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Abstract In this article, a globally convergent sequential quadratic program-
ming (SQP) method is developed for multi-objective optimization problems
with inequality type constraints. A feasible descent direction is obtained using
a linear approximation of all objective functions as well as constraint functions.
The sub-problem at every iteration of the sequence has feasible solution. A
non-differentiable penalty function is used to deal with constraint violations.
A descent sequence is generated which converges to a critical point under the
Mangasarian-Fromovitz constraint qualification along with some other mild
assumptions. The method is compared with a selection of existing methods on
a suitable set of test problems.
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1 Introduction

A widely used line search technique for solving constrained single objective
optimization problems is SQP method, which was developed by Wilson in
1963 and modified by several researchers (see [16,36]) in various directions.
A serious limitation of these methods is the inconsistency of the quadratic
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sub-problem. Powell ([35]) suggested a modified sub-problem to overcome this
restriction, which was further modified in [4,24,32] for better efficiency. SQP
method in [4] converges to an infeasible point in some situations. SQP method
in [25] is a two step method. But, SQP method in [32] is one step method and
always converges to a feasible point. These developments are related to single
objective optimization problems. In this article, a convergent SQP iterative
scheme is developed for constrained multi-objective optimization problems, in
the light of [32].

Classical methods for solving multi-objective optimization problems are ei-
ther scalarization methods or heuristic methods. Scalarization methods reduce
the multi-objective optimization problem to a single objective optimization
problem using pre determined parameters. Heuristic methods do not guaran-
tee the convergence to the solution. To address these limitations, line search
methods for unconstrained multi-objective optimization problems have been
developed since 2000 by many researchers ([1,2,11,12,34]), which are treated
as the extension of single objective line search techniques. Possible extension of
these concepts to constrained multi-objective problems is an interesting area
of research in recent times.

The steepest descent method for multi-objective problems developed by
Fliege and Svaiter ([12]) uses the linear approximation of all objective func-
tions to find a descent direction. This concept is extended in [9] to projected
gradient method for vector optimization problems, which is further extended
in [15,6] in different directions. An interior point algorithm is developed in
[31] for box constrained multi-objective optimization problems using the con-
cept of vector pseudo gradient. Recently Fliege and Vaz ([13]) and Gebken
et al. ([17]) have developed SQP methods for constrained multi-objective op-
timization problems using the ideas of single objective SQP methods. The
sub-problem in [13] is not necessarily feasible at every iteration step. Some
restoration process is used to make the sub-problem feasible, and approximate
Pareto front is generated. The SQP method in [17] requires feasible initial
approximation, which is very difficult in nonlinear constrained problems. In
addition to this, the iterative process in [17] does not use penalty function,
and only active constraints are used in the sub-problem. In this article these
difficulties are taken care. A modified SQP scheme is developed using a differ-
ent sub-problem so that the infeasibility of the sub-problem at every iteration
step can be avoided and a non-differentiable penalty function is used to restrict
constraint violations.

The outline of this article is as follows. Some preliminaries on the exis-
tence of the solution of a multi-objective optimization problem are discussed
in Section 2. A modified SQP scheme for inequality constrained multi-objective
optimization problems is developed in Section 3 and global convergence of this
scheme is proved in Section 4. In Section 5, the proposed method is compared
with existing methods using a set of test problems.
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2 Preliminaries

Consider the multi-objective optimization problem:

MOP min (fl(.’L'),fQ(fE),;fm(x))
s.t. gz(x) S 0, 7= 1,2, ey Py

where fj,g; : R™ — R are continuously differentiable for j € {1,2,...,m} and
i€{1,2,...,p}. Denote R} = {x € R"[z; > 0,i=1,2,...,n},

A, =A{1,2,...;n} for any n € N, and the feasible set of the MOP as

X ={z € R" : gi(x) <0, i € A,}. Inequality in R™ is understood com-
ponentwise. If there exists x € X which minimizes all objective functions
simultaneously then it is an ideal solution. But in practice, decrease of one
objective function may cause increase of another objective function. So, in the
theory of multi-objective optimization, optimality is replaced by efficiency.
A feasible point z* € X is said to be an efficient solution of the MOP if
there does not exist © € X such that f(z) < f(z*) and f(z) # f(z*) hold
where f(z) = (f1(x), f2(x), ..., fm(x)). A feasible point z* € X is said to be
a weak efficient solution of MOP if there does not exist x € X such that
f(x) < f(a*) holds. For z,y € X, we say y dominates z, if and only if
fly) < f(z), fly) # f(x). A point x € X is said to be non dominated if
there does not exist any y € X such that y dominates x. If X* is the set of
all efficient solutions of the MOP, then the image of X* under f, i.e. f(X*)
is said to be the Pareto front of the M OP.

