∂µ∆
ν
ρ (x). Expressing the gauge fields

on the 4-momentum basis, the above equation can be expressed as

k2Aν(k)−
∫

d4l

(2π)4

[

iFµν(k − l)lµ∆
(1)(l) + 4∆(2)ν

ρ (l)(k − l)2Aρ(k − l)− 4Fµρ(k − l)∆(3)ν
µρ (l)

]

= 0

ilµF
µν(k − l) = −[(k − l)µl

µAν(k − l)− (k − l)ν lµA
µ(k − l)]

Fµρ(k − l)∆(3)ν
µρ (l) = i∆(3)ν

µρ (l)[(k − l)µAρ(k − l)− (k − l)ρAµ(k − l)],

(IV.17)

a non-local integral equation in momentum space. Further, the above equation clearly shows that the dynamics
of a component of the gauge field depends on its other two components in general. The above on-shell relation
clearly suggests that k2 = 0 is not the dispersion of photons due to the presence of a non-local integral term.
Under a gauge transformation Aµ → Aµ + ∂µΨ, the polarization changes as ǫµ(k) → ǫ′µ(k) = ǫµ(k) + ikµΨ(k).

Since k2 = 0 is not the dispersion or on-shell relation, under an arbitrary gauge transformation transversality
condition is not maintained as kµǫµ(k) 6= kµǫ′µ(k), unlike free Maxwell field theory without gravitons. However,
it is always possible to choose a gauge in which the polarization satisfies the transversality condition as the
longitudinal polarization is not a dynamical component, shown in (IV.9). Since k2 = 0 is not the dispersion of
the photons interacting with GW in this case, photons have three transverse polarizations in this case, unlike
the Maxwell field theory. This is also shown in section VII. The dimensionless functions and tensorial quantities
defined above depends on the functions P (x), ρ(x). Moreover, the non-locality of the above equation shows that
the amplitude of a mode at on momentum k depends on all the momentum modes. The non-locality property
of the equations of motion originates from the source functions P (x), ρ(x). From the equation (IV.15), we can
also write the following first-order coupled partial differential equation

− Fµν(x)(1 + ∆(x)) + 4Fµρ(x)∆ ν
ρ (x) =

(

ηµν − ∂µ∂ν

✷

)

K(x), (IV.18)

with the unknown function K(x). However, in 2 + 1-dimension, in principle, there could be another term in
r.h.s of the above equation which is of the form ǫµνλ∂λW(x).

Another point, we want to emphasize here is, the sign or rather the factor in front of the first kinetic term in
(IV.14) can be expressed as

(

1− κ2

✷+ iǫ
[P (x) + ρ(x)]

)

=
[

1 + iκ2
∫

d3k

(2π)3
1

2|~k|
[P (k) + ρ(k)]

k0=|~k|e
i~k.~x−i|~k|t

− iκ2
∫

d3k

(2π)3
1

2|~k|
[P (k) + ρ(k)]

k0=−|~k|e
i~k.~x+i|~k|t

]

.

(IV.19)

Considering the isotropic pressure, i.e., [P (k)+ρ(k)]
k0=|~k| = [P (k)+ρ(k)]

k0=−|~k| that depends only on |~k| then,
the above equation can be re-expressed as

(

1− κ2

✷+ iǫ
[P (x) + ρ(x)]

)

=
[

1 +
κ2

r

∫ ∞

0

dk

2π2
[P (k) + ρ(k)]

k0=|~k| sin(kr) sin(kt)
]

. (IV.20)

It can be seen that as r → ∞, the above term in the parenthesis becomes one. On the other hand, for r → 0,
the above expression reduces to

(

1− κ2

✷+ iǫ
[P (x) + ρ(x)]

)

≈
[

1 + κ2
∫ ∞

0

dk

2π2
[P (k) + ρ(k)]

k0=|~k|k sin(kt)
]

=
[

1− κ2
d

dt

∫ ∞

0

dk

2π2
[P (k) + ρ(k)]

k0=|~k| cos(kt)
]

.

(IV.21)

This factor essentially affects the vacuum permeability which follows from the structure of Lagrangian density
in QED. For the massive gravity theory, the equation (IV.20) becomes

(

1− κ2

✷−m2 + iǫ
[P (x) + ρ(x)]

)

=
[

1 +
κ2

r

∫ ∞

0

dk

2π2

k

ωk
[P (k) + ρ(k)]

k0=|~k| sin(kr) sin(ωkt)
]

, (IV.22)

where ωk =
√
k2 +m2 and m is the mass of gravitons. The above expression can also be expressed as

(

1− κ2

✷−m2 + iǫ
[P (x) + ρ(x)]

)

=
[

1− κ2

r

∫ ∞

0

dk

2π2
ωk

d

dk

(

[P (k) + ρ(k)]
k0=|~k| sin(kr) sin(ωkt)

) ]

. (IV.23)

Hence, the above factor also depends on d
dk
[P (k) + ρ(k)] = dρ(k)

dk

[

1 + dP (k)
dρ(k)

]

.
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D. Source free gravitons interact with photons and birefringence

If we now consider the source free gravitons interacting with photons then, T (c)µν = 0 in (IV.3), leading to

S
(s=1)
eff =

∫

d4x
[

− 1

4
FµνF

µν +
κ2

2
T (s=1)µνDµναβT (s=1)αβ

]

=

∫

d4x
[

− 1

4
FµνF

µν +
κ2

2
T (s=1)µν 1

✷
T (s=1)
µν

]

.

(IV.24)
and the equations of motion become

−∂µFµν +
κ2

2
∂µ

[(
∂

∂(∂µAν)
(FκσF

δσ)

)
1

✷
(F β
κ Fδβ)

]

+
κ2

2
∂µ

[

FκσF
δσ 1

✷

(
∂

∂(∂µAν)
(F β
κ Fδβ)

)]

− κ2

4
∂µ

[

Fµν
1

✷
(FαβF

αβ)
]

− κ2

4
∂µ

[

FαβF
αβ 1

✷
Fµν

]

= 0.