In our analysis, we use the L., non-differentiable penalty function
&(z) = max{0, g;(z),i € A,}.

In order to obtain a feasible descent direction, the penalty function for the
MOP is used as the following merit function ¥; ,(x), with a penalty parameter
o>0as

Ujo(r) = fi(x) + 0(x), j € Am.

Let I(z) = {i € A, : gi(z) = P(x)} be the set of active or most violated
constraints. The directional derivative of @(x) in any direction d € R™ is

@' (2;d) = max {Vgi(z)"d},
i€l (x)
In general ¢'(z;d) is not continuous. A continuous approximation of @'(z;d)
(see [3]) is
&*(x;d) = max {g;(z) + Vgi(z)'d,0} — D(x).

i€l(x)
Thus, an approximation of the directional derivative of ¥; ,(z) is
0.0 (2:d) =V fj(x)"d + 00" (2;d), j € Ap.

If all f;, g; are continuously differentiable then the necessary condition of weak
efficiency can be derived using Motzkin’s theorem as follows.
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Theorem 1 (Fritz John necessary condition [Theorem 3.1.1,[30]])
Suppose f;, j € Ay, and g;, 1 € Ay, are continuously differentiable at x* € X. If
x* is a weak efficient solution of the MOP then there exists (A, ) € R x R,
(\, 1) # 0™FP satisfying
ZAVEE) 4 na) =0 &
wigi(x*) =0 V i€ A, (2)

The set of the vector (X, ) € R x RE \ {0™*P} satisfying (1) and (2) are
called Fritz John multipliers associated with z*. But the Fritz John necessary
condition does not guarantee A\; > 0, for at least one j. So some constraint
qualifications or regularity conditions should hold to ensure it.

Several constraint qualifications or regularity conditions are defined and dis-
cussed in [28,27]. Through the discussion of this article we consider the Mangasarian-
Fromovitz constraint qualification.

Definition 1 [29] The Mangasarian-Fromovitz constraint qualification (MFCQ)

is said to be satisfied at a point x € R™, if there is a z € R" such that

Vgi(x)T2 <0 forie I(z).

Suppose MFCQ holds at z. Then the system of inequalities Vg;(z)T2z < 0

for i € I(z) has a nonzero solution z € R™. Hence by Gordan’s theorem of

alternative IZ(‘ )ungi(ac) =0, u; > 0 has no nonzero solution. That is, p; = 0
i€l (x

Viel(x).

Conversely suppose the system Z(‘ )ungi(z) =0, p; > 0 at x has no nonzero

el (x

solution p. Then by Gordan’s theorem of alternative the system of inequalities
Vgi(x)Tz < 0 for i € I(z) has some nonzero solution z € R™.

Above discussion concludes that MFCQ holds at x iff
_ IZ(’ )ungi(:E) =0, ;>0 = =0V iel(x).
el(x

Strong and weak stationary points for single-objective optimization problems
are defined in Definition 1 of [32]. In the light of this definition, strong and
weakly critical point of the M OP can be defined, taking care all objective
functions together as follows.

Definition 2 A feasible point x of the MOP is said to be

( 1) a strongly critical point of the MOP if there exist vectors A € R —{0™}
and p € RY satisfying (1) and (2).
( 2) a weakly critical point of the MOP if there exists an infeasible sequence
{x*} converging to x € X such that
k kNT .
) RS grelgf{gz(w ) + Vgi(a¥)" d; 0} 1
s B(aF) T

where D(z%) = {d: Vf;(a*)Td <0, j € Ay}
One may observe that a strongly critical point is a KKT point of the MOP.




Title Suppressed Due to Excessive Length 5

3 A SQP based line search method for MOP

In order to obtain a feasible descent direction at x, we solve a quadratic pro-
gramming sub-problem QP(z) at x as

1
Plx) - . 1o
QP(x) mt’{in t+ 2d d

s t. Vfj(@)'d<t jeA, (3)
9i(z) + Vgi(x)Td <t i€ A, (4)

Motivation for this sub-problem comes from [12] with modifications to address
infeasibility. Notice that ¢ = @(x), d = 0 is a feasible solution of QP(x). Hence
the feasibility of the sub-problem is guaranteed. QP(x) has unique solution
since this is a convex quadratic problem. The solutions of Q P(z) satisfy MFCQ
since the system

Yy =0
jeAm% iGAPTh

jeamwvfj(z) + Z_glpngz'(z) =0

v > 0,m >0

implies v; = 0 for all j and 7; = 0 for all <. Hence there exist A € R, p € RE,
(A, i) # 0™FP satisfying the KKT optimality conditions. As a result,

d+ 5 NVHE) + 5 aVe) =0, 5)
=N —am=o (©)
A 20, N(VE@)Td=t) =0, j€An, (7)
pi >0, pigi(x) + Vgi(z)'d—t) =0 i€, (8)
Vii@)Td—t<0, je€ Ay, (9)
gi(z) + Vgi(x)Td—t <0 i€ A, (10)
Lemma 1 Suppose that (t,d) is the solution of the QP(x).
(1) Then
L
t < P(x) — §d d. (11)

(II) If d = 0 and the MFCQ holds at x then x is a strong critical point of
MOP.

(III) If d # 0 then d is a descent direction of ¥; ,(x) at x for o sufficiently
large.
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Proof:
(I) One can observe that t = ¢(z), d = 0 is a feasible solution of QP (x). Hence
t+ 2d"d < &(z). This implies

1
t < P(z) — 5chz.

(IT) Suppose (t,0) is the solution of QP(z). Replacing d by 0 in (5)-(10), we
get

& AV + Z.EEAPMV%(?E) =0 (12)
1—]}6%1‘"1’)\]‘ _iez/‘lpui =0 (13)

)\j >0 )\jt =0, je€ A (14)

i >0 pi(gi(zr) —t)=0 ie4, (15)
0<t, glx)<t i€, (16)

&(z) <t follows from definition of ¢(z) and (16). Then ¢, satisfying (11) with
d = 0 implies ¢(x) > t. Hence @(x) = t. From (15), p; = 0 follows for all
i ¢ I(z). Also, A; > 0 holds for at least one j. Otherwise, (12) and (13) will
imply 162/‘1 1iVgi(x) =0, p; > 0 for at least one ¢, which violates the MFCQ.

This implies that t = 0 = @(x) (from (14)). That is, « is a feasible point. Then
from (15), w;g;(xz) = 0, p; >0, i € A,. Therefore, x is a strongly critical point
of P, which follows from (12).

(IIT) Suppose (t,d) is the solution of QP(x) and d # 0. Then the following
two cases could arise:

Case-1: Let @(x) > 0. Applying (11) in (4) we get

gi(x) + Vgi(x)'d <t < d(x) — %de < P(x).

Since 0 < &(z), we have _mla(x){gi(x) + Vgi(2)Td,0} — &(x) < 0, from the
el(x

inequalities above. That is, @*(x;d) < 0. If ¢ is chosen in such way that
1
V(@) 'd+od*(z;d) < 7de <0

holds for all j then d will be a descent direction of ¥; ,(x) for all j (from
Lemma 2.1(1) of [3]).
Case-2: If ¢(x) = 0, then ¢ = 0, d = 0 is a feasible solution of QP(z). So
gi(r) + Vgi(z)Td <t <0 holds for all i € I(z). So
0 (@3d) = max () + Vi ()7 d. 0} — () = .
el (x

Also, d # 0 implies ¢ < 0. Hence from (3), we have Vf;(z)Td < t < 0 and
consequently Vf;(z)Td + o®* (x;d) < 0. O

Let (t*,d*) be the solution of the subproblem QP(z*). Following the argu-
ments of the proof of Lemma 1(IIT), the penalty parameter o) can be updated
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o (). At K™ iteration
o is unchanged if d* is the descent direction. Otherwise, oy, is updated as

Vi) Tdb 4 LdhT dk
fi(@®) +3 L€ A b

to force d* to remain a descent direction for all ¥;

(17)

Okt+1 = Max {20;“ — o (o dF)
)

The theoretical results developed so far are summarized in the following algo-
rithm.