(IV.25)

This can also be expressed as

∂µF
µν = (∂µSµν)

κ2

2
≡ jνeff , (IV.26)

where

Sµν = F δν
1

✷
(FµβFδβ)− F δµ

1

✷
(F νβFδβ) + Fκν

1

✷
(F β
κ F

µ
β)− Fκµ

1

✷
(F β
κ F νβ)

+ FµσF
δσ 1

✷
F ν
δ − F νσF

δσ 1

✷
F

µ
δ + FκσF

µσ 1

✷
F ν
κ − FκσF

νσ 1

✷
F µ
κ

− Fµν
1

2✷
(FαβFαβ)− FαβF

αβ 1

2✷
Fµν ,

(IV.27)

and the quantity jνeff = κ2

2 (∂µSµν) can effectively be treated as a source current. The equation (IV.26) is
similar to Maxwell’s equation in the presence of a conserved current which originates from the coupling of gauge
field with matter fields. However, in the equation (IV.26), the conserved current jνeff depends only on the gauge

field. This current vanishes in the absence of gravity (κ → 0). Using the definitions of electric and magnetic
fields F 0i = Ei and F ij = ǫijkBk, it can be shown that

S0i = 2Bk
1

✷
(EiBk)− 2Bk

1

✷
(EkBi)− 2Ej

1

✷
(EiEj)− 2Ej

1

✷
(BiBj)

+ 2Ei
(

~B.
1

✷

~B

)

− 2Bi
(

~E.
1

✷

~B

)

− 2Ei
(

~E.
1

✷

~E

)

− 3Bi
(

~B.
1

✷

~E

)

+ ( ~E2 − ~B2)
1

✷
Ei.

(IV.28)

This brings out the first set of modified Maxwell’s equations in the presence of gravitons, which follows from
(IV.28)

~∇. ~D = 0, ~D = ~E − ~S, Di = F 0i − S0i. (IV.29)

Similarly for the spatial indices (ij), we define the quantity

S̃m = ǫijmSij

=⇒ ~̃S = 4 ~B
1

✷
( ~E2 + ~B2) + 4 ~E2 1

✷

~B + 4

(

~E × 1

✷
( ~E × ~B)

)

− 2 ~E ×
(

(
1

✷

~B)× ~E

)

− ( ~E × ~B)× 1

✷

~E.
(IV.30)

Therefore,

~∇× ~H =
∂ ~D

∂t
, ~H = ~B − ~̃S. (IV.31)

The above set of equations bring out that in the presence of the gravitons, the photon medium gets polarized

with ~S and gains magnetization, denoted by ~̃S. These are non-linear features that could be useful for detecting
GW. On the other hand, in the case of massive gravitons, each 1

✷
term gets modified to 1

✷−m2 . This set
of non-linear Maxwell equations can put further constraints on the mass of graviton by a comparison of the
experimental data with the theoretical prediction.

In a birefringent medium, uniform plane waves can be decomposed into two orthogonal polarization states
that propagate at two different speeds. These two states develop a phase difference as they propagate, which

alters the total polarization of the wave. In this case, both the vectors ~S, ~̃S depend on electric and magnetic

fields ( ~E, ~B) nonlinearly. As a result, the permittivities, permeabilities, and refractive indices of this anisotropic
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medium strongly depend on the ~E, ~B fields non-linearly. This characterizes the birefringence property of the
vacuum [49–52]. In the case of non-vanishing sources, these quantities also carry information about the physical
properties of the compact objects, as discussed above (this follows from the linearity property of the on-shell
equation (IV.9) and (IV.10)). Therefore, the above set of equations can be used not only in the detection
process but also to extract information about compact objects like neutron stars, white-dwarfs, binary mergers.
Since in the case of massive gravity theory, the mass of the graviton is involved in the jµeff current, hence,
the permittivities, refractive indices, and permeabilities depend on the mass of gravitons. As a result of this,
measurements on these quantities put a bound on the mass of gravitons.

V. SCATTERING PROCESS BETWEEN PHOTONS IN THE PRESENCE OF GRAVITONS

A. Action in momentum space

Since the detection of a single graviton is very challenging from the perspective of the present technology,
our approach of integrating out the graviton degrees of freedom and writing an effective action for photons
that takes into account the interactions between photons and gravitons would be helpful since there have been
impressive advances in the field of photon detection. Now our aim is to write down the interacting part of the
action in momentum space from which the scattering amplitudes can be calculated. Here also we do not assume
any external source producing GW. The interaction part of the action in momentum space takes the following
form

(2π)4
∫ 4∏

i=1

d4kiδ
(4)(k1 + k2 + k3 + k4)A

µ(k1)A
ν(k2)A

ρ(k3)A
σ(k4)Vµνρσ(k1, k2, k3, k4), (V.1)

where

Vµνρσ(k1, k2, k3, k4) =
[

k1.k2k3.k4ηµνηρσ − k1.k2ηµνk3σk4ρ − k3.k4ηρσk1νk2µ + k1νk2µk3σk4ρ − k1.k2k3.k4ηµρηνσ

+k1.k2ηµρk3σk4ν + k1.k2ηνσk3µk4ρ − k1.k2ηρσk3µk4ν + k3.k4ηµρk1νk2σ − k2.k4ηµρk1νk3σ − k1νk2σk3µk4ρ

+k2.k4ηρσk1νk3µ + k3.k4ηνσk1ρk2µ − k1ρk2µk3σk4ν − k1.k3ηνσk2µk4ρ + k1.k3ηρσk2µk4ν − k3.k4ηµνk1ρk2σ

+k2.k4ηµνk1ρk3σ + k1.k3ηµνk2σk4ρ − ηµνηρσk1.k3k2.k4

]

(2π)4
κ2

(k3 + k4)2
δ(4)(k1 + k2 + k3 + k4).