Algorithm 1 (A SQP based algorithm)

Step 1. (Initialization) Choose z° € R™, some scalars v € (0,1), B € (0,1),
the initial penalty parameter og > 0, and an error tolerance €. Set
k:=0.

Step 2. Solve the QP(x*) to find the descent direction (t*;d*) with Lagrange
multipliers (\F, u*). If |d¥|| < ¢, then stop, otherwise go to Step 3.

Step 3. If ®(2*) = 0 or 0, ,, (z*;dF) < —%ddek for all j, let og+1 = 0ok
Otherwise, o1 is updated using (17).
Step 4. Compute step length oy, as the first number in the sequence {1,772, ...}
satisfying
wj,0k+1 (xk + akdk) - Wj,0k+1 ('Tk) < akﬁej,0k+1 (xk; dk) V j € An.
(18)

Step 5. Update x*+1 = 2% + apd®. Set k:= k + 1 and go to Step 2.

4 Convergence

In this section the global convergence of Algorithm 1 is proved. The following
lemma is used to establish that Step 4 is well-defined. The extension to the
multi-objective case justifies the convergence analysis.

Lemma 2 Suppose V f;(z) and Vg;(x) are Lipschitz continuous for every j €
Ay, and i € Ay, with Lipschitz constant L and let (t*,d*) be the solution of the
QP(z%) with d* # 0. Then (18) holds for o sufficiently small.

Proof: Since Vf;(z) and Vg;(z) are Lipschitz continuous for every j € A,,
and i € A, from Lemma 2.1(3) of [3], there exists L > 0 such that

1
Wjﬁlwrl (zk + adk) < lpjﬁk+1 (zk) + a9j16k+1 (zk; dk) + 5(1 + O—k+1)La2||dkH2

holds for every a € [0,1]. Hence for every o € [0,1] and 8 € (0,1) (initialized
in Step 1 of Algorithm 1) we have,

Wj,0k+1 (xk + adk) - Wj70k+1 (‘Tk) - ﬁaej,ok+1 (wk; dk)

1
< (1= B)abje,, (z";d") + S+ or1)La” |||, (19)
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Since d* # 0, from Step 3 of Algorithm 1,
1
(1= B)0j.04: (2";.d%) < =5 (1 = B)d*||* < 0.

Hence from (19), (18) holds for every o > 0 sufficiently small. O

Lemma 3 Let (t*,d*) be the solution of the sub-problem QP(z*) and assume
that the sequences {x*} and {(t*,d*)} are bounded. If 2* — 2* as k — oo,
then {(tk,d*)} converges to (t*,d*), where (t*,d*) is the solution of QP(x*).
In particular, if d* converges to 0 and the MFCQ holds at every x* then x* is
a strongly critical point of the MOP.

Proof: If possible let {z*} converges to z* but {(t*,d*)} does not converge to
(t*,d*). Since {(t*,d")} is bounded, there exists a sub sequence {(t*,d*)} ek
converging to (£,d) # (t*,d*). Since (t*, d*) is the optimal solution of QP(z*),
there exists (A\*,u*) such that (tF,d"; \F, u*) satisfies the KKT optimality
conditions (5)-(10). Now (6) implies {\*} and {z*} are bounded. Hence there
exists a converging sub sequence of the subsequence {(\*, /*)}rer. Without
loss of generality we may assume \* — A\* and p* — p* as k — oo and k € K.
Hence in (5)-(10), taking limit k& — oo, k € K, we have
1+ X NVFi(z* Y iV (z*) =
d+j€Am)‘Jva(3€ )+ ieAp/’[’Z Vgi(z*) =0,
No>0 N(Vf)Td—1) =0, jeAn,
pi >0 pi(gi(2") + Vgi(@)Td =) =0 i€,
Vii@)Td-1<0, je€A,
9i(z*) + Vgi(x*)Td -1 <0 i€ A,
These imply that (Z,d; \*, u*) satisfies first order necessary conditions of the
convex quadratic programming sub-problem QP(z*). Hence (%,d) is an opti-
mal solution of QP (z*). This contradicts the fact that (¢*,d*) is the optimal
solution of QP (x*), since QP(z*) has unique solution. Hence {(t*,d*)} con-
verges to (t*,d*).
In particular, if d* converges to 0 and the MFCQ holds at every z* then re-
placing d* by 0 in (5)-(10) at (z*,t*,d*, \*, u*) and proceeding as in Lemma
1(IT) it is easy to prove that z* is a strongly critical point of the MOP. a

Lemma 4 Suppose that o, = 0 > 0 for k large enough, the sequences {x*}
and {(t*,d*)} are bounded, V f;(x) and Vg;(z) are Lipschitz continuous for
every j € Ap, and i € Ay, with Lipschitz constant L, and {2*}rex is a conver-
gent subsequence. Then d* — 0 as k — 0o and k € K.