(V.2)

Here we compute the scattering amplitudes using perturbative technique around the free-field theory, namely the
free Maxwell theory in which photons are massless. Hence, the scattering amplitudes are computed considering
two polarization states of photons. Let us denote the polarization tensors of the photons as εi ≡ ε(ki, λi), where
λi ∈ {1, 2} which satisfy

∑

λ=1,2

ε
(λ)
i ε

(λ)
j =

(

δij −
kikj

|~k|2

)

. (V.3)

However, if we take into account the quantum corrections by considering one-loop self-energy diagrams (shown
in section VII), then we need to consider the massive spin-1 degrees of freedom in the scattering amplitude
computation.

B. Vacuum to 4-photons scattering amplitude

In this section, we compute the scattering amplitude of a process in which from the vacuum, four photons
are produced with the same polarization λ = 1. The scattering amplitude is defined by 〈f |S(1) |i〉 with S(1)

interaction term in the action and |i〉 = |0〉 is the initial state and the final state is
∏4
i=1 â

†(ki, λi) |0〉 and the
polarizations λ1, λ2, λ3, λ4 can take any value. The corresponding scattering amplitude would be

M2 =
∑

λ̃1,λ̃2,λ̃3,λ̃4

∫ 4∏

i=1

d4piVµνρσ(p1, p2, p3, p4) 〈0| â(k4, λ4)â(k3, λ3)â(k2, λ2)â(k1, λ1)

×â†(p1, λ̃1)â†(p2, λ̃2)â†(p3, λ̃2)â†(p4, λ̃4) |0〉 εµ(p1, λ̃1)εν(p2, λ̃2)ερ(p3, λ̃3)εσ(p4, λ̃4)
=

∑

λ̃1,λ̃2,λ̃3,λ̃4

∑

p∈S4

Vµνρσ(kp(1), kp(2), kp(3), kp(4))εµ(kp(1), λp(1))εν(kp(2), λp(2))ερ(kp(3), λp(3))

× εσ(kp(4), λp(4))δλ̃1,λp(1)
δλ̃2,λp(2)

δλ̃3,λp(3)
δλ̃4,λp(4)

.

(V.4)
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C. Scattering amplitude of decay process

Now we consider 1 → 3 particle decay process where initial state is |i〉 = â†(k1, λ1) |0〉 and final state is
|f〉 = â†(k2, λ2)â†(k3, λ3)â†(k4, λ4) |0〉, for which we can write 〈f |S(1) |i〉 = M where

M =
∑

λ̃1,λ̃2,λ̃3,λ̃4

∫ 4∏

i=1

d4piVµνρσ(p1, p2, p3, p4)εµ(p1, λ̃1)εν(p2, λ̃2)ερ(p3, λ̃3)εσ(p4, λ̃4)

×
[

4
[ ∑

P∈S3

δ(4)(p1 − k1)δ
(4)(p2 − kP (2))δ

(4)(p3 − kP (3))δ
(4)(p4 − kP (4))δλ̃1,λ1

δλ̃2,λp(2)
δλ̃3,λp(3)

δλ̃4,λp(4)

+

4∑

m,n=2

δ(4)(p1 − km)δ(4)(k1 − pn)δλ̃1,λm
δλ̃n,λ1

∏

m′ 6=m,n′ 6=n∈{1,2,3}
δ(4)(km′ − pn′)δλ̃n′ ,λm′

]

− 3δλ̃2,λ̃1
δ(4)(p1 − p2)

[ ∑

m=2,3,4

δλ1,λm
δ(4)(k1 − km)(δλ̃4,λm>

δ(4)(p4 −m>)δλ̃3,λm<
δ(4)(p3 −m<)

+ δλ̃3,λm>
δ(4)(p3 −m>)δλ̃4,λm<

δ(4)(p4 −m<))
]

− 2δλ̃3,λ̃1
δ(4)(p1 − p3)

[ ∑

m=2,3,4

δλ1,λm
δ(4)(k1 − km)(δλ̃4,λm>

δ(4)(p4 −m>)δλ̃2,λm<
δ(4)(p2 −m<)

(V.5)

+ δλ̃2,λm>
δ(4)(p2 −m>)δλ̃4,λm<

δ(4)(p4 −m<))
]

− δλ̃4,λ̃1
δ(4)(p1 − p4)

[ ∑

m=2,3,4

δλ1,λm
δ(4)(k1 − km)(δλ̃4,λm>

δ(4)(p4 −m>)δλ̃1,λm<
δ(4)(p1 −m<)

+ δλ̃1,λm>
δ(4)(p1 −m>)δλ̃4,λm<

δ(4)(p4 −m<))
]
]

× (2π)4δ(4)(p1 − p2 − p3 − p4)

4∏

i=1

1√
2ωi(2π)

3
2

where if m = 2 then m< = 3,m> = 4, if m = 3 then m< = 2,m> = 4 and if m = 4 then m< = 2,m> = 3 and
m′, n′ can take one value at one time only.

D. Features of scattering amplitudes

Up to one-loop, all scattering amplitudes shown above are proportional to κ2 = 16πG
c4

which is O(10−43).
This is very small in magnitude for measurement in any scattering experiment. However, using weak value
amplification [53–55] this magnitude can be amplified through suitable pre-selected and post-selected scattering
states, shown below.

Another interesting aspect of these scattering processes is that the helicity of photons through these processes
is not conserved. This was first shown in [16], and the reason behind this will be discussed below.

The other feature found is that the vertex function Vµνρσ(k1, k2, k3, k4) contains a factor of 1
(k3+k4)2

which

shows an IR pole at k3+k4 = 0 that can be avoided by adding soft photons [56, 57]. This also happens in QED,
although their vertex function does not have any poles in momentum space. Note that this feature is in-built
in photons due to interaction with massless gravitons since asymptotically the interaction term in the action
is non-zero for soft gravitons, but this is not the case for massive gravitons. Therefore, one would expect the
absence of the IR pole for massive gravitons. This is indeed the case as there we need to replace 1

(k3+k4)2
by

1
(k3+k4)2+m2 .