Proof: Without loss of generality, assume that o, = o for all k € K. If possible
suppose that there exists an infinite subset X' C K and a positive constant 7
such that

|d*| >n, kekK. (20)
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First we will show that there exists § > 0 such that ay > § holds for every k,
where «y; is the step length obtained in Step 4 of Algorithm 1. From this step
either ap =1or oy = %1 holds for some k; € N. If oy, = %1 holds then there
exists j € A, satisfying,
ko ki—1 gk ok ki—1lpp. (k. gk
W (@ +rTdY) =0 (2F) > Tpes (2t dT).

Then from (19),
1 _ _
L )LD | s 0 g ()

From Step 3 of Algorithm 1,
1

1 _
51 +o) Lt |db )2 > 51 - B)lld*|?
5 r(l1—p5)
1 > - @7
= (1+o0)L

Choose § = min{1, (fi;;l)} Then «y, > § holds for every k. Now

U o (") = W) 5 (2%) = D)0 (2! + aud') — ) (2!)

B
< —Lsl janld|?

1
< —E(kz +1)08n* Vke K'.

The second inequality follows from (18) and Step 3 of Algorithm 1. This im-
plies ¥, , (2% + adF) — —oo as k — oo and k € K’ (since apfn® > 0). This
contradicts the assumption that {z*}, {(t¥, d*)} are bounded as ¥; , is a con-
tinuous function. So there does not exist any K " K and n > 0 such that
(20) holds. Hence the lemma follows. O

Lemma 5 If o, — oo and the sequences {x*}, {(t*,d*)} are bounded then
klim d(zF) = 0.
—00

Proof: Proof of this result is similar to the proof of Lemma 7 in [32]. a

Theorem 2 Let {z*} be a sequence generated by Algorithm 1, the sequences
{a*} and {(t¥,d*)} are bounded, V f;(z) and Vg;(x) are Lipschitz continuous
for every j € Ay, and i € A, with Lipschitz constant L, and the MFCQ is
satisfied at every x*. Then any accumulation point of {x*} is a critical point
(either weak or strongly critical point) of the MOP.

Proof:

(1) Convergence to a strongly critical point:

Let K be an infinite index set such that ¥ — 2* as k — oo and k € K. Let
{(t*,d*)} be the solution of QP(z*). If d* — 0 as k — oo then by Lemma 3,

x* is a strongly critical point of P.
(#4) Convergence to a weakly critical point:
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If there exists a constant ¢y > 0 such that ||d*|| > co for large k € K then
from Lemma 4, oy, — 0o as k — oo. Since the sequences {z*}, {(t*,d*)} are
bounded, so from Lemma 5, klim @(2*) = 0. Hence from (11) and (3),

— 00

Vii@Td<th <0V jeApn.

This implies, d* € D(z*) for large k. Assume ad absurdum that there exists a
constant 7o > 0 such that for sufficiently large k,

(Sax, max{g:(z") + Vgi(e*)"d; 0} < &(a") —ma.

Suppose d* maximizes mz}lx{gi(zk) + Vgi(zk)TdAk, 0}. Then
1€y

1 .
9j70k+1(xk; d®) + §ddek < d(zF) + oy, ( %X{gi(ack) + Vgi(z")Tdk, 0} — @(mk))
1€lp

< O(aF) — naoy,
< 0.

This contradicts Step 3 of the Algorithm. As a result, {z*} converges to a
weakly critical point.

Hence any accumulation point of {z*} is either a strongly critical point or a
weakly critical point. O

5 Numerical illustration and discussion

In this section the proposed method (Algorithm 1) (MOSQP) is compared
with a classical method (weighted sum method (MOS)) and the method de-
veloped by Fliege and Vaz [13] (MOSQP(F)). In order to compare different
methods we use the performance profiles presented in [13,40,41] with respect
to the purity metric and the I" and A spread metrics. (The readers may see
the details in [13]). In addition to this, two line search techniques MOSQP
and MOSQP(F) are compared with respect to average function evaluations.