E. Duality symmetry

One of the beautiful features of Maxwell equations in free-space is that it has the symmetry of exchanging
electric and magnetic fields. Maxwell equations in free-space are symmetric under the following continuous
transformation, known as dual transformation [58–62]

~E → ~E cos θ + ~B sin θ, ~B → ~B cos θ − ~E sin θ, (V.6)

where θ is an arbitrary angle.
A concrete analysis of conserved quantity (Noether’s charge) corresponding to this continuous symmetry

revealed that the pertinent pseudo scalar integrated over a spatial hypersurface represents the difference between
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the number of left- and right-hand circularly polarized photons which is nothing but optical helicity. Hence,
this duality symmetry leads to the conservation of helicity of light [63–67].

In standard Maxwell’s electromagnetism

L = −1

4
FαβF

αβ =
1

2
( ~E2 − ~B2), (V.7)

corresponds to free Maxwell equations

∂αF
αβ = 0, ∂α ∗ Fαβ = 0, ∗Fαβ =

1

2
εαβγδFγδ. (V.8)

It is important to note that coupling of matter with photon breaks this symmetry. If Lagrangian acquires a
term jαAα which implies equations of motion become

∂αF
αβ = −jβE , ∂α ∗ Fαβ = −jβM (magnetic current). (V.9)

Now we define two Lorentz invariant quantities

I1 = −1

2
FαβF

αβ = ~E2 − ~B2, I2 = −1

2
∗ FαβFαβ = 2 ~E. ~B, (V.10)

which are important for the subsequent discussion. Note that

Lfree =
1

2
R(~R.~R) =

1

2
I1. (V.11)

Under the dual transformation

I1 →I1 cos 2θ + I2 sin 2θ, I2 → I2 cos 2θ − I1 sin 2θ, (V.12)

the Lagrangian density transforms as

Lfree → Lfree cos 2θ −
1

4
∗ FαβFαβ sin 2θ. (V.13)

Although the above transformation changes Lagrangian density, the Maxwell equations remain unchanged since

∗ FαβFαβ = 2∂α(∗FαβAβ), (V.14)

where we have used the on-shell relation ∂α ∗ Fαβ = 0 for free-space. Considering the infinitesimal version of
the transformation (V.13)

Lfree → Lfree − θ∂α(∗FαβAβ), (V.15)

it can be seen that Lfree changes only by a total derivative which therefore is a symmetry transformation and

Jα = ∗FαβAβ , (V.16)

is the corresponding conserved charge in the absence of sources. In the presence of sources,

∂αJ
α = ∂α ∗ FαβAβ +

1

2
∗ FαβFαβ

= −jαMAα − I2 6= 0.
(V.17)

Jα is no longer a conserved current. In the presence of gravitons we have a non-zero source which is

jνeff = κ2

2 ∂µSµν , (see (IV.26)), which guarantees that ~E. ~B 6= 0, thereby bringing out the violation of helicity

conservation [68, 69].

VI. WEAK MEASUREMENTS

Each physical quantity A in quantum mechanics can be described by a Hermitian operator Â in the Hilbert
space of a quantum system S. Ideal (or projective or strong) measurements of that system S are known as the

projection postulate. An arbitrary state of the system is in general not an eigenstate of the observable Â, but
rather a linear superposition of a complete orthonormal basis states |an〉 with |ψ〉 =∑n ψn |an〉. The interaction
Hamiltonian is Ĥ = χp̂ ⊗ Â with the interaction strength |χ| ≪ 1, where p̂ is the momentum operator of the

device and Â is the operator whose expectation value needs to be measured. An ideal measuring device possess



11

well-defined initial (pi) and final (pf ) values of momentum with ∆p as the width (described by a gaussian state
|φi〉). The difference (pf − pi), is the device’s pointer reading, which indicates the value of A. If ∆p is much
larger than the spread of the eigenvalues {an} then it is in the “weak measurement” domain [70–74]. Aharonov,
Bergmann, and Lebowitz defined pre- and post-selected measurements. An ensemble of quantum systems is
pre-selected in the state |ψi〉. All ensemble members have gone through a measurement of the observable A
and it may be a weak or strong measurement. Finally, a projective strong measurement is performed on the
ensemble. The final measurement is projective of a variable with a discrete, non-degenerate spectrum. That final
measurement leaves the system in one of the orthogonal states. Hence, the possible outcome of the measurement
A is a function of both the pre- and post-selected states of the system. This measurement procedure is known
as a pre- and post-selected (PPS) measurement.
After post selection with the pre-selected state |ψi〉 =

∑

n ψn |an〉, the state of measuring device will be:

|φf 〉 ≈ 〈ψf |ψi〉
∫

e−∆2(p−χ〈Â〉w)2 |p〉 dp. (VI.1)

The device measures the quantity 〈Â〉w ≡ 〈ψf |Â|ψi〉
〈ψf |ψi〉 , known as the weak value [75, 76] where 〈Â〉w ≪ 1

∆ and

|ψf 〉 is the post-selected state. This is the Aharanov-Albert-Vaidman (AAV) limit.

A. Measuring scattering amplitudes using weak measurement protocol

In the scattering amplitudes we are interested in measuring the quantity 〈f |i〉 where |i〉 is the initial state
at past infinity t → −∞ and |f〉 is the final state at future infinity at t → ∞ or in the Schrödinger picture

〈f | e−iĤT |i〉 |T→∞ = 〈f | Ŝ |i〉. Therefore, if we choose the operator Â in weak measurement protocol to be

the scattering matrix Ŝ, and choose the initial state to be a many-particle state |i〉 = |k1, k2, . . . , km〉 and a

post-selected state |f〉 = (1− ǫ) |l1, . . . , ln〉+
√
2ǫ |k1, k2, . . . , km〉 such that ǫ≪ 1, we have

〈Â〉w = 〈Ŝ〉w =
(1− ǫ) 〈l1, . . . , ln| Ŝ |k1, . . . , km〉+

√
2ǫ 〈k1, . . . , km| Ŝ |k1, . . . , km〉√

2ǫ

≈ 1√
2ǫ

〈l1, . . . , ln| Ŝ |k1, . . . , km〉 ,
(VI.2)

which is a scattering amplitude of m-particle state with momenta k1, . . . , km to n-particle state with momenta
l1, . . . , ln and an amplifying factor 1√

2ǫ
. This facilitates the measurement of scattering amplitude or cross-

sections of any process in the theory through the weak measurement protocol by suitably choosing a channel
with a collection of particular initial and post-selected states. Using the cascaded weak measurement strategy
[77], 〈Ŝ〉w can be amplified by O(1012). The above weak-amplification holds as long as the pre- and post-
selected states are not completely orthogonal to each other, as mentioned above. Thus, separating out such
pre- and post-selected states play a vital role in weak-measurement. Because of this amplification of scattering
amplitudes due to the weak measurement, probing the features of scattering processes becomes relatively easier.
Hence, the weak measurement of scattering amplitudes in the scattering processes between photons would be
useful in the detection of GW interacting with light [78]. The crucial role of GW in probing Cosmology was
pointed out in [79, 80]. This puts into perspective our proposal that weak measurements on astrophysical and
cosmological photons interacting with GW improve the detection of GW significantly.

VII. EFFECTIVE ACTION

In order to take into account the quantum corrections, quantum effective action is obtained here by a one-loop
computation.

A. Self-energy of photons

Figure.1 depicts the one-loop self-energy diagram, computed using Feynman diagrammatic techniques and
equal to

− i

∫
d4k

(2π)4
Vµνρσ(p, k, k, p)

ηνρ

k2 + µ2
, (VII.1)
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FIG. 1: 1-loop self-energy diagram

where µ is mass-regulator of photons. This implies that the diagram can be mathematically represented by the
following expression

−iκ2
∫

d4k

(2π)4
1

k2 + µ2

1

(p+ k)2

[

− (p.k)2ηµσ − p2kµkσ + p.kkµpσ + p.kpµkσ

]

= −κ2[(p2)2ηµσ − p2pµpσ]
1

(4π)2

[(
2

ε
+ ψ(0)

)∫ 1

0

dx x2
(

1− ε

2
ln

(
p2x(1− x) + µ2(1− x)

4πΛ2

))

+

(
2

ε
− ψ(1)

)∫ 1

0

dx x(1− x)

(

1− ε

2
ln

(
p2x(1− x) + µ2(1− x)

4πΛ2

))]

,

(VII.2)

where Γ, ψ denote Gamma and Euler’s function, respectively. Λ is the momentum scale (effective scale) up to
which this theory is valid and ε = 4−D.
We can now safely take µ = 0 since there is no IR divergence when p = 0. From the above expression,

the divergent part can be omitted by adding suitable counterterms and we are left with a finite part whose
contribution is

−κ2[(p2)2ηµσ − p2pµpσ]
1

(4π)2

(

C − 1

2
ln

p2

4πΛ2

)

, C =
ψ(0)

3
− ψ(1)

6
+ 1. (VII.3)

Therefore, the quadratic part of the effective Lagrangian density of photon degrees of freedom (after integrating
out the graviton degrees of freedom) up to one-loop becomes

L(2)
eff = −1

4
FµνF

µν + κ2Aµ
[(

α− α′ ln
−✷

4πΛ2

)

✷∂µ∂ν −
(

α− α′ ln
−✷

4πΛ2

)

ηµν✷
2
]

Aν

≡ 1

2
Aµ

[

(✷ηµν − ∂µ∂ν) + κ2
[(

α− α′ ln
−✷

4πΛ2

)

✷∂µ∂ν −
(

α− α′ ln
−✷

4πΛ2

)

ηµν✷2
]
]

Aν .

(VII.4)

Note that taking into account the quantum correction of photons up to one-loop generates the non-local ln −✷

4πΛ2

term in the quadratic part of the effective action with α = C
(4π)2 and α′ = 1

2(4π)2 (follows from transversality

condition). A similar kind of non-local term is recently found in effective field theory GR in [81, 82].
We now calculate the dispersion relation (on-shell) due to quantum corrections which take into account

effective interactions with gravitons. But before that, we need to choose a gauge and in this case, we choose
the Lorentz gauge ∂µA

µ = 0, due to which the effective Lagrangian density up to quadratic part becomes

L(2)
eff =

1

2
Aµ

[

✷ηµν − κ2
(

α− α′ ln
−✷

4πΛ2

)

ηµν✷2

]

Aν . (VII.5)

Therefore, the dispersion relation of photons becomes

k2
(

1 + κ2
(

α− α′ ln
k2

4πΛ2

)

k2
)

= 0, (VII.6)

which has 2 branches. One of them is usual photon dispersion relation in free-field theory k2 = 0 and other is
the non-trivial scale dependent dispersion relation

1 + κ2
(

α− α′ ln
k2

4πΛ2

)

k2 = 0. (VII.7)

Thus, the above dispersion relation becomes

k2 = 4πΛ2e2C+W±1( 12π
κ2Λ2 ), (VII.8)
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where W±1(x) is the W-Lambert function, which has a non-zero imaginary part that shows that photon am-
plitude decays exponentially in time. A similar dispersion relation for gravitons in the effective field theory of
GR was recently found in [81], [82]. The existence of massive photons is shown here without the non-minimal
coupling of photons to curvature or dark-energy [83]. Scale dependence of this dispersion in low-energy theory
implies large-scale anomalies that are consistent with the observations [84, 85]. Further, the non-zero imaginary
part of W±1(x) implies that photons are unstable in nature and decay into other photons which explains why
the CMB spectrum would not fit the near-perfect thermal curve [86]. Further, the real part of W±1(x) also
implies that photons interacting with gravitons, also have longitudinal polarization.