Performance profile: Performance profiles are defined by a cumulative func-
tion p(7) representing a performance ratio with respect to a given metric, for a
given set of solvers. Given a set of solvers SO and a set of problems P, let g, ,
be the performance of solver s on solving problem p. The performance ratio

is then defined as 7, s = —=2=—. The cumulative function p,(7) (s € SO) is
seso P®
defined as peP )
pEP 1y < T
ps(T) = :
1P|

It has been observed that the performance profiles are sensitive to the number
and types of algorithms considered in the comparison (see [18]). So we have
compared algorithms pairwise.
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Purity metric: Purity metric is used to compare the number of non-dominated
solutions obtained by different algorithms. Let F}, s be the approximated Pareto
front of problem p obtained by method s. Then we can build an approxima-
tion to the true Pareto front F), by first considering sLeJSFp’S and removing the

dominated points. The purity metric for algorithm s and problem p is defined
by the ratio

PRl

T |Fps N

Clearly t, s = oo implies that the algorithm is unable to generate any non-
dominated point in the reference Pareto front of the corresponding problem.
Spread metrics: Two types of spread metrics (I and A) are used in order
to analyze if the points generated by an algorithm are well-distributed in the
approximated Pareto front of a given problem. Let x1,xs, ...z x5 be the set of
points obtained by a solver s for problem p and let these points be sorted by
objective function j, i.e., f;(x;) < fj(zi+1) (i = 1,2,..., N — 1). Suppose xg
is the best known approximation of global minimum of f; and zn4; is the
best known global maximum of f;, computed over all approximated Pareto
fronts obtained by different solvers. Define ¢; ; = f;(2i+1) — fj(2;). Then the
I" spread metric is defined by

I, = max max  0; ;.
Ps e ic{01,. N} Y

Define §; as the average of the distances §; ;,i = 1,2, ..., N—1. For an algorithm
s and a problem p the spread metric A, is

A <50,j +Ony + Sy 10y — 5j|> .

= max
JE€EAm

60,]‘ + 6]\[7]‘ + (N — 1)6j

p,s

Test problems: A set of test problems, collected from different sources, are
summarized in Tables 1 and 2. Bound constrained test problems are summa-
rized in Table 1. Linear and nonlinear constrained test problems are summa-
rized in Table 2. In Table 2, ‘linear’ is the number of linear constraints except
bound constraints, and ‘nonlinear’ is the number of nonlinear constraints. In
both tables m is the number of objective functions and n represents the num-
ber of variables.

Implementation details: MATLAB code (2019a) is developed for all three
methods. The MATLAB code of MOSQP(F) is available in public domain,
which is not used here. For MOSQP(F), we have developed own code which
uses only the Step 4 (third stage) of Algorithm 4.1 [13] since the convergence
analysis of Algorithm 4.1 [13] is different from the convergence analysis of
MOSQP. Multi start techniques, similar to MOSQP, is used to generate an
approximated Pareto front for MOSQP(F).

— Quadratic sub-problems are solved using MATLAB function ‘quadprog’
with ‘Algorithm’, interior-point-convex’.
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problem Source _m __n | problem _ Source _m __n | problem _ Source _m __ n
BK1 9 2 2 Fonseca 14 2 2 MLF1 9 2 T
CEC09.1 38 2 30 GE2 0 340 MLF2 i) > >
CEC09.2 38 215 GES 10 240 MOP1 79 2 T
CEC09.3 38 230 TRK1 0 3 3 MOD2 0 3 2
CEC09.7 38 2 30 M1 5 2 P MOD3 i) 3 >
CL1 5 2 1 Jinl 22 2 2 MOP5 79 3 2
Deb41 7 2 2 Jin2_a 22 2 2 MOPG6 19 2 2
Deb513 7 2 2 Jin3 23 2 2 MOP? 79 3 2
Debb52la-a 7 2 2 Jin4d_a 22 2 2 SK1 19 2 1
Deb521b 7 2 2 RW2 10 2 2 SK2 79 2 4
DGO1 [19] 2 1 lovisonl 26 2 2 SP1 19 2 2
DTLZ1 8 3 7 lovison2 26 2 2 SSFYY1 19 2 2
DTLZ1n2 s 2 2 Tovison3 26 2 2 | SSFYY2 79 2 T
DTLZ2 8 3 12 lovison4 26 2 2 TKLY1 19 2 4
DTLZ2n2 s 2 2 Tovisons 26 3 3 VEMI 79 3 2
DTLZ5-a 8 3 12 | TovisonG 26 3 3 VU1 19 2 2
DTLZ5n2.a s 2 2 TRS1 19 2 2 VU2 79 2 2
ex005 [21] 2 2 MHHM1 19 3 1 ZDT3 39 2 30
Farl [19] 2 2 | MOnM2 19 3 P