However, the presence of graviton mass gives one additional scale which is completely independent of the
Planck length scale κ and this new scale depends on the Cosmological constant [87, 88]. In principle, this could
also come self-energy contribution to the graviton field from the inflaton field [89, 90] which leads to inflation
of the Universe at a very early stage. In order to see how this new scale emerges into effective action at the
quadratic level, we need to replace in (VII.2) (p+ k)2 → (p+ k)2 +m2 which modifies (VII.3), the finite part

= −κ2[(p2)2ηµσ − p2pµpσ]
1

(4π)2

[

C̃ −
(
1

2
+

3m2

2p2
+

3m4

2p4
+
m6

2p6

)

ln

(
p2 +m2

4πΛ2

)

+
3m2

2p2

(

ln

(
m2

4πΛ2

)

+ 1

)

+
3m4

2p4

(

ln

(
m2

4πΛ2

)

+
1

3

)

+
1

2

m6

p6
ln

(
m2

4πΛ2

)]

,

(VII.9)

where p4 ≡ (p2)2, p6 ≡ (p2)3 and C̃ = C − m2

2p2ψ(1). The above expression leads to the inclusion of following

non-local term in the action (in momentum space representation)

κ2Aµ[✷∂µ∂ν − ηµν✷
2]

1

(4π)2

[

C̃ −
(
1

2
− 3m2

2✷
+

3m4

2✷2
− m6

2✷3

)

ln

(−✷+m2

4πΛ2

)

− 3m2

2✷

(

ln

(
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)

+ 1

)

+
3m4

2✷2
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)

+
1

3

)

− 1

2
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✷3
ln
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)]

Aν .
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However, choosing ∂µA
µ = 0 gauge leads to the following contribution

−κ2Aµ✷2 1

(4π)2

[
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1

2
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Taking into account this quantum correction gives the following on-shell condition

p2 + κ2p4
1
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=⇒ p2 + κ2p4
1

(4π)2

[

C̃ −
(
3m2

2p2
+

3m4

2p4
+
m6

2p6

)

ln

(
p2 +m2

m2

)

− 1

2
ln

(
p2 +m2

4πΛ2

)

+
3m2

2p2
+
m4

2p4

]

= 0.
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Although, we do not give an analytic expression of the dispersion relation, however, it can be easily checked
that apart from tree-level dispersion p2 = 0 there exists another dispersion relation for photons, shifted in the
complex plane to a point which depends on the ratio of κ,m2 to Λ2 (see examples of higher derivative gauge
invariant theories in [91, 92] containing massive spin-1 particles).

The above expression also suggests that after considering one-loop correction, the propagator of pho-
tons would be 1

p2+Σ(p2) , where Σ(p2) is the self-energy of the photon. A nice property of the the-

ory, apart from IR modification, is that in the UV limit the propagator essentially becomes 1
Σ(p2) ∼

1

κ2p4 ln
(

p2+m2

4πΛ2

) . This shows that the degree of superficial divergence of any Feynman diagram is reduced by

(2 × number of photon propagators in that diagram). Hence, taking into account quantum corrections at the
one-loop level modifies both the UV and IR limit of the theory significantly.
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FIG. 2: 1-loop vertex diagram

B. Effective interaction Vertex

Figure 2 depicts the one-loop vertex diagram, which is computed next. The diagram corresponds to

−
∫

d4k

(2π)4
ηαγ

k2
ηβδ

(p− k)2
Vµναβ(p1, p2, k, p− k)Vγδρσ(k, p− k, p3, p4), (VII.13)

where p = p1 + p2 = p3 + p4. Therefore, we need to compute the following expression

ηαγηβδVµναβ(p1, p2, k, p− k)Vγδρσ(k, p− k, p3, p4)
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The computation of each integral coming from such a large expression would be very cumbersome. Therefore, we
compute the integral of the most general term from which, in principle, all the above terms could be computed
by contractions. The most general form of the integral that we need to compute is of the following form

∫
dDk

(2π)D
1

k2(p− k)2
kakb(p− k)c(p− k)d

= papbpcpd
∫
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(2π)D
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dx
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[k2 + p2x(1− x)]2

+ papb
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(2π)D
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,

(VII.15)

where D = 4−ε in dimensional regularization. Computing each integral separately and taking only finite pieces,
it can be shown that above expression takes following form

[papbpcpdI(finite)
1 + (pcpdηab + papbηcd)I(finite)

2 + I(finite)
4 − I(finite)

3 ], (VII.16)
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where
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(VII.17)

and α is just a numerical coefficient. In the effective action, in place of p2, one just needs to write −✷ and
each pa term must be replaced by −i∂a. This shows that the quantum correction of the 4-point vertex in the
effective action also contains non-local terms because of the presence of ln −✷

4πµ2 , where µ is the momentum scale

up to which this theory is valid in a perturbative manner.

VIII. CONCLUSION

The principal aim of the present article has been to bring out the various features of the interaction between
photons and gravitons that can be used in astrophysical observations. The effective action for photons, developed
here, captures possible interactions between photons and gravitons at the quantum level. Furthermore, it is
shown that through the weak measurement protocol one can enhance the strength of the scattering amplitudes
or cross-sections of the scattering process between multiple photons which would make it possible to be measured
in the laboratory. Polarization measurement of photons will also be able to capture this interaction, an idea
also suggested in [93, 94]. Though S-matrix elements of photon-graviton interaction were calculated before in
[95–97], here we have used a different approach in which instead of measuring gravitons directly, inferences can
be drawn from measurements on photon states, a task comparatively easier to achieve in current experimental
scenarios.

We have also shown how Maxwell’s equations get modified in the presence of gravity. This can capture the
properties of the source of GW, such as compact objects, binary mergers, in terms of their stress-energy tensors.
Vacuum birefringence property [49–52] is seen to have emerged from the modified Maxwell’s equations where
polarizability and magnetization non-linearly depend on the electric and magnetic fields. The results due to
gravitons from GR were consistently compared with massive gravity theory which is an IR modified version of
GR. This will put a bound on the mass of gravitons, and by studying graviton-photon interaction using photon’s
effective action in (IV.4), one can suitably modify the IR domain of GR.

Finally, the modified dispersion of photons has been computed by taking into account one-loop quantum
corrections both in the case of massive and massless gravitons. This dispersion is shown to be scale-dependent
(these scales are basically Planck length scale or Planck mass and graviton mass scale), coming from the presence
of non-local terms in the quantum effective action at the quadratic level. It is also shown in (IV.17) that the
light-matter coupling gives a non-trivial dispersion of photons that depends on the details of the stress-energy
tensor of GW sources.