Table 1: Multi-objective test problems with bound constraints

problem Source m n linear nonlinear problem Source m n linear nonlinear
ABC_Comp [20] 2 2 2 1 GE3 10 2 2 0 2
BNH 7 2 2 0 2 GE4 70 3 3 0 T
CEC09-C3 38 2 10 0 T Tiswetm 23 2 7 5 0
CEC09.C9 38 310 0 T MOQD-002 23 320 9 0
©x003 37 2 2 0 2 OSY 7 2 6 T 2
©x004 33 3 2 2 0 SEN 7 2 2 T 1
GE1 0 2 2 0 T TNK 7 2 2 0 2

Table 2: Multi-objective test problems with linear and nonlinear constraints

— For MOS, the test problems are converted to single objective optimization
problems and solved using MATLAB function ‘fmincon’ with ’Algorithm’
‘sqp’, Specified ‘objective gradient’ and ‘constraint gradient’, and initial
approximation as (I + u)/2, where I and u are used as in [13].

— |ld¥|| < 1075 or a maximum of 500 iterations are considered as stopping
criteria.

— It is essential to find a set of well distributed solutions of M OP. Spread-
ing out an approximation to a Pareto set is a difficult problem. One simple
technique may not work always in a satisfactory manner for all type of prob-
lems. Here, to generate an approximated Pareto front, we have selected the
initial point with the strategies LINE and RAND and random parame-
ters in the scalarization method. LINFE is considered only for bi-objective
optimization problems and RAND is considered for both bi-objective and
more than two objective optimization problems.

— Initial point selection strategy LINF is considered for bi-objective op-
timization problems. Here 100 initial points are chosen in the line seg-
ment joining { and u, i.e. 2% = I+ k%5t & =0,1,2,...,99 and for MOS
we have solved problems of the form
géi)f(l wfi(z) + (1 —w)fo(x) for w=£%/99, k=0,1,2,...,99.

— For every test (two or three objective) problem initial points selection
strategy RAND is considered. Here 100 random initial points are se-
lected uniformly distributed in [ and u, and for MOS we have solved
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min Y w;fj(z) w; > 0w # 0, where w is a random vector. Ev-
zeX jJEA,

ery test problem is executed 10 times with random initial points and
weights.

— Restoration procedure is not used for MOSQP(F) if the quadratic sub-
problem is infeasible. These points are excluded. Quadratic sub-problem
(QP(z%)) of Algorithm 1 always has a solution since this is a convex
quadratic problem and has at least one feasible solution.

— Different run with initial point selection strategy RAND generates differ-
ent set of non-dominated points. Among 10 runs the run which generates
highest number of non-dominated solutions, is denoted as best run. Simi-
larly, the run which generates lowest number of non-dominated solutions,
is denoted as worst run. Performance profiles are compared for best and
worst runs.

The performance profiles between MOSQP and MOSQP (F) using purity met-
ric of best run in RAND is provided in Figure 1a and the performance profiles
between MOSQP and MOS using purity metric of best run in RAND is pro-
vided in Figure 1b. Figures 2a and 2b correspond to the performance profiles
for the purity metric in worst run comparing MOSQP with MOSQP(F) and
MOSQP with MOS, respectively. The performance profiles for the I metric
in best run comparing MOSQP with MOSQP(F) and MOSQP with MOS are
provided in Figures 3a and 3b respectively. The performance profiles for the I
metric in worst run comparing MOSQP with MOSQP(F) and MOSQP with
MOS are provided in Figures 4a and 4b respectively. Figures 5a and 5b corre-
spond to the performance profiles for A metric in best run comparing MOSQP
with MOSQP (F) and MOSQP with MOS, respectively. The performance pro-
files for the A metric in worst run comparing MOSQP with MOSQP(F) and
MOSQP with MOS are provided in Figures 6a and 6b respectively.

16

(a) Performance profile between MOSQP (b) Performance profile between MOSQP
and MOSQP(F) and MOS

Fig. 1: Performance profile using purity metric in best run in RAND
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(a) Performance profile between MOSQP (b) Performance profile between MOSQP
and MOSQP(F) and MOS

Fig. 2: Performance profile using purity metric in worst run in RAND
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(a) Performance profile between MOSQP (b) Performance profile between MOSQP
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Fig. 3: Performance profile using I" metric in best run in RAND
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(a) Performance profile between MOSQP (b) Performance profile between MOSQP
and MOSQP(F) and MOS

Fig. 4: Performance profile using I" metric in worst run in RAND
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(a) Performance profile between MOSQP (b) Performance profile between MOSQP
and MOSQP(F) and MOS

Fig. 5: Performance profile using A metric in best run in RAND
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(a) Performance profile between MOSQP (b) Performance profile between MOSQP
and MOSQP(F) and MOS

Fig. 6: Performance profile using A metric in worst run in RAND

The performance profiles using purity metric in LINE between MOSQP
and MOSQP(F) and between MOSQP and MOS are provided in Figures 7a
and 7b respectively. Figures 8a and 8b correspond to the performance profiles
for I metric in LINE comparing MOSQP with MOSQP(F) and MOSQP
with MOS, respectively. The performance profiles for the A metric in LINE
comparing MOSQP with MOSQP(F) and MOSQP with MOS are provided in
Figures 9a and 9b respectively.
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(a) Performance profile between MOSQP (b) Performance profile between MOSQP
and MOSQP(F) and MOS

Fig. 7: Performance profile using purity metric in LINE
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(a) Performance profile between MOSQP (b) Performance profile between MOSQP
and MOSQP(F) and MOS

Fig. 8: Performance profile using I" metric in LINE
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(a) Performance profile between MOSQP (b) Performance profile between MOSQP
and MOSQP(F) and MOS

Fig. 9: Performance profile using A metric in LINE

Two line search techniques MOSQP and MOSQP(F) are compared using aver-
age number of function evaluations per non-dominated points. We have calcu-
lated gradient for MOSQP and MOSQP (F) and Hessian for MOSQP(F) using
forward difference formula. If n; and ns are number of non-dominated points
generated by MOSQP and MOSQP(F), then average function evaluations are
derived as

FEy = (#f +n#Vf) /m
and

FE, = (#f +n#V S|+ %n(n—i— 1)#V2f) /na,

where #f, #V f, and #V?2f denote the number of objective function, objec-
tive gradient, and objective Hessian evaluations. Performance profiles between
MOSQP and MOSQP(F) using average function evaluations in best and worst
run in RAND are provided in Figures 10a and 10b. Figure 11 represents per-
formance profiles between MOSQP and MOSQP(F) using average function
evaluations in LINE.

o0 0000000
Boloboa R

Ay

o

(a) Performance profile for best run (b) Performance profile for worst run

Fig. 10: Performance profile between MOSQP and MOSQP(F) using average
function evaluations in RAND

Result analysis: One may observe from the above figures that the method
proposed in this article (MOSQP) gives better results than MOSQP(F) in pu-
rity, I, and A metrics using initial point selection strategy RAND and pu-
rity, I' metrics using initial point selection strategy LINE. Similarly MOSQP
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Fig. 11: Performance profile between MOSQP and MOSQP(F) using average
function evaluations in LINE

gives better results than MOS in I" metric using initial point selection strat-
egy RAND and LINE. Other metrics have average performance ratios with
MOS and MOSQP(F).

6 Conclusion

In this article we have developed a globally convergent modified SQP method
for constrained multi-objective optimization problem. This method is free from
any kind of a priori chosen parameters or ordering information of objective
functions. Also feasibility of the sub-problem is guaranteed. To generate an
approximate Pareto front, we have used the initial point selection strategies
LINE and RAND. There is no single spreading technique for line search
methods that can work in a satisfactory manner for all types of multi-objective
programming problems. Spreading out an approximation to a Pareto front is
a difficult task. A well distributed spreading technique is discussed in Step 3
of Algorithm 1.4 of [13]. We keep the implementation of these techniques for
future developments.
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