The backreaction, the effect of the stress-energy of quantum fields on the curvature of the background space-
time on which fields are propagating is described by the semiclassical Einstein equation Gµν = 〈: T̂µν :〉 [98]
where : : is the normal-ordering operation. In the present discussion, we do not consider the backreaction since
we restricted our discussion to the low energy theory. This follows from the fact that the higher-order interaction
terms between gravitons and photons are omitted from the action as the mass-dimension of the gauge fields is
one. In our construction of this low energy theory, the relevant degrees of freedom of the system are identified
along with the interactions that are compatible with the expected symmetries. However, at low energies, the
most important terms in the action are those that are least suppressed by powers of the scale κ.
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X. APPENDIX

A. Free Fierz-Pauli Action

The Fierz-Pauli action that describes a massive spin-2 particle in flat spacetime by a symmetric rank-2 tensor
is

S =

∫

dDx
[

− 1

2
∂λhµν∂

λhµν + ∂µhνλ∂
νhµλ − ∂µh

µν∂νh+
1

2
∂λh∂

λh− 1

2
m2(hµνh

µν − h2)
]

. (X.1)

Note that when m = 0 it becomes the linearized Einstein-Hilbert action which is invariant under the following
gauge transformation

δhµν = ∂µξν + ∂νξµ. (X.2)

Though the above action is not gauge invariant, using Stueckelberg’s trick, it can be made gauge invariant.

B. Equations of motion and Degrees of freedom

The equations of motion corresponding to the action (X.1) is

✷hµν − ∂λ∂µh
λ
ν − ∂λ∂νh

λ
µ + ηµν∂λ∂σh

λσ + ∂µ∂νh− ηµν✷h = m2(hµν − ηµνh). (X.3)

The l.h.s of the above equation consists of the linearized form of the Einstein tensor Gµν = Rµν − 1
2gµνR and

has zero-divergence. Hence, acting ∂µ on it, we obtain

m2(∂µhµν − ∂νh) = 0. (X.4)

Since m 6= 0, we obtain the following constraints

∂µhµν = ∂νh. (X.5)

Plugging (X.5) into (X.3) gives the following equation

✷hµν − ∂µ∂νh = m2(hµν − ηµνh). (X.6)

Trace of the above equation gives

✷h−✷h = −3m2h = 0 =⇒ h = 0, (X.7)

which means hµν is traceless and transverse. Further, using traceless and transverse property of hµν , we obtain
the following equation of motion

(✷−m2)hµν = 0. (X.8)

Therefore, the equations of motion give us ten wave equations and five constraints. Hence, in four dimensions,
we have five degrees of freedom; these degrees of freedom are nothing but the massive spin-2 gravitons.

C. Propagator

In order to find the propagator of massive gravitons, we express the Fierz-Pauli action in the following form

S =

∫

d4x
1

2
hµνOµναβhαβ , (X.9)

where

Oµν
αβ = (η(µαη

ν)
β − ηµνηαβ)(✷−m2)− 2∂(µ∂(αη

ν)
β) + ∂µ∂νηαβ + ∂α∂βη

µν . (X.10)

Therefore, the propagator denoted by Dαβ,σλ is defined in the following way

Oµν,αβDαβ,σλ =
i

2
(δµσδ

ν
λ + δνσδ

µ
λ). (X.11)
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As a result, in momentum space the propagator takes the following form

Dαβ,σλ = − i

p2 +m2

[1

2
(PασPβλ + PαλPβσ)−

1

3
PαβPσλ

]

, (X.12)

where

Pαβ = ηαβ +
pαpβ

m2
. (X.13)

It shows that in high energy limit (large momenta limit), the graviton propagator behaves as

Dαβ,σλ ≃ 1

p2 +m2

pαpβpσpλ

m4
≃ p2

m4
, (X.14)

which implies that standard power counting rules are no longer valid. This seems to suggest that the renor-
malizability of this theory is not guaranteed. However, it is not true which can be shown explicitly using
Stueckelberg’s trick.

D. Stueckelberg’s trick

Here we briefly review the technique introduced by Stueckelberg to the massive gravity action with a source
in order to restore the gauge symmetry. For the sake of simplicity, we write massless terms in the Lagrangian
density separately

S =

∫

d4x
[

Lm=0 −
1

2
m2(hµνh

µν − h2) + κhµνT
µν
]

. (X.15)

It is well-known that the massless gravitons have gauge symmetry which is broken due to the presence of a mass
term in the above action. Now we introduce a new field Vµ, known as the Stueckelberg field using the following
field redefinition

hµν → hµν + ∂µVν + ∂νVµ. (X.16)

Note that under this field redefinition, Lm=0 remains invariant as it is invariant under the infinitesimal diffeo-
morphism (X.2), however, the other terms do change and we obtain

S =

∫

d4x

[

Lm=0 −
1

2
m2
[

(hµν + ∂µVν + ∂νVµ)(h
µν + ∂µV ν + ∂νV µ)− (h+ 2∂µV

µ)2
]

+ κhµνT
µν − 2κVµ∂νT

µν

]

=

∫

d4x
[

Lm=0 −
1

2
m2(hµνh

µν − h2)− 2m2(hµν∂
µV ν − h∂µV

µ)− 1

2
m2F̄µν F̄

µν + κhµνT
µν − 2κVµ∂νT

µν
]

,

(X.17)

where

F̄µν ≡ ∂µVν − ∂νVµ. (X.18)

Note that the above action (X.17) has the following gauge symmetry

hµν → hµν + ∂µξν + ∂νξµ, Vµ → Vµ − ξµ. (X.19)

We can fix it to Vµ = 0 and recover the original action. Therefore, both the actions (X.15) and (X.17) are
equivalent. It is important to note here that if we try to take the m → 0 limit, it does not go smoothly as one
degree of freedom is lost. Hence, we need to do a similar kind of transformation one more time. This is of the
following form

Vµ → Vµ + ∂µφ. (X.20)

With the above transformation, the previous action (X.17) becomes

S =

∫

d4x
[

Lm=0 −
1

2
m2(hµνh

µν − h2)− 1

2
m2F̄µν F̄

µν − 2m2(hµν∂
µV ν − h∂µV

µ)

− 2m2(hµν∂
µ∂νφ− h✷φ) + κhµνT

µν − 2κVµ∂νT
µν + 2κφ∂µ∂νT

µν
]

.

(X.21)
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The resultant action has two independent gauge symmetries

hµν → hµν + ∂µξν + ∂νξµ, Vµ → Vµ − ξµ

Vµ → Vµ + ∂µΛ, φ→ φ− Λ.
(X.22)

As before, we can fix the gauge φ = 0 and recover back the action (X.17) which implies that the action (X.21)
is equivalent to the action (X.17). Hence, with the new additional fields and gauge symmetries, the new action
does the same job as the original one in (X.15).

Using the following set of scalings

Vµ → 1

m
Vµ, φ→ φ

m2
, (X.23)

the action (X.21) can be expressed as

S =

∫

d4x
[

Lm=0 −
1

2
m2(hµνh

µν − h2)− 1

2
F̄µν F̄

µν − 2m(hµν∂
µV ν − h∂µV

µ)

− 2(hµν∂
µ∂νφ− h✷φ) + κhµνT

µν − 2
κ

m
Vµ∂νT

µν + 2
κ

m2
φ∂µ∂νT

µν
]

,

(X.24)

with the following gauge symmetries

hµν → hµν + ∂µξν + ∂νξµ, Vµ → Vµ −mξµ

Vµ → Vµ +m∂µΛ, φ→ φ−m2Λ.
(X.25)

Since the stress-energy tensor of the source is conserved ∂µT
µν = 0, in m → 0 limit, we obtain the following

expression for the resulting action

S =

∫

d4x
[

Lm=0 −
1

2
F̄µν F̄

µν − 2(hµν∂
µ∂νφ− h✷φ) + κhµνT

µν
]

. (X.26)

In order to count the total number of degrees of freedom, we make a conformal transformation which is of the
following form

(ηµν + hµν) = Ω(ηµν + h′µν) = (1 + Π)(ηµν + h′µν)

= ηµν + h′µν +Πηµν

=⇒ hµν = h′µν +Πηµν ,

(X.27)

where Π is another scalar. Hence, this is nothing but the redefinition of the field hµν . Under this transformation,
the massless Lagrangian Lm=0 becomes

Lm=0[h] = Lm=0[h
′]− ∂λΠ∂

λh′ − 2∂λΠ∂
λΠ+ 2∂µΠ∂λh

′µλ + ∂µΠ∂
µΠ− ∂µΠ∂

µh′

− 4∂µh
′µν∂νΠ− 4∂µΠ∂

µΠ+ 4∂λΠ∂
λh′ + 8∂λΠ∂

λΠ+ κΠT

= Lm=0[h
′] + 2

[

∂µ∂
µh′ − ∂νh

′µν∂µΠ+
3

2
∂µΠ∂

µΠ
]

+ κΠT,

(X.28)

whereas the action in (X.26) becomes

S =

∫

d4x

[

Lm=0[h
′] + 2

[

∂µ∂
µh′ − ∂νh

′µν∂µΠ+
3

2
∂µΠ∂

µΠ
]

− 1

2
F̄µν F̄

µν − 2(h′µν∂
µ∂νφ− h′✷φ) + 6Π✷φ+ κh′µνT

µν + κΠT

]

.

(X.29)

Further, considering Π = φ cancels all the coupled tensor-scalar terms. An integration by parts, yields the
following action

S =

∫

d4x
[

Lm=0[h
′]− 1

4
F̄µν F̄

µν − 1

2
∂µφ

′∂µφ+ κh′µνT
µν +

1√
6
φ′T

]

, (X.30)

with the following two independent gauge symmetries

h′µν → h′µν + ∂µξν + ∂νξµ

V ′
µ → V ′

µ + ∂µΛ,
(X.31)
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where Vµ → V ′
µ =

√
2Vµ, φ→ φ′ =

√
3
2φ.

Hence, in four dimensions, we have one massless graviton which possesses two degrees of freedom, one massless
vector field which also possesses two degrees of freedom, and one massless scalar, in total making 5 degrees of
freedom.

If we now consider the massive action (X.24) and make the same transformation (X.27), we obtain the
following action

S =

∫

d4x
[

Lm=0[h
′]− 1

2
m2(h′µνh

′µν − h′2)− 1

2
F̄µν F̄

µν + 3φ(✷+ 2m2)φ− 2m(h′µν∂
µV ν − h′∂µV

µ)

+ 3(2mφ∂µV
µ +m2h′φ) + κh′µνT

µν + κφT − 2

m
κVµ∂νT

µν +
2

m2
κφ∂µ∂νT

µν
]

.

(X.32)

The gauge symmetries now read

δh′µν = ∂µξν + ∂νξµ +mΛηµν , δVµ = −mξµ + ∂µΛ

δVµ = ∂µΛ, δφ = mΛ.
(X.33)

We now add two gauge fixing terms to the action

SGF1 = −
∫

d4x

(

∂νh′µν −
1

2
∂µh

′ +mVµ

)2

, SGF2 = −
∫

d4x

(

∂µV
µ +m

(
1

2
h′ + 3φ

))2

. (X.34)

Introduction of these gauge fixing terms make the action diagonalized

S + SGF1 + SGF2 =

∫

d4x
[1

2
h′µν(✷−m2)h′µν − 1

4
h′(✷−m2)h′ + Vµ(✷−m2)V µ + 3φ(✷−m2)φ

+ κh′µνT
µν + κφT − 2

m
κVµ∂νT

µν +
2

m2
κφ∂µ∂νT

µν
]

.

(X.35)

This is the Eq. (III.4) in the main text. As a consequence, the propagators of h′µν , Vµ, φ in the momentum
space become,

− i

p2 +m2

1

2
(ηµαηνβ + ηµβηνα − ηµνηαβ), −

i

2

ηµν

p2 +m2
, − i

6(p2 +m2)
, (X.36)

which all behave as 1
p2

for large momenta. Therefore, the standard power counting arguments can be used in

order to renormalize this theory.
